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Unimportance of Surface Roughness Upon the Kapitza Resistance* 


W. A. Little 
Stanford University, Stanford, California 
(Received May 1, 1961) 


A proof is given which shows that surface roughness which is less than the phonon mean free path can only 
increase the Kapitza resistance between liquid helium and a solid; and that this change in resistance is small 


EVERAL people’? have conjectured about the 

possible role surface roughness would have upon 
the Kapitza resistance between liquid helium and a 
solid. (The Kapitza resistance is the thermal resistance 
which gives rise to the discontinuous jump in tempera- 
ture observed’ at the solid-liquid interface when a 
solid is heated while immersed in liquid helium.) It 
has generally been believed that the heat flow would 
be enhanced by this roughness although this has not 
been proved. In an earlier paper? the present author 
showed that an increased heat flow and a variation of 
its temperature dependence would occur if the ampli- 
tude of the “roughness” was comparable to the phonon 
mean free path. We call this macroscopic roughness. 
The more tricky problem of microscopic roughness was 
not attempted, i.e., when the roughness is comparable 
to the phonon wavelength. 

In this note we present a proof which shows that 
such microscopic roughness can only reduce the net 
heat flow across an interface. The proof is based upon 
the following argument. The rough surface is treated 
as a grating. The incoming phonons are diffracted in 
to various orders of the grating and only those which 
fall within the critical cone are not totally reflected. 
Phonons, which for a smooth surface would be totally 
reflected can now be diffracted in to the solid if the 
surface is rough, but, there is an equal chance of a 
phonon which was incident within the critical cone 
being diffracted out and thus being totally reflected. 

* Supported in part by the Alfred P. Sloan Foundation and the 
joint program of the Office of Naval Research and the United 
States Atomic Energy Commission. 

17. M. Khalatnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 22, 
687 (1952). 


2W. A. Little, Can. J. Phys. 37, 334 (1959). 
3 P. L. Kapitza, J. Exptl. Theoret. Phys. (U.S.S.R.) 11, 1 (1941). 


the 
phonons which are scattered into the cone have their 


These effects do not cancel, however, because 
polarization vectors less favorably oriented than those 
which are refracted out. Consequently, the net heat 


flow is reduced. 


IRONING TRANSFORMATION 


Let us consider a rough surface depicted in Fig. 1. 
0 be 
given by some function a(x,y). Let the incoming phonon 
q be incident with respect to the plane at an angle 6. 
We note first that the velocity of sound of practically 
any solid (medium 2) is very much greater than that 
of the fluid (liquid helium). Consequently, the effect 
of a bump on the surface at a point P(x,y) is to make 
0 as if the phase of 


Let the deviation of the surface from the plane 2 


it appear to a point on the plane z 
the incoming phonon wave was advanced locally by 
an amount approximately ga(x,y) cos@. In view of this, 
we can obtain an equivalent physical situation by 
satisfying the boundary conditions on a “model” 
() but using, instead 
of the original phonon wave function, a new phonon 
function within the solid 
phase modulation. That is, we have transformed the 


surface which is perfectly flat at 2 
which contains the above 


roughness away from the surface and incorporated it 


t 
a (x,y) 


Fic. 1. Schematic representation of rough solid surface. 
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Fic. 2. The scatter of an incident phonon, q to q’ by the 
Fourier component k of the rough surface. 


in the phonon wave function. Of course, this analysis 
is not quite exact because we have ignored the fact 
that all parts of the real rough surface were not neces- 
sarily parallel to the plane z=0. This does affect the 
boundary conditions. However, the error introduced 
by this omission is small because at least on the average 
the real surface must be parallel to z=0. 

We proceed then as follows. Let the displacement 
vector in the liquid be s, where 


s= gradd@o, (1.1) 
and 


b0= Lig by expi(q-r—w,t)+c.c., (1.2) 
so that at s=0 
bo= Liq b, expi(gertqyy—wd)t+e.c. (1.3) 


We now replace the surface of the solid with the 
“model” flat surface and transform Eq. (1.3) at the 
surface z=0 to 


m= Liq bq expi(gex+9,y+a(x,y)q cosd—we!) 


+c.c. (1.4) 


=Doq by expi(g.t+9q,y—wat) expiga(x,y) cosd 
+c.c. 


(1.5) 


We expand the exponent containing the roughness 
as a Fourier series: 
expiga(x,y) cosO= Dox yu expi(kax+kyy). (1.6) 


We note first an important sum rule by taking the 
complex conjugate of (1.6) and integrating over the 
surface. We find then that 


2 ve|?=1 
We rewrite (1.4) as 
m= dig Lie bar expi(gs’x+Gy'y—wel)+c.c., 


where 


(1.7) 


(1.8) 


z =q:t+k,, 


Qu = Qyt ky. (1.9) 


LITTLE 


We can use Eq. (1.7) to compute the heat flow in 
the same way as has been done previously utilizing 
the true unmodified phonon expression. 


HEAT FLOW 


The heat flow per unit area across a flat, smooth 
interface can be shown to be given by 


On Be ff fosswers-ver 


X f?(0) cos@d*g. (2.1) 
V, pi, and ¢c, are the volume, density, and acoustic 
velocity of the fluid. f(@) is the transmission coefficient 
of phonons incident at an angle @. 


b,(T)=phonon amplitude=[A#N,(T)/w.g?2eiV |, (2.2) 


and in equilibrium 


KN o(T)=[1/e*el*” — 1]. (2.3) 


Equation (2.1) is derived by evaluating the normal 
displacements at the interface, s, and the normal 
stresses ¢,, which are given by 


$.=)4i9-b, expi[g.rt+g,y—wltec., (2.4) 
and 

O22=A1 Dig Fd, Expil gett+qyy—wel ]+c.c. (2.5) 
From the similarity of Eqs. (1.8) and (1.3) it is clear 
that (2.5) may be generalized for the rough surface by 
replacing 6, by dy. and replacing q by q+k in the 
exponent. 

The heat flow for the rough surface now becomes 


Q _ Vows 


xf (6’) coséd® q; (2.6) 
where @ is the angle of incidence of the phonon q and 
6’ is the angle of incidence of q’, i.e., the resultant of 
q and k. 

Rewriting this, we obtain 


a (2x) ff few feo of Niq(T1)—Na(T2) ] 


X f?(0’) cosd*g. (2.7) 

We note first that {(6’) differs from zero only within 
the critical cone defined by sin6’=ci/c2, where ¢2 is 
the transverse acoustic velocity of the solid. This 
angle is extremely small, ~6° for most solids. 

Referring to Fig. 2, one can see that the integrand 
is only non-zero when q lies within a cone such that 
q’=q+k lies within the critical cone. 

The integral over q can then be done by integrating 
over the different orientations of q’ defined by @’ and 





KAPITZA 


¢’. Also, because the cone is narrow, |q'| ~q,’, 


Onn ff f Evetodm (1,79) 


X {?(0’) cos@ sin6’dé’dg'dg., (2.8) 


, Cy 
Qr= ee f LX vPhw[N_(T1)—Ng(T2) ] cosdg2dq: 
x 


2r) 


x fro) sina f de, (2.9) 


qz= (q?—k*)'=q[1— (k/q)? } 


=q cos8, (2.10) 


, C1 
Qr= — f Dd yehwl Ne(T1)—N,(T2) ] 
(2r)'J 


ky! 
x{1-(-) veg f 7200) sta’ fag’. (2.11) 
q 


If the surface were smooth, all y,’s would be zero 
except for yo. The difference between the rough and 
the smooth surface lies only in the factor 


ye’ L1—(k/g)* }3, 
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which is necessarily less than y,? for any finite value of 
k. Consequently, 

Dx Ve L1— (k/g)* 1S Se yveK< 1. (2.12) 
The equality sign occurs for a truly smooth surface 
Hence 


Qr<Q,. 


Thus we have shown that the heat flow across the solid- 
helium interface is necessarily smaller for a rough 
surface than for a smooth surface. This result is not 
to be confused with the increased heat flow which 
occurs when a surface is roughened due to the increase 
of the macroscopic area of the surface. The distinction 
between macroscopic roughening and microscopic 
roughening being given by the mean free path of the 
phonon. This effect has been discussed previously.” 
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Particle interactions in a Fermi gas may be such as to attract 
pairs near the Fermi surface more strongly in /=1, 2, 3 or higher 
states than in the simple spherically symmetrical s state. In that 
case the Bardeen-Cooper-Schrieffer condensed state must be 
generalized, and the resulting state is an anisotropic superfluid. 
We have studied the properties of this type of state in consider- 
able detail, especially for /=1 and 2. We have derived expressions 
for the energy, the moment of inertia, the magnetic susceptibility 
and the specific heat. We also derive the density correlation func- 
tion and the density-current density correlation; in some cases 


I. INTRODUCTION 


INCE the publication of the Bardeen, Cooper, and 
Schrieffer (BCS) theory of superconductivity,' at- 
tempts have been made to extend their method to 
describe possible condensations of other interacting 


'J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). 


the latter implies that the liquid has net surface currents and a 
net orbital angular momentum. The ground state for /=2 is 
different from those previously considered, and has cubic sym- 
metry and no net angular momentum. A general method for 
replacing the possibly rather complicated potential by a simple 
scattering matrix is given. A brief discussion of possible collective 
effects is included, We apply our results to liquid He’; after cor- 
rection for scattering by a method due to Suhl, it is found that 
the predicted transition should take place below 0.02°K. Other 
possible applications are suggested. 


fermion systems, particularly liquid helium-3. It has 
been recently observed by several authors? that the 
problem of determining the ground state of a fermion 


2 J. C. Fisher (private communication); D. J. Thouless, Ann. 
Phys. 10, 553 (1960). 

3K. A. Brueckner, T. Soda, P. W. Anderson, and P. Morel, 
Phys. Rev. 118, 1442 (1960). 

‘V. J. Emery_and A. M. Sessler, Phys. Rev. 119, 43 (1960). 
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assembly with attractive forces has solutions which 
correspond to condensing the fermion pairs into 
/=1,2,3--- states rather than into the spherically 
symmetric s state of BCS theory. Brueckner et al.’ first 
pointed out that the forces in liquid helium-3 are 
favorable to a condensation into an /=2 state at a 
temperature of the order of 0.07°K. This situation is a 
consequence of the strongly repulsive short-range part 
of the He’-He’ interaction potential which dominates 
the first few terms of its expansion in terms of spherical 
harmonics, thus preventing a condensation in the /=0 
or 1 configurations. In higher order, however, (beginning 
with /=2) the long-range attractive part contributes 
more than the repulsive core so that the balance is 
attractive and a condensation is possible. It is not in- 
conceivable that a similar situation could occur in other 
cases of interacting fermion systems, such as electrons 
in transition metals. 

It must be pointed out that the existence of such 
condensed states has not been observed yet in any 
physical system. Measurements? of the specific heat of 
liquid helium-3 at temperatures as low as 0.008°K 
failed to show any transition to an ordered state; this 
experimental result does not, however, preclude a con- 
densed state of the type we are discussing here, for the 
critical temperature T ideal fluid 
scattering) is certainly well above the true 
transition temperature for the real fluid. Indeed, Suhl 
argues that a transition to 


derived for an 
enra ¢ F + 
witnou 


a condensed state cannot 
take place unless the energy broadening due to scatter- 
ing is smaller than &7..° One can see from self-diffusion 
measurements® that the amount of particle-particle 
scattering is still quite large at 0.03°K and that the 
resulting energy broadening will be small enough to 
allow a condensation, only at a signific antly lower tem- 
perature, probably of the order of 0.01° to 0.02°K. It 
is thus possible that the stable state of liquid helium-3 
be a condensed state at the absolute zero and at tem- 
peratures close to zero, even though helium-3 is still a 
Fermi liquid in the range of temperatures which are 
attainable now. In any Case, these nonisotropic con- 
densed states appear interesting enough to justify as 
complete an investigation as possible of their properties 
and of the conditions for condensation. 

We first introduce a general theory of ideal many- 
fermion systems specifically designed to include possible 
condensation of the particles into nonspherically sym- 
metrical pair states, following a straightforward gen- 
eralization of the method of Anderson? (Sec. II); then, 
we renormalize the interaction potential in order to 
eliminate formally divergent matrix elements (resulting 
from the strong repulsive core of the He*-He’ potential) 
and reduce it to an “effective potential” acting only 


* A. C. Anderson, H. R. Hart, Jr., and J. C. Wheatley, Phys 
Rev. Letters 5, 133 (1960); A. ¢ Anderson, G. L. Salinger, W. A 
Steyert, and J. C. Wheatley, zhid. 6, 331 (1961). 

®° H. Suhl, Bull. Am. Phys. Soc. 6, 119 (1961) 

7P. W. Anderson, Phys. Rev. 112, 1900 (1958). 
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near the Fermi surface (Sec. II). The problem of find- 
ing the ground state is then reduced to solving a 
BCS-type nonlinear equation: Sec. IV is devoted to the 
treatment of this equation and the derivation of the 
properties of the ground state, particularly the ground 
state energy (condensation energy). We present in Sec. 
V a novel approach to the derivation of the thermo- 
dynamics of the condensed system, based on Anderson’s 
formalism; the critical temperature 7., the specific 
heat, and the paramagnetic susceptibility of the con- 
densed fluid are evaluated. The two following sections 
are devoted to the study of the flow properties of this 
model; in Sec. VI we show that a small fraction of the 
particles take part in a spontaneous circulation in the 
ground state at O°K, because the average correlation 
between the density of particles and the current- 
density fails to vanish on account of the anisotropy of 
the ground state; in Sec. VII, we show that the con- 
densed fluid is superfluid as could be expected from the 
analogy with the superconducting property of the con- 
densed electron gas in metals, and in accordance with 
the finding of Glassgold and Sessler.* Finally, we dis- 
cuss the alterations of the properties derived in the 
previous sections for an ideal fluid, brought about by 
scattering and in general departure of the real fluid 
from the ideal model; we emphasize particularly in this 
last section (VIII) the the 
transition temperature by scattering in the case of 
liquid helium-3. 


significant lowering of 


II. PRESENTATION OF THE FORMALISM 


We write the Hamiltonian of our system of inter- 
acting fermions in second quantization and expand the 
wave function in term of plane waves: 


H=>° €xCk “be e 


k,o 


V unrCnre Ca k (2.3) 


-—_ > Se 
— — 
k,k’ : 


oan 
Here cx,,* and cy,, are, respectively, the creation and 
annihilation operators of the fermion field, ¢x the energy 
appropriate to single-particle excitations of the system, 
and Vy, the interaction potential matrix element. The 
most basic approach to treat the Hamiltonian (2.1) 
would be to take ex as the “bare’’ particle kinetic 
energy and Vx, equal to the Fourier transform of the 
free space He*-He’ interaction potential, and to derive 
all many-body effects, including a possible condensa- 
tion, from there. We shall not, however, follow this 
course since we are only interested in finding the energy 
difference (or condensation energy) between the con- 
densed state and the Fermi system of 
“dressed” particles. Anderson’ and others® have shown 
that the usual many-body effects, leading to a re- 


states of a 


8A. E to 19, 723 
1961) 

»E.g., N. N. Bogolyubov, I spekhi Fiz. Nauk 67, 549 
Y. Nambu, Phys. Rev. 117, 648 (1960). 


Glassgold and A. M. Sessler, Nuovo cimei 
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GENERALIZED 


normalization of the Hamiltonian in terms of quasi- 
particles or “dressed” particles, are probably substan- 
tially unaffected by the transition into a BCS-type 
condensed state, when the condensation involves only 
a small fraction of the total number of particles; the 
many-body corrections, such as the exchange energy, 
the screening of the interaction potential, etc., are 
practically the same in the normal and condensed 
states. Consequently, it is adequate to replace the basic 
Hamiltonian (2.1) by the renormalized Hamiltonian 
which is the result of a complete treatment of the usual 
many-body effects in the normal state, that is to say 
to include effective-mass corrections into €x.and to use 
a screened potential instead of the free-space interaction 
potential. 

Furthermore, Anderson has shown that the reduced 
Hamiltonian 7,4 which includes only the term q=0 
of the full Hamiltonian (2.1), leads to the correct 
zero-order equations of motion for the excitations of 
the system, in the generalized random-phase approxi- 
mation. It is thus satisfactory to use this reduced 
Hamiltonian instead of (2.1) for the purpose of finding 
the ground state of the system. In the ground state, all 
particles are associated in pairs with zero total mo- 
mentum and either zero total spin (antiparallel pairing) 
or a total spin equal to 1 (parallel pairing). In the 
former case, we can define the BCS operators: 


b,*=c *. * 
yk =Cxt C_xl , 


by =C_KtCxt, 


Nye=Cut* Cut = Cut *C_x. 
We find, in this case, that the odd part of Vxx- can be 
canceled by symmetrizing the interaction terms of the 
reduced Hamiltonian. Since we shall later use the ex- 
pansion of Vy in term of spherical harmonics, it is 
pertinent to remark that only even terms of this ex- 
pansion remain after the symmetrization: even / terms 
are associated with antiparallel pairing. 
In the case of parallel pairing, we can instead define 
the operators: 


 —— * 
by a —Ck,o —k,o y 


by a — C_k,0l€ ko 


a, : 
Nk o—Cx,oe Ck,o—C_k,o C—k,o- 


Now, only odd terms are left upon symmetrization of 
the interaction, meaning that the odd 7 terms of the 
expansion of Vy, in terms of spherical harmonics are 
associated with parallel pairing. A slight complication 
arises in this case because the two spin populations are 
left uncoupled by the interaction: One can then write 
two “half-Hamiltonians,” one for each spin, and con- 
sider, in principle, the case of unequal populations of 
the two spin states. It can be shown, however, that 
could not occur in the weak-coupling 
so that the average values of the above operators 


this situation 
limit," 


) 


Indeed, if the interaction has a reasonable strength, the bind 
ing energy gained by concentrating more particles in one spin 


BCS STATES 








/ 
/ 


| ee 


/ 


Uu 


Itc. 1. Representation of the mean value of the ‘‘pseudo- 
I 


spin” operator a, in the occupation space of the individual particle 


state 2 


are independent of the spin; this allows us to forget the 
distinction between the two spin states in this case and 
to write the reduced Hamiltonian both in the cases of 
parallel and antiparallel pairing as 


Boa = 2 z. €,i,— 2 > 
k 


kk’ 


V cn Dur*dy. (2:2) 


Following Anderson’s method, we express the three 
vectorial 
operator @,, formally identical, in the occupation space 
of the pair state kt, —kJ (antiparallel pairing) or 
kt, —kt¢ (parallel pairing), to the spin } operator in 
spin space: 


operators 5,*, by and ny in terms of one 


bu* =3(oxu— ion), 
bu=3 (Ckutionr), 
1— ny — N_K=Ckw-. 
We now carry these expressions into (2.2) and also 
slightly alter the definition of ex to the effect that, from 


now on, this energy will be measured relative to the 
Fermi level. Omitting an irrelevant constant, we find 


Area (2.3) 


1 4 ! 
—S exonw—- 3 YS View Lente ut one nr |. 
k kk’ 


The analogy with the problem of ferromagnetism leads 
us to use the so-called “‘semiclassical method” for the 
purpose of finding the ground state of the system; this 
method consists in replacing the spin operators (here 
the operators ¢,) by their mean values, which can be 
treated as ordinary vectors of moduli equal to 1, in 
their respective spin (occupation) spaces (Ourw),."! 
Let then X, and yx be the usual latitude and longitude 
angles defining the direction of the vector (ox) (see 
Fig. 1). In term of these new variables, the mean value 


state than in the other is more than 
crease of the kinetic energ\ 

''G. Heller and H. A. Kramers, Proc. Acad. Sci 
37, 378 (1934); M. J. Klein and R. S. Smith, Phys. Rev 
(1951): P. W. Anderson, zbid. 86, 694 (1952). 


offset by the resulting in- 


Amsterdam 
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E of the reduced Hamiltonian is 


E=—®D ex cosXy—4 } Vix: sinX ye! Ye), 
k kk’ 


(2.4) 


The ground state at 7=0°K is found by minimizing E 
with respect to X, and yx. The former operation leads 
to the condition: 


1 
tanX,e"*k=— >> Vay sinXye'*e’, 
€x &k’ 


Minimizing with respect to yx does not bring a more 
restrictive condition, for the derivative of E with re- 
spect to Yx vanishes as a consequence of condition (2.5). 
This of course was to be expected since adding an 
arbitrary constant to all yy is irrelevant to the physical 
situation. 
Finally, using relations 

energy in the ground state: 


2.4) and (2.5), we find the 


E,=— > ex(cosX,+4 sinX, tanX,). (2.6) 
k 


The condensation energy is then the difference between 
E, and the energy corresponding to the Fermi state 
cosX,=—1 inside the Fermi sphere and +1 outside): 


Wo=>d [! ex! —ex(cosXy+} sinX, tanXy)]. (2.7) 
k 


Although this energy W is usually quite small, it is 
indeed the main contribution to the binding energy 
gained by the pairing of the particles. The contribution 
of the interaction terms included in H,,.4 to the usual 
correlation energy is altogether negligible (to order 
1/.V). On the other hand, the usual correlation energy 
results from terms which are not included in the re- 
duced Hamiltonian (scattering, exchange, exchange- 
scattering matrix elements, . . .) and therefore, is not 
significantly altered by the condensation.” 


Ill. EFFECTIVE POTENTIAL 


Since we are interested here in the weak coupling 
limit, we consider only states of the system not too dif- 
ferent from the Fermi state: We expect, in other words, 
the distribution of individual particle states in the 
ground state of the system to be essentially identical to 
the Fermi distribution outside a fairly thin shell about 
the Fermi surface. Restricting our interest to these 
quasi-Fermi distributions, we assume that | sinX,! is 
significantly different from zero only inside the shell 

€x|<£ in momentum space, & being much smaller 
than the Fermi energy. It is clear that most of the 
binding energy results from the contribution to (2.7) 
of transitions inside this shell. This region near the 
Fermi surface is also the domain where Eq. (2.5) is 
nonlinear, for sinX, is almost equal either to + or 
—tanX, outside the shell (that is to say, Xx — @ below 


2 See reference 7, Sec. V 
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the Fermi level and X,— 0 above the Fermi level, if 
the actual distribution of individual particle states 
approaches the Fermi distribution). Let us then split 
the summation on the right-hand side of (2.5) into 
summation inside and outside the shell: 


1 in 
tanX,e*k=— }> Viy sinXye'¥®’ 
€, k’ 
out 


+>" V cr’ sinX,-e Vi’ (3.1) 
k’ 


and replace sinX,: in the second term on the right-hand 
side by 
€k : 
sinX,=—— tanX,+O( | sin®X,! ). 
€x 


We obtain thereby, as far as the summation outside 
the shell is concerned, a linear integral equation which 
can be solved by iteration. Substituting expression (3.1) 
for tanx, in (3.2), we find: 


tanX,e'*k 


1 mn 1 out €x’ 
=—> J kk’ sinX,-e'¥k’ +-— . } kk’ tanX,-e'*k’ 
€ k’ €x &’ €x’ 
Vice sinX,-e¥k’ in out V cee V grees SINX ere!’ 
€k bk” &’ €k | €k’ 
? 
in out out V cee Vier ee V tee ge SsInX, e'vk’’ 
at SS 


k’’’ kl! k’ €x | €k’ | | €ke’ 


By relabeling the summation indexes, this equation can 
be written in the more convenient form: 


1 in 
tanX,e¥k=— >> Uxy sinX,-e'*e’, 
€, *’ 


where the “effective potential” U xx: is defined by 


out 1 
Une = View +> V ck’? / V err? 
k’’ €x’’ 


out out 1 


$0 EO View — Vere 


k’’ k’’’ €x"" €_e"! 


Virrryp—eee. (3.5) 


Note that Eq. (3.4) is quite similar to (2.5) although 
much simplified since the summation is to be extended 
only on a small region of momentum space; on the 
other hand, the original potential V is replaced by the 
rather awkward expression (3.5). In this respect, we 
shall find convenient to use instead of this definition 
of Uxx-, the equivalent integral equation: 


co { 
Unwe = View td View 


k’’ 
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We notice furthermore that the terms of the second 
order in sinX, cancel from the expression (2.6) for the 
ground-state energy, in the limit of small sinX, (that is 
to say, outside the shell) : 

in 


FE4=—>d ex(cosX,+} sinX, tanX,) 
k 


out 


—Z Lex! +O(|sinXx|*)]. (3.7) 


The last term on the right-hand side is of the order of 
A*/ (where A is a measure of the condensation energy 
near the Fermi level) and must be neglected in the 
weak-coupling limit. In this “effective potential” 
scheme, therefore, the binding energy Wo results ex- 
clusively from the contribution of transitions inside the 
shell. We justify thereby the “cutoff” hypothesis of 
BCS since we have obtained an equivalent expression 
of the ground-state energy by replacing the actual 
potential Vyx- by the effective potential Uy defined 
by (3.6) if both k and k’ are inside the shell | ex! <é 
and equal to zero otherwise. 

This procedure was a necessary step in the helium-3 
problem, because of the presence of a practically di- 
vergent repulsive core, which is to a great extent 
renormalized out in the integral Eq. (3.6). It is very 
close to the Bethe-Goldstone scheme and Eq. (3.6) can 
indeed be re-expressed in position space and integrated 
like a Bethe-Goldstone equation.” It is, in addition, 
extremely convenient in any weak-coupling case, since 
it allows the replacing of the energy-dependent V xx: 
by the substantially energy-independent Uy, thereby 
leading in general to a soluble integral equation (since 
this effective potential is factorizable). 

To elaborate on this last point, let us expand Eq. 
(3.6) in terms of spherical harmonics, with the help of 
the ‘addition theorem” for Legendre polynomials."* The 
expansion of V xx is 


Vix = fe ik’ -8V (r)e*®-*dr 


2. . Qn*(21+1) a 
=> Pi(k-k’) coe Rag [Jus @ DVO aleryrdr 
l=0 (Rk’)§ Jo 


2 +1 _ 
=> —V1 (kk) Pi(k-k’), 


l=( 


(3.8) 


2 


13H. A. Bethe and J. Goldstone, Proc. Roy. Soc. (London) 
A238, 551 (1957). 

“If 6, g and 6’, ¢’ are the usual latitude and longitude angles 
which determine the directions of the unit vectors uv and uw’ with 
respect to a fixed frame Oxyz, we have: 

moet oy 


’ , . m)! 
Pi(a- @') = P;(cosd) Pi(cosé’)+ ZY 


4 pe neem) 

1 (etm)! 

: : de Mott ern 

XLeime w+e.c. Jeo ~ Vim (0,¢) Vim (0 .¢ x 
v4 m i 
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where we denote by k the unit vector parallel to k. 
Here P;(u) is the (un-normalized) Legendre poly- 
nomial of order / and J;,; is the Bessel function of order 
l+-3. In the limit of small r, /:,;(kr) is approximately 
proportional to (kr)'+!; consequently the short-range 
part of the potential V(r) (inside a range of the order 
of kr) contributes little to the high-order terms of 
expansion (3.8). This property is particularly signifi- 
cant in the case of a long-range attractive potential with 
a repulsive core; although the core may be strongly re- 
pulsive, the long-range part eventually dominates the 
higher order terms of (3.8) so that V; is positive (corre- 
sponding to an attractive interaction) for large enough /. 
Similarly, the expansion of Ux: is 


» 2I+1 


View =D — 


l=0 2 


Ui(k,k’) PR: R’). (3.9) 


These coefficients at large values of & are of course im- 
portant only because the equations we are to solve are 
for pairs of particles in the presence of the Fermi sea; the 
repulsive centripetal barrier, which for ordinary wave 
equations always ensures that a spherical potential 
binds /=0 states most strongly, is here at least partially 
overcome by the zero-point kinetic energy of the de- 
generate gas. 

Carrying these expressions into (3.6) and replacing 
the summation by integration over the corresponding 
domain of momentum space, we obtain 


U1 (kk) = Vilk,k’) 


1 
+— V(k,q) 


4? leq] >& €q 


Ui(q,k’)q?dq. (3.10) 


We can now demonstrate that the divergence due to the 
repulsive core has been eliminated from the effective 
potential. For the sake of the argument, let us take 
V(r) as a square potential of fixed range and arbitrary 
large strength A. Then V,(k,k’) is proportional to A 
and (3.10) can only be satisfied if U';(k,k’) is independent 
of A, hence finite. Thus divergent terms cancel each 
other on the right-hand side of Eq. (3.6) or (3.10), 
so that U,(k,k’) is finite, even though V,(k,k’) may be 
formally infinite. 

Furthermore, we note that we only need to solve 
Eq. (3.10) in a very small range of values of k and k’: 
our basic assumption, relevant to the weak-coupling 
case, is indeed that the thickness 2£ of the domain of 
summation is much smaller than the Fermi energy so 
that the relative variations of the moduli k and k’ are 
quite small; it is then an excellent approximation to 
replace the functions U,(k,k’) in expansion (3.9) by 


15 We assume the system is large enough so that 2, is approxi- 
mately equal to fdr,/8x*. More precisely, we shall replace 
>," by (No/2m) w= 0° fom0” font” sinédéd gde and > yout by (No 2x) 
X fine® fino” fo-0?” sinddéd gde. No is one-half the individual par- 


ticle density of states at the Fermi level. 
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their mean values on the Fermi surface: U;(kr,kr) or 
U, for short. The U; are not well (intrinsically) defined 
parameters of the system since their values depend 
logarithmically upon the arbitrary parameter & (we 
shall show, however, that the energy of the system and 
the other physical quantities of interest are independent 
of £). In order to derive explicitly this dependence, let 
us assume then that the function U’;(g,kr) of one variable 
g is increased by an infinitesimal amount 6U;(g,kr), 
proportional to U;(q,kr): 


Ui(q,ke +51 1(q,Rr )= Ui(q,kr)[1+6x J. 


This function is the solution of Eq. (3.10) corresponding 
to a slightly different value £+-6é of the parameter: 


1+6x 1 
(1+6x)U,;=Vit f V (keg) — 


4? eg| >E+88 Ce 


XU i(g,ke)gdg. (3.11) 


Subtracting (3.10) from (3.11) we obtain in first order: 


‘Pdt/é (3.12) 


1/.V,U,=|né+ constant, (3.13) 


where Vo is one-half the density of individual-particle 
states at the Fermi level. 


IV. GROUND STATE AT T=0°K 


2 


We can more conveniently rewrite the Eq. (3.4) in 
the form 
tanX,e'¥k=C'(0,¢)/ €x, 


(4.1) 


thereby separating the angular dependence from the 
energy dependence. C(6,¢) is defined by: 


in V im* (6',¢’)C (6, ¢’) 
C(6,¢)=¥. 2eUV m(6,¢) ¥ 
k 


m 


(4.2) 
Cex?+!C(6',¢’)|2}! 
This is a nonlinear integral equation, the nonlinearity 
resulting from the presence of the term |C(@,¢) |? in the 
denominator on the right-hand side. Since this term is 
small in the weak-coupling limit, one expects that the 
mixing of different / spherical harmonics will be small 
and that therefore Eq. (4.2 
pure /-type solutions like 


has a series of almost 


G 6,¢ p Ds A, Y im(8,¢). 


m 


(4.3) 


These considerations are borne out by a more refined 
evaluation of the amount of coupling between different 
terms of the expansion (3.9) of the effective potential 
(see Appendix A). One finds that the error involved in 
solving the simplified equation: 


in Vim* (0',¢’)C(0’,¢’) 
C(0,¢)=24U, >, Vin (O,¢) > 3 
= & Cex2+(C(6,¢’) (2)! 


(4.4) 
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instead of (4.2), is quite small; the amount of other 
spherical harmonics in a predominantly /-type solution 
of (4.2) never exceeds few percent and moreover, the 
error in the ground state energy involved in neglecting 
this slight mixing is very small indeed (0.1%). We shall 
therefore simplify the problem of finding the ground 
state by taking into account only the most attractive 
term of the expansion of the effective potential (which 
is likely to give the most favorable condensed state). 

Similarly, one could also argue that different Yj, 
(for a given /) are slightly coupled in Eq. (4.4) and one 
sees easily that this equation has indeed simple solu- 
tions like 

C(0,¢)=An¥ im (9, ¢). (4.5) 

For such solutions, (4.4) reduces exactly to the BCS- 
type integral equation: 


in V in (0’,¢’) ’ 
2rl “» 3 : 
k’ Cex? +A,” J lm (6 sg’) 


(4.6) 


On the other hand, the perfect decoupling of different 
m in (4.6) is only the result of the heuristic ‘‘Ansatz” 
(4.5) and there can be no doubt that (4.4 
mixed solutions like (4.3): for example, the solutions 
derived from (4.5) by a rotation of the coordinate 
system. We have therefore performed a complete 
analysis of this problem for the case /=2 (condensed 
state of helium-3) in the Appendix B. After removing 
the irrelevant degrees of freedom (three for rotational 
invariance and one for gauge invariance'®), we have 
found that Eq. (4.4) for /=2 has at least two inde- 
pendent mixed solutions in addition to the three simple 
solutions ApV 29, Ay¥ 21, and AsV o. 

At this point, numerical computations are necessary 


has also 


to proceed and choose the most favorable confxguration 
among these solutions. This computation is straight- 
forward enough for the simple solutions (4.5); after 
integrating (4.6) over the energy and discarding terms 
of the order of A,,?/# (negligible 
case), we obtain 


in the weak coupling 


1=N VU, 


or, more convenient ly, 


An=2Té exp(—1/NoU)), 
where A,, plays the part of the energy gap derived by 
BCS and where the constant T is defined by 


inr=— f f V im(O,¢) 2 In| Vin (O,¢) dQ. (4.9) 


‘6 We have seen in Sec. II that the physical situation is not 
changed by adding the same arbitrary phase angle to all yx. 
Such a gauge transformation is equivalent to multiplying C(@,¢) 
by an arbitrary phase factor. 
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Tas e I. Values of InI for different solutions of Eq. (4.2). 
The binding energy is proportional to I? for a given U7. 


l=0 l=1 


1.263 


l=3 


m=0 1.048 1.010 
m=1 1.201 1.090 
m=2 1.123 
m=3 1.075 
Ground-state con 

figuration (4.12) 


We have listed the values of InI’ for the simple solutions 
Yin up to /=3 in Table I. Note that widely different 
configurations yield close values of T and, consequently, 
correspond to almost equal condensation energies 
[according to expression (4.13) for the condensation 
energy |. We wish to get at the same convenient relation 
(4.8) for mixed solutions also, and therefore we define 


C(0,¢)= Af(9,¢), (4.10) 


where /(0,¢) is the relevant combination of spherical 
harmonics normalized to unity. A is again given by 
(4.8), with TP defined in general by 


InP- -ff £(0,¢)\* In f(O,¢) dQ. (4.11) 


We find that the p-type ground state is given by the 
simple solution V\,; the d-type ground state configura- 
tion, on the other hand, is not a simple solution but 
rather a mixture of Yoo and V2. spherical harmonics, in 
accordance with a suggestion of Thouless.!’ More pre- 
cisely, the most favorable d-type solution is 

ea 

}(0,¢) = ¥ +3 (V22— V2») 
v2 


(4.12) 


This configuration does indeed yield an energy about 
% lower than the energy corresponding to either 


simple solutions V2; or Y22 (see Table I). 


5 


Ground-State Energy 


Carrying the expression (4.10) for C(@,¢) into (4.1) 
and (3.7), we obtain in a straightforward fashion the 
following convenient expression for the condensation 
energy Wo: 


No § €+3/C(6,¢) |? 
Wo fae f i 
2s 0 fe+!C(A,¢)|*]} 


+ 


No VA? 
J C(6,¢) |"*dQ= — : 
Sr 87 


Although the expression (4.8) for A formally involves 
the “cutoff” parameter £, we see from (3.13) that the 


(4.13) 


171). Thouless (private communication); see also D. Thouless, 
Ann. Phys. 10, 553 (1900) 
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dependence upon & actually cancels out; A and conse- 
quently the ground state energy are indeed independent 
of the “‘cutoff’’ scheme we have introduced to compute 
them. 

Equation (4.13) shows that A must be maximized in 
order to maximize the ground-state energy. Equations 
(4.11), (4.10), and (4.8), in turn, show that, in order to 
do so, we must maximize 


—(f?(0,¢)|In} f*(0,¢) 


av 


av itself. Since the above function is 
convex downward, this means that we must minimize 
the total variation of | f *; essentially, we must make 
the “gap” spread as uniformly as possible over the 
Fermi sphere. This concept is very useful in visualizing 
what is likely to be a good solution and what its prop- 


relative to te 


0 and other real solutions 
are very bad because clearly we 


erties are. First, of course, m= 
can always find 
another real spherical harmonic which is large when 
this is small and vice versa, and make then a complex 
solution which is more favorable because | f1?|+ | f2|? 
is more uniform than | /f,?). That is important in our 
later discussion of currents. Second, clearly the solution 
should have as few zeros of as low order as possible. 
That is why (4.12), with only point zeros, is preferable 
to the simple (4.5) in the case /=2. 


Individual Particle Excitation Spectrum 


As BCS pointed out, the condensation perturbs 
strongly the distribution of individual particle states 
near the Fermi level because of the appearance of an 
extra “condensation energy” term in the expression for 
the individual-particle excitation energy : 


Ex=[ee+ |}C(0,¢) |?! (4.14) 


For /=0 this extra term is a constant € 9; the corre- 
sponding spectrum has therefore a gap of width 2¢». 
In the non-spherically symmetrical condensed states, 
however, C(@,¢) can vanish for some directions, so that 
the energy spectrum does not exhibit a true gap, but 
only a sharp reduction of the density of states near the 
Fermi level (in fact, the density of states vanishes at 
the Fermi level). Now, the Jac obian for expressing the 
density of states in terms of the variables EF, @, ¢ in- 
stead of k, 0, ¢ is 


D(k,6,¢) miE 
(4.15) 
D(E,6,¢) 


hk pl E2— |C(6,¢) 


and therefore 
Nol\E dQ 
V¢E) {f ’ 
4n J J [F’—|C(6,¢)|?}! 


The integration here is extended over the region = of 
the sphere, where |C(@,¢)| is smaller than £. It is 


(4.16) 


clear from (4.16) that the excitation energy spectrum 
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is altered only near the Fermi level since the right-hand 
side reduces to the normal value Vo if E is large com- 
pared to A. Furthermore, one notices that the integral 
on the right-hand side is finite, except maybe when E is 
equal to a relative maximum of |C(6,¢)| ; the integral is 
still finite if the maximum is reached at discrete points 
but is divergent if the maximum is reached on a line. 
We see then that this maximum is analogous to the 
gap € of BCS, as far as the energy spectrum is con- 
cerned. We shall find examples of both situations below: 


l=1: |C(0,¢)| =e siné. 


In this special case, (4.16) can be integrated exactly 
and one finds: 


\E 
The density of states V(£) vanishes like No(E/€o)? in 
the small excitation energy limit, and becomes infinite 
at E= 6. 


1l=2: |C(0,¢)| =}e0[(3 cos*#—1)?+3 sin?2¢ sin‘9]} 


In the small energy limit, the domain of integration = 
splits into 8 subdomains &, in the neighborhood of the 
nodes of the function C(0@,¢)| :@=6@;orm—6;, g=nm/2 
cos@,;=1/v3). Each subdomain contributes an equal 
amount to the right side of (4.16) on account of the 
symmetry of |C(6,¢),|, so that this expression can be 


written: 
No\E dQ 
V(E)=8— —ff - 
do [H—|C 
Z1 


(4.17) 








DENSITY OF STATES => 











L=0 
Eet€o 
ENERGY => 





Fic. 2. Comparison of the individual-particle excitation energy 
spectra for normal fluid (constant density of states equal to No), 
an s-type condensed fluid (‘=0) and a d-type condensed fluid 


(l=2). 
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where |C| is approximately proportional to the distance 
from the node. Transforming (4.17) to a new system 
of coordinates 6’, ¢’ with the 2’ axis passing through 
the node, we obtain therefore in this limit: 


Nol El doy 
v(Ey=3—— f f— —_ 
dor s [e- Qe" sin’6’ |} 


E~? 
€0 


On the other hand, we have seen in Appendix B that 

C(0,¢)| reaches the maximum value ¢€ at the six 
points @=0, @=x, and @=x/2, g=(2n+1)x/4. The in- 
tegral on the right-hand side of (4.16) is therefore always 
finite and reaches a maximum (about 1.43No) at E=€9 
(see Fig. 2). 


V. THERMODYNAMICS OF THE SYSTEM 


Let us now go back to our ‘“‘occupation space’’ for- 
malism of Sec. II, and notice that the total energy 
(2.4) of the system can be written 


(5.1) 


E=—-> Ex-«x, 
k 


where oy is (in the ground state) a unit vector in the 
occupation space of the pair k, —k, and Ey, a pseudo- 
field defined by 
Exu=L V cn (Onn) 
~ 


Exw=>, V ick’ Tk’r/ 
’ 


FExw= €x- 


We can still use here the effective potential Uy, instead 
of Vix, for the derivation which led to Eq. (3.4) at 
the absolute zero, is very nearly exact at temperatures 
finite but much smaller than the cutoff energy £. Since 
we are only interested in the range of temperature 
below the critical temperature 7., this condition is 
fulfilled and we can write instead of (5.2): 


in 


Ex.= >. Ur \Tx’u/)s 
k’ 


in 


| > U xe oO’ 
x’ 


Exw= €x- 


Since the potential Uy, is separable, Ey is indeed the 
product of a k-dependent factor by a (self-consistent) 
sum over all states k’ inside the cutoff. It is all right 
then to write the total energy in the form (5.1), for 
each term of the sum on the right-hand side depends 
only upon its subscript k (there is no hidden dependence 
upon the other oy, except through the self-consistent 


field E,). 
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We shall consider first for guidance the case of the 
Fermi distribution, for which the pseudo-field Ey re- 
duces to the w component e€,, and 6, is equal to +1 and 
parallel to the w axis (corresponding to full occupancy 
of the pair k, —k below the Fermi level and both k and 
—k empty above the Fermi level). There are altogether 
four possible occupation number combinations of the 
individual-particle states k, —k: the ground state, two 
single-particle excited states (one occupied, one empty) 
and one excited pair state (two holes below the Fermi 
level, or two excited particles above the Fermi level). 
The same considerations apply to the condensed state 
where the pseudo-field is a vector of modulus Ey [given 
by (4.14) ] not parallel to the w axis in general. The 
reduced Hamiltonian (2.2) simply does not act on the 
two single-particle states, so that the pseudo-field Ey is 
ineffective and they simply act like two extra states of 
the pseudo-spin with energy 0. The occupation vector 
a, must be parallel to the direction of the pseudo-field 
E, and may take any of the four values given in Table 
II. Note that this procedure is strictly equivalent to the 
treatment of Bogoliubov et a/.,'* and is simply a more 
graphic method to picture the independent “quasi- 
particles” introduced by these authors. It is now 


TABLE IT. States of the pseudo-spin vector. 


OK 
(parallel to Ex) 


“nergy 


Ground pair 

Single-particle excitation: k 
Single-particle excitation: —k 
Excited pair 


straightforward to compute the ‘“‘sum-over-states” Z 
and the related thermodynamic quantities for each 
subsystem k, —k and consequently the over-all thermo- 
dynamic behavior of the system. 


Critical Temperature 


The thermodynamic average of o, at a finite tem- 
perature T is 
cP Ex — eB Ex 
=tanh(BEF;,/2), (5.4) 


(Ox)av = ——— : 
ef ’«+e BE 2 
where 8 is 1/kT. Consequently, Eq. (3.4) must be 
replaced by 
1 in : . , 
tanX,e¥k=— YU yy sinX, ee’ tanh (BE, /2). 
€, &’ 


(5.5) 


The critical temperature 7, is the temperature above 
which no solution C(@,¢) of this equation exists. At T., 
the solutions C(6,¢) vanish exactly and (5.5) becomes a 


18N. N. Bogoliubov, V. V. Tolmachev and D. V. Shirkov, 
A New Method in the Theory of Superconductivity (Academy of 
Sciences of U.S.S.R., Moscow, 1958). 
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TABLE IIL. Critical temperatures and specific heats of 
some generalized BCS states. 


2eo/kT ( T 


3.50 
4.03 
4.20 
4.93 
4.26 


Configuration C (@,¢) 


l=0 

j=1, m=1 

|=2 m=1, or 2 
~ “\state (4.12) 
l=3, m=2 


linear equation for which the superposition principle is 
valid: All simple solutions Y;,, (for a given / and various 
m) and combinations of simple solutions are equivalent 
energy-wise. Equation (5.5) does indeed split into 2/+1 
equivalent equations: 


in V im(0’,¢’) : 


1=2nl. > - 


a’ €x’ 


tanh(B,e,/2). (5.6) 


After performing the angular integration, we find the 
BCS equation 


f de 
i= vol f tanh(8,«/2)—, (5.7a) 


€ 

kT .=1.14€ exp(—1/NoU)). (5.7b) 
Again, it is straightforward to verify that the formal 
dependence of 7, upon the cutoff parameter & actually 
cancels out by virtue of (3.13). It is interesting to com- 
pare this critical temperature with the “gap” parameter 
€) defined in the previous section. We have listed the 
values of the dimensionless ratio 2¢€)/kT. for a few 
different angular configurations (Table ITI). 


Specific Heat 


The total energy of the system at finite temperature 
is evidently 


Eye BE Fy eb Px 
E=> =—}> F, tanh(BF;/2), (5.8) 
ck ex +e-bFu+2 k 


and the specific heat C is therefore 


dE eb Pk dE. 
C=—=2k8 > - (ze+en, ‘). (5.9) 
dT k (1+¢°%«)? dg 


In the low-temperature limit, the modulus A of C(@,¢) 
becomes approximately constant so that both d(£,2)/dT 
and (a fortiori) T[d(E2)/dT ] vanish; the expression 
for the specific heat reduces then to 


Fe Ey 
= 2kB? 3 


: (5.10) 
k [1 + eb Fx li 


Cro 


It is straightforward to see that (5.10) gives the ex- 





1920 re. 


pected result for the normal Fermi fluid, if Fy is re- 


placed by ex! 


Cr=4J RN oT =yT. (5.11) 


For a condensed system, however, the excitation energy 
spectrum is strongly perturbed near the Fermi level and 
a quite different temperature dependence is expected. 
One finds, respectively : 


p-T ype Condensed State (l=1, m=1): 


JausaT o>? ie 
C= ( ) (yT ) ) = 3.5(yT.) 
J» €0 Fr. 


d-T ype Condensed State [State (4.12) ]: 


Since the statistical factor on the right-hand side of 
5.9) or (5.10) is strongly peaked at Ey=0, the domain 
of integration practically splits into the 8 subdomains 
=, near the nodes of C(#,¢)'. One can use the same 
technique as in the last paragraph of Sec. IV and one 
finds: 


234 f4kT-\? ‘i T \? 
C=- ( aT)( ) =4.6(yT.) ). (5.12) 
: >. oe T T 


It must be emphasized that the above results have been 
derived by taking into account only the contribution of 
individual-particle excitation modes of the system and 
neglecting all collective excitations. This procedure is 
rigorous in the case of superconducting electrons only, 
because the long-range Coulomb repulsive force pre- 
vents in this case the existence of low-energy collective 
excitation modes lying in the gap. It is not so for a sys- 
tem of neutral particles (with a short-range interaction) 
and it has indeed been shown by Anderson’ that a neu- 
tral Fermi gas condensed into a s-type state has low- 
energy excitation modes corresponding to long-wave- 


length (small wave vector q) longitudinal waves: 


1 ky 7 


wW (5.13) 


V3 m 


On the other hand, the spectrum of collective excita- 
tion modes in the case of helium-3 (anisotropic d-type 
condensed state) is certainly more complicated than 
the simple case of the isotropic neutral Fermi gas. In 
addition to longitudinal waves, there will be transverse 
or “rotational” waves corresponding to a gradual rota- 
tion, in space, of the anisotropy axis of the condensed- 
state configuration. These rotational modes are rather 
analogous to spin-waves in the usual ferromagnets and 
one expects therefore that their frequency may be pro- 


We have 


ised here the definite integrals 
= i"etdt 
I= f - 
« 1+e')? 


The first four J J, =0.693; Jo= 1.64; J3;=5.4, and J,=23. 
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portional to the square of their wave vector q; further- 
more, one can estimate the energy necessary to cause 
this gradual rotation by noticing that all condensation 
energy will be lost if a 27 rotation takes place within a 
distance of the order of the cohesion length ,r, 
next section). The energy spectrum of the rotational 
modes will therefore be very approximately 


(see 


w~Ar2q. (5.14) 


It is straightforward to show that the longitudinal 
modes (5.13) give a small contribution to the specific 
heat : 


Ciong=0.04(yT.)(T/T.)°, 


of the order of 1% of the contribution (5.12) of in- 
dividual particle excitations. On the other hand, the 
total energy of the rotational modes at the temperature 
T is the statistical average: 


(5.16) 


where » is the number of modes per unit volume with 
an energy smaller than w: n=q*/6r*. We obtain from 
relation (5.14): 


1 ” wida 
| 
4? Air 3 e*—] 


and therefore: 


d(Evr) 4.5% skT\3 
Crot= a , 
dT 4r*rFN A ) 


This contribution to the spec ific heat vanishes like T? 
only and will therefore eventually dominate in the low- 
temperature limit; comparing the expressions (5.12) 
and (5.17), and noting that the cohesion length is of 
the order of ke~'er/€o, one finds in the case of helium-3: 


1.8(kT)? 


tr? Air 


oss €0 ‘ zr j r ; 
~0.012{ - ) ( ) 6X10 ( ) . (988) 
: €p T T 


This ratio is of the order of unity only when the tem- 
perature T is of the order of 10-°7. and, consequently, 
the contribution to the specific heat from these rota- 
tional collective modes becomes important in a range 
of temperature well below the transition temperature 
and also weil below the temperature which could con- 
ceivably be attained by the present day cryogenic 
techniques. These estimates of the contribution of 
collective excitation modes of the system justify then 
our claim that they are negligible in the interesting 
range of temperatures. 

It is also interesting to evaluate the specific heat 
near the critical temperature 7,. In this limit, one can 
easily derive the expression for d(/,2)/d8 from Eq. 
(5.5) if one assumes that the configuration {(@,¢) of the 
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stable state does not change; that is to say, 


d(A*) 
= f(A, ¢) é 


d( E:”) 


(5.19) 
dg dg 
Using the result derived by BCS in the /=0 case, one 
finds 

d(A?)- 10.2 
— (5.20) 


dB T=T- 


We have listed the values of the dimensionless ratio 
(C—yT.)/yT. which measures the relative magnitude 
of the specific heat discontinuity at the critical tem- 
perature, for the simple configurations An¥im(0,¢) up 
to /=3 (Table III). We would expect the specific heat 
discontinuity to be of the same order for the ground- 
state configuration (4.12) as for the Yo. configuration ; 


f\7*dQ 


this, however, is only of academic interest since it 
appears that the actual transition of liquid helium-3 
into a condensed state certainly cannot take place at 
the computed critical temperature 7, (see Sec. VIII). 


Paramagnetic Susceptibility 


Since the condensation into an even / configuration 
is based on the formation of pairs of particles with anti- 
parallel spins, one expects that the freedom of the in- 
dividual-particle spins and, therefore, the over-all para- 
magnetic susceptibility are reduced in the condensed 
state. At the absolute zero, the spins have no freedom 
at all since all particles must be paired and the sus- 
ceptibility must vanish. On the other hand, condensa- 
tion into an odd-/ configuration leaves the spin-up and 
spin-down populations uncoupled (exactly like the 
Fermi state) and therefore the susceptibility of a p-type 
of f-type condensed fluid is essentially the same as the 
susceptibility of a normal fluid.”” Let us then restrict 
our attention to the case of antiparallel pairing. The 
excitations of the subsystem kt, — ky are still those of 
Table II but, in this case, the degeneracy of the two 
single-particle excitations is lifted by the paramagnetic 
interaction, their energies are now +yH and —zH, 
respectively (u is the nuclear magnetron in the case of 
helium-3). The average paramagnetic moment at the 
temperature T is then 


ebul Bul 


— 
Miv=n >, 


k ef Fx +¢ BEy +- pSuH 1 Bul 


sinh(Guf7) 
u>. ; (5.21) 
« cosh(Bk,)+cosh(Bu) 

The susceptibility may be slightly increased for an odd / 
condensed state, if the coupling is strong enough to yield a sizeable 
increase of the condensation energy when the two spin popula 
tions become unequal 


0.5 
Te 


Fic. 3. Comparison of the variation of the paramagnetic 
susceptibility versus temperature for an s-type condensed fluid 
1=0) and a d-type condensed fluid (/=2 


This expression is identical to the expression derived 
by Nosanov and Vasudevan"! by Bogoliubov’s method. 
In the weak-field limit, (5.21) reduces to the expression 
found by Yosida for the special case /=0”: 


eF! k 
M y= xH = 282H ¥ 


(5. 
k (eo Ex +] ) 


22) 


It must be emphasized that, in view of the smallness 
of the nuclear magneton, one is practically always in 
the weak field limit: Fields of the order of 10° oersteds 
must still be considered as ‘‘weak”’ at 0.01°K. Again, 
the summation on the right-hand side of (5.22) in- 
volves a statistical factor strongly peaked at FE,=0 
and therefore the integration can be performed by the 
same technique as for the specific heat (5.10). One 
finds that the paramagnetic susceptibility vanishes in 
the low-temperature limit [like 1.08(7/T,)*] as ex- 


pec ted (see Fig. J). 


VI. DENSITY AND CURRENT-DENSITY CORRELATION 
IN THE GROUND STATE 


One expects, in the case of the weakly interacting 
condensed fluid we are considering, that the condensa- 
tion is a rather long-range cooperative phenomenon, 
involving the coherent ordering of the momenta of a 
large number of particles; one expects, in other words, 
that the condensed state is characterized by a special 
long-range correlation between the particles. Further- 
more, the average particle.current around a given 
particle does not need to vanish everywhere as in a 
‘L. H 


(1961) 
2 K. Yosida, Phys. Rev 


Nosanov and R. Vasudevan, Phys. Rev. Letters 6, 1 


110, 769 
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normal fluid or an isotropic condensed fluid, since the 
usual symmetry argument does not apply in the case 
of the anisotropic configurations under discussion. It is 
therefore instructive to evaluate the average particle 
density and the average current density versus the 
distance from a given particle, that is to say, the mean 
values of the operators (x)m(x’) and m(x)j(x’) in 
the ground state; m and j are the usual density and cur- 
rent density operators in second quantization: 


n=y'*y, 
j= — (i/2)h[y*¥y—(Vy*)y |. 
The ground state is the vector 


V,=[Ii[cos(X 2)e'¥n!2 
+sin(X, 2)e7 ive 2by,* vee, 


(6.1) 


(6.2) 


where 6,* is the creation operator for the pair k, —k 
with parallel (antiparallel) spins for odd (even) / con- 
figurations. To simplify the matter, we shall only con- 
sider here the case of antiparallel pairing; the same 
results would be found in the case of parallel pairing, 
only with the opposite spin combination. Expanding the 
operators m in Fourier series, we obtain immediately : 


(n(x,o)n(x’,o’))= > 
k  kokjk,s 


(Y, Cheyo* Chee Cig Cie go’ V,) 


\K ei (kei) -tei(ke—ks) 2” (6,3) 


We are only interested in the space average of this cor- 
relation function, which depends only upon the relative 
distance r= x’—x and the spins: 


, 
(n(a)n(o’))v= > 
ki koksk« 


ei (kek) -1§ (kk, — ko +k, —ky,). 


; . mee 
(Wo! Chee” Cee Ceo” Ciegs’ | Yo) 


(6.4) 
In the case of antiparallel pairing, we obtain in a 
straightforward fashion: 
(n(¢)n(4) )av=n[n+ Pe(r) |, 
(n(t)n(¥) av= +30 x sinX,e'® +4) | 

Xow sinX ene tthe") 7, 


Here n is the total density of particles of one spin (up 
or down) and Pp(r) is the exchange correlation or 
“Fermi hole.” Note that the above results include the 
correlation effects due to the statistics of the particles 
and to the condensation but not the spin independent 
“correlation hole” due to the direct interaction. This 
many-body effect is, however, included in the formalism 
from the very beginning, since cy* creates a quasi- 
particle, that is to say, a particle dressed by its cloud 
of correlated particles. We have implicitly assumed that 
this rather short-range many-body effect, which deter- 
mines the effective mass of the quasi-particles, is 
essentially unaffected by the transition into a condensed 
state. In other words, we are specifically considering 
the case where the condensation is a long-range phe- 


(6.5) 
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nomenon in which the close region (in position space) 
does not play a major role: the short-range ‘“‘correla- 
tion hole’ and the long-range correlation due to 
condensation : 


(nn) =1| doy sinX,e"(# +4) | 2 (6.6) 


are well decoupled in position space. Let us remember 
that this correlation (6.6) affects particles with opposite 
spins in the case of antiparallel pairing and particles 
with the same spin for parallel pairing. In any case, we 
see that this extra term in expression (6.5) is the con- 
tribution of the terms k,= —k;=k and k.=—k,=k’ 
in the sum on the right-hand side of (6.4). The same 
terms also provide a finite contribution to the density- 
current density correlation (mj) in the condensed state 
(this term would vanish otherwise). The same deriva- 
tion leads to 


h 
(nj)= {(> k sinX,e'‘* r++ p> sinX, e k’ .r+ 
8 « k’ 


-+c.c.} 


h 
1 allied 


where we have defined the integrals: 
I(r)= Dox sinXye(* +4), (6.8a) 
J(r)=d-x k sinX,e*(* +4), 


We note that the second integral is the gradient of the 
first multiplied by (—7) so that we shall only need to 
compute /(r). Let us first remark that if 7(r) is written 


(6.8b) 


T(r)=|I(r)| e*7™, (6.9a) 
then: 


J(r)=—ie' 9, |T(r)| +] (r)¥ey(r).  (6.9b) 


Since the first term of this expression of J(r) cancels in 
(6.7), we obtain thereby a general relation between the 
correlation functions (mn) and (nj): 


(nj)=4h|T\20 py(r)=h(nn)¥ -y(r). (6.10) 


This relation is really all what we need to know if the 
condensed state under consideration has rotational 
symmetry around its anisotropy axis 0z (case of a 
simple /m configuration, such as the ground state for 
p-type condensation). Indeed one sees directly from the 
expression (6.8a) by performing the rotation in mo- 
mentum space which brings the Osx plane onto the 
radius vector r, that the phase factor of /(r) is simply 
meg (¢ is the azimuth angle of r around the z axis). 
Then: 


(nj) e= (mh/r)(nn). (6.11) 


That is to say, that in this simple case each particle P 
of the condensed fluid attracts a small “hump” of cor- 
related particles and that this hump rotates around the 
anisotropy axis originating at P, according to the law 
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of equal swept areas (velocity decreasing as 1/r). The 
total angular momentum of this correlation current is 
therefore proportional to the total number of correlated 


particles n,: 


dry dry: 
n= f ff sion sinX,-e! Vee ei(k-k’) -¢___ ____dz 
82° 8x 
kk’r 
dr. 
-ff sinX, sinX,-e!(¥e—-¥ 53 (k — k’)—dry- 
8x? 
kk’ 


dr. 
= sin*X,-—. 
87° 


k 


(6.12) 


A straightforward integration shows that n, is of the 
order of .Voeo, that is to say of the order of €9/¢r times 
the total density of particles m. The total angular 
momentum of the correlation currents in a volume V 
of the condensed fluid, is in this case: 


Tl=mhn.V=mh(eo/er)nV. (6.13) 


We notice, however, that this spontaneous circula- 
tion in the ground state is not a volume effect [to the 
contrary of what expression (6.13) seems to suggest | 
because the correlation current around one particle 
inside the fluid is exactly canceled by the currents 
around the neighboring particles. On the other hand, 
this cancellation does not obtain on the boundary of 
the sample and, if the same anisotropy axis is retained 
on the surface of the fluid (completely ordered state, 
presumably stable at absolute zero), these uncanceled 
correlated particles currents add up to form a sheet 
current on the surface, the total angular momentum of 
which is just / as given by the relation (6.13). 

This discussion is not applicable to the true /=2 
ground state (4.12), however, since the corresponding 
angular dependent energy gap function C(6,¢) has no 
rotational symmetry. We need therefore to compute 
I(r) explicitly. The interesting region in position space 
is the long-range region, where &rr is much larger than 
1; this suggests computing /(r) by the so-called sta- 
tionary phase technique (see Appendix C). We have 


found: 
2No cos(ker) r C(?)| 
I(r)= - : Ko — ‘Jew 
ikpr hve 


(6.14) 


where Ko is the modified Bessel function of the second 
kind and order zero. This remarkable result shows that 
the long-range correlation (nz) in a given direction 
depends only upon the value of the gap function C (6, ¢) 
in that direction and, of course, upon the distance r. 
We note particularly that the correlation vanishes in 
the directions of the nodes of |C(#)|. The radial de- 
pendence is dominated, in the long-range limit, by the 
exponential Ko function, the extension of which is of 








M 


Fic. 4. Correlation current pattern at a fixed distance from a 
particle for the d-type ground-state configuration (4.12). The 
points NV are the nodes of the angle-dependent gap function 


|C(r) |; M are its maxima. 
the order of fivp/|C|. The range of the correlation func- 
tion (nn) is therefore anisotropic and extends to in- 


finity in the direction of the nodes of |C(#)|. We may, 
however, define an average coherence length r,: 
hip €p 


Pee. ~—R pm, 


A 


(6.15) 


Going back to the general expression (6.10) of the 
correlated particles’ current density, we note that the 
only complex factor in the expression (6.14) of /(r) is 
C(#); consequently, the correlation current has no 
radial component. It is straightforward to compute the 
tangential components from (6.14) for any gap function 
C(6,¢). For the ground-state configuration (4.12), we 
find : 

5v3 

(nj) ,=h (nn) sin?@(3 cos*?@—1) cos2¢, 

16m} f|? 


(6.16) 
5v3 
(nj)e=h(nn) sin2@ sin2¢. 


16m| f\? 


We have sketched the correlation current pattern on a 
sphere for this configuration (Fig. 4). Note that the 
current flows around the nodes of the gap function C(f) 
and vanishes at both the nodes and the maxima of C(f). 
These currents add up in such a way that the whole 
distribution has no net angular momentum about any 
axis. Under these circumstances, there will be consider- 
able, if not complete, cancellation of the correlated 
particle currents at the surface unless the surface is 
strongly curved. In conjunction with the results of the 
next section, it appears that the anisotropy of the 
d-type ground-state configuration (4.12) is of such a 
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subtle character that it may be rather difficult to detect 
it in physical measurements. 


VII. FLOW PROPERTIES, SUPERFLUIDITY 


As we mentioned in the Introduction, the experi- 
mental investigation of liquid helium-3 properties has 
not yet disclosed any departure from a normal Fermi 
liquid behavior; particularly, it has been found that 
the flow properties of helium-3 are those of a normal 
fluid, that is to say that helium-3 does not participate 
in the superfluid flow of helium-4 in mixtures of both 
isotopes.** If, however, a condensation of the type we 
1ave been discussing above does indeed occur at very 
low temperature, one expects that liquid helium-3 is 
not a normal fluid near the absolute zero. The analogy 
with the Meissner effect of superconducting electrons 
condensed into the /=0 configuration indicates that con- 
densed helium-3 would be supertluid. We shall show by 
a straightforward generalization of the BCS derivation 
of the Meissner effect that the alteration of the excita- 
tion energy spectrum brought about by the condensa- 
tion entails superfluidity, in accordance with the sug- 
gestion of Brueckner ef al.’ The same result has been 
found by Glassgold and Sessler by a somewhat different 
method.*® 

The most convenient theoretical approach to super- 
is to consider the flow of the fluid in a rotating 
container. Since we do not know how to treat the inter- 
action between the fluid and the rotating wall of the 
container in the laboratory coordinate system, we shall 
transform our problem into the rotating coordinate 
system in which the container is at rest; as Blatt ef al.” 
pointed out we have to perform this canonical trans- 
formation to rotating coordinates in order to do sta- 
tistical mechanics at all. This, of course, is identical to 
the ‘‘cranking model” procedure proposed by Inglis”® 
for nuclei. The new (transformed) Hamiltonian is 


H’ H-w-L, 


fluidity 


(7.1) 


where L is the total angular momentum of all particles. 
Note that H’ is not numerically equal to the Hamil- 
tonian H of the rest; the extra term is a 
perturbation of the first order in the rotation speed a, 


corresponding to the Coriolis forces. Using the relation: 


system at 


wo: (r£XxXV¥ (wXr,):- Vi, 


(7.2) 
the perturbation can be written 


—w: L=ih 2. 


(wXri)- Vi. (7.3) 


Let us introduce the vector field A(r), with A as the 
speed of a point attached to the rotating coordinate 


J G. Daunt, R. E. Probst, H. L Johnson, and L. T. Aldrich, 
Phys. Rev. 72, 502 (1947), and J. Chem. Phys. 15, 759 (1947) 
* J. M. Blatt, S. T. Butler, and M. R. Schafroth, Phys. Rev. 
100, 481 (1955). 
25 T). R. Inglis, Phys. Rev 


. 96, 1059 (1954). 
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system with respect to the fixed coordinate system: 


A(r)=eXr. (7.4) 


In second quantization, the perturbation to the Hamil- 
tonian is then 


Hr= fortis r)-:V Wdr 


= —(2r)3 > hk-a(q)cxrg Pies 


k.q.e 


where we have used the plane wave expansions of the 
operators VW and ¥*, and where a(q) is the (formal) 
Fourier transform of A(r). This procedure is not strictly 
correct since the plane waves fail to satisfy the boundary 
conditions of the system (cylindrical container) and a 
Fourier-Bessel expansion of the operators W and W* 
should be used instead. We expect, however, that the 
conclusions we shall draw from the comparison of the 
(formal) Fourier transform of the current operator j(r) 
with the (formal) Fourier transform of the speed field 
A(r) will be strongly indicative of the exact behavior 
of the model. Let 


h 
j(r)=- > (2k+qe Sten cas Che 


2m «.q.0 


(7.6) 


be the expansion of the current density operator (6.2). 
Since the expectation value of the current vanishes in 
the system at rest, this expectation value in the rotating 
system is, in the first order in w, 


Wo He Vid: 7 ¥ 


ioe 


Fo— E; 


where Wy is the ground-state wave function at the 


temperature 7 (energy Fy): 
Xi 


VYy= Il ~eiv 


ground pairs 


2+4-sin 


(7.8) 


The summation in (7.7) extends over all excited states 
WV; (energy £;). Fortunately, states corresponding to 
different anisotropy axes are orthogonal,”® so that the 
angular degeneracy can be disregarded. We remark 
furthermore that the perturbation H, due to the rota- 
tion of the coordinate system is formally identical to 
the magnetic perturbation considered by BCS. We shall 


26 The scalar product of two states 
different 2 axes, is an infinite product of factors including at 
least one zero (for the individual particle k such that 
Xe =Xk'=27/2, Pe=Yu' +7) 


and W;’, corresponding to 


state 
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therefore obtain a formally identical result : 


~(2e)3 XD (2k+-q)e-**La(—q)-k] 


2m kq 
xL(k, k+q), (7.9) 
where 
(Wo! Cx *Cx—c_xn*c_ x | V,;) |? 
L(k,k’)=2 >> —— (7.10) 
i ko E; 


Even for nonspherically symmetric distributions, 
L(k,k’) has a simple expression in the limit k’ > k: 


d he 


eh kx 


lim L(k,k’)=— (7.11) 
k’k 


dey (1+e8#e)? 


The (formal) Fourier transform of the current is then 
in the long-wavelength limit: 
2h?p eF Ex 


limy’(q) > kla(q)-k] (7.12) 
qv k 


m (1+ ¢?¥«)? 

Since the statistical factor is strongly peaked at E=0, 
the integration here reduces practically to an integra- 
tion in a shell near the Fermi surface. For a normal 
Fermi fluid, we can replace kL_a(q)-k] by the angular 
average 3kp°a(q), and we find the expected result : 


limj,.’(q) = 28 (7.13) 


=na(q). 
: , 


3x 


(7.13) means, of course, that the thermo- 
dynamically stable state of a fluid in a rotating con- 
tainer is such that the fluid is at rest with respect to 
the container, that is to say, rotates at the same speed 
as the container: 


This result 


j,.(r)=nA(r). 

We shall show that it is not so for a condensed fluid 
and more precisely that the statistical average J of the 
current density vanishes in the low-temperature limit 
for finite rotation speed of the container; in other 
the fluid at large (i.e., 
motions, corresponding to the long-wavelength Fourier 


words, as far as large-scale 
components, are concerned) does not participate in the 
motion of the container at O°K. In accordance with the 
usual meaning of superfluidity in the context of oscil- 
lating-disk?? 
acterize this behavior as 


experiments, for example, we can char- 
“superfluid behavior.” 

For the anisotropic condensed state (4.12), we cannot 
use an angular average of the term kK(a-k) as above and 
we must instead compute separately the three com- 
ponents of j’. Since -y depends only upon sin®2¢, all 


27. L. Andronikashvili, J. Phys. Moskow 10, 201 (1946); see 
also K. R. Atkins, Liguid Helium (Cambridge University Press, 


New York, 1959), for further references. 
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but the following terms cancel upon integration over ¢: 


(je a,k? sin?6 
b aigtl 


BE, 


lim . (7.14) 


Bk x = es 
jy |= fef de a,k sin’6 3 


j 
je 


2a.k? cos’6 


Because the statistical factor is strongly peaked at 
£y=0 in the low-temperature limit, the domain of 
integration practically reduces to the eight subdomains 
~; near the nodes of |C(@,¢)| (see the last paragraph 
of Sec. IV). Replacing & sin*@ and k* cos*@ by their 
average values at the node, respectively kr? and 3k’, 
we can therefore replace (7.14) by 


kp L eb Ex 
limy’(q) = 48—a(q) fof de 
3x : (1+ 9")? 


=4J ona(q)(RkT/€0)" 
or, more conveniently : 


'(q) 
lim ( ) = 1.08(7T/T.)?. 
0). T-0 jn’(q) 


Note that the variation of the long-wavelength Fourier 
components of the current density versus temperature 
is approximately the same as the variation of the para- 
magnetic susceptibility (see Fig. 3). 

The reason why (7.15) is isotropic is, of course, that 
the ground-state (4.12) cubic symmetry for 

f(@,¢)\* and thus for /,. It appears that this is a 
special circumstance of the /=2 
that qualitatively the stage 


(7.15) 


(7.15a) 


has 


case; but we do expect 


will attempt to be as 


isotropic as is consistent with /. 


VIII. CONDENSED STATE OF A NONIDEAL 
FERMION GAS 


We shall now specialize to the case of liquid helium-3 
and indicate the properties of the condensed phase in 
the low-temperature limit. Previous analysis by 
Brueckner ef al.3 and Emery and Sessler have indicated 
that the most favorable condensed state configuration 
is d-type (/=2). The result of Brueckner et al. is given 
in terms of the A-matrix formalism of Brueckner and 
Gammel** which takes into account the usual many- 
body effects; it is found that the /=2 coefficient of the 
expansion of the A matrix in terms of spherical har- 
monics is positive and the largest and therefore the 
largest condensation energy is obtained for a p-type 
configuration. On the other hand, Emery and Sessler 
have solved Eq. (5.5) in the limit 7 — T, (where this 
equation becomes linear) and have found that the 
critical temperature for the transition into an /=2 con- 

7K. A 
1958) 

29 The magnitude of the /= 2 coefficient is approximately equal to 
the magnitude of the (repulsive) /=0 coefficient; this gives us a 


very useful indication of the relative magnitude of the coefficients 
Ug and Us. 


Brueckner and J. I Rev. 109, 1023 
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densed state is the highest; these authors have esti- 
mated the critical temperature 7, on the basis of the 
best phenomenological potential known and of the 
quasi-particle excitation spectrum computed by Brueck- 
ner and Gammel**; they have found a probable value 
of 0.07°K. It must be emphasized, however, that this 
result is quite sensitive to even small discrepancies 
between the phenomenological potential (adjusted to 
fit low-pressure compressibility data) and the true inter- 
action potential in a dense phase. Particularly, any 
screening would have the effect of reducing the long- 
range attractive part of the potential and therefore 
decreasing the transition temperature. We shall never- 
theless use this value 0.07°K for T., as an indication 
of the strength of the effective interaction U2 (possibly 
too large by a significant amount). 


Thermal Properties in the 
Low-Temperature Limit 


Knowing the ground-state configuration (4.12) for 
d-type condensation, we can correlate the thermal 
properties of the fluid near 0°K, with the interaction 
parameter lL’, or equivalently, the critical temperature 
T.. We have found that the individual particle excita- 
tion spectrum is strongly modified in a shell of thickness 
€o near the Fermi surface: 


€o= 2.46kT .=0.17°K. (8.1) 

Since ¢€» is not truly negligible with respect to the 
normal fluid Fermi energy er=2.5°K,® the weak- 
coupling assumption on which this treatment is based 
does not hold well. One expects, however, that the 
rather large coupling does not affect significantly the 
results derived in the low-temperature limit, since 
only excitation modes very close to the Fermi level are 
important in this limit. One can, for example, estimate 
accurately the amount of condensation energy per 
particle at 0°K with the help of (4.13): 


3 4 


Wo 
—= —— —~2X 10°? °K. 


n 32m ep 


(8.2) 


On the other hand, higher energy individual particle 
excitations 5,* or c,* (excitation energy of the order 
of ¢9) are no longer well-behaved quasi-particles: they 
rapidly lose their individuality and disintegrate into 
many-particle excitation modes by the process of in- 
elastic scattering. The relaxation time 7 for this process 
can be estimated from the spin diffusion data reported 
by Wheatley and his co-workers®: one finds that 7 is 
still as small as 6X 10-" second at 0.03°K (correspond- 
ing to an energy broadening #/r=0.12°K, of the order 
of magnitude of ¢). Consequently, our treatment 


*® We use here the value: n=1.64X 10” particles/cm® derived 
from the molecular volume data obtained by L. Goldstein [Phys. 
Rev. 117, 375 (1960) ] and the effective mass m* = 2m computed 
by Emery and Sessler (see reference 4). 
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breaks down at temperatures of the order of 7, where 
excitations with an energy of the order of ¢) become 
important ; we shall see particularly that the scattering 
has the effect of destroying the pairs almost as soon as 
they are formed and, therefore, prevents their accumu- 
lation and the transition of the system into a condensed 
state. One expects, then, that the actual transition tem- 
perature will be significantly below the critical tempera- 
ture 7. for an ideal gas. 


Effect of Scattering on the 
Transition Temperature 


Following an argument first proposed by Suhl,® we 
shall represent the scattering by adding an imaginary 
part i(h/r) to the individual particle excitation energy 
€x and we shall investigate the condition for stability 
of the Fermi state with respect to the formation of 
pairs. Let then 


h 
[H,b,* |=wb,*= 2( ti Joss 


T 


—2(1~2f,) F Useby* 
* 


(8.4) 


be the equation of motion of the operator 5,* creating 
an excited pair, in the presence of the Fermi sea; fx is 
the Fermi-Dirac distribution function. In this scheme, 
the appearance of an imaginary eigenvalue w char- 
acterizes the onset of instability of the Fermi state 
with respect to the formation of pairs. Defining 

Q=w—2i(h/r), (8.5) 
we derive from (8.4), with the help of the expansion 
(3.9): 


2 tanh(Be,/2) « = — 
‘ ae ras l lm ( 6, tal ) 


Q— 2€, 
in — ; : - 
XE Vint Oe’ )bw*. 


k’ 


(8.6) 


Multiplying both sides of this equation by Vin*(@,¢) 
and summing over all k, we obtain therefore the dis- 
persion relations for 2: 


in V im(8,¢) 2 tanh(Sex 2) 
iniet. T 


K Q— 2, 


(8.7) 


Taking advantage of the symmetry with respect to the 
Fermi level (€x > — x), we can replace the sum on the 
right-hand side of (8.7) by a sum over the states above 
the Fermi level oniy: 


in 4e, tanh (Se,/2) 
1=44hKU; > |Vin(6,¢)|*— 


|k|>kr 


(8.8) 
467-2 








Let us first consider the case of negligible scattering 
where 2 reduces to w. We have plotted the variation of 
the right-hand side of (8.8) versus w in this case (Fig. 
5). The discussion of Eq. (8.8) follows immediately : 

If U,<0 (repulsive), the equation has only real 
solutions and consequently, the Fermi state is always 
stable with respect to the formation of /-type pairs. 

If U',>0 (attractive), (8.8) has only real solutions at 
high temperature but has two conjugate imaginary 
solutions (w*<0) below the critical temperature 7°, 
defined by the relation: 


in tanh(B,¢,/2) 
1=4nU, Po Y im(0,¢) |? ——— 
|k| >kr €k 


identical to (5.6). 

These imaginary solutions +/w2 and —/w2 corre- 
spond to a damped perturbation and a diverging 
perturbation, respectively; in other words, the insta- 
bility of the Fermi state is characterized by the appear- 
ance of an eigenvalue of Eq. (8.8) in the lower half of 
the’ complex plane. Let us now go back to the actual 
case where the scattering is important and the imaginary 
part i(hk/r) of the excitation energy is not negligible. 
Above the critical temperature 7., the eigenvalues of 
(8.8) are complex : ++ 27(h/r) and describe a damped 
oscillation (with the relaxation time 7/2). Below 7,, 
on the other hand, (8.8) has two pure imaginary 
solutions : 


w= tiwet2i(h/7), (8.9) 


which are doth in the upper half of the complex plane if 
the energy broadening //r is larger than we/2. We have 
plotted the variation of both quantities versus tempera- 
ture (Fig. 6); we increases rapidly near 7, and then 
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Fic. 5. Plot of the function on the right-hand side of (8.8) 
versus w*. The intersections with the straight line y=1 determine 
the solutions of this equation. 
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Fic. 6. Plot of the inverse scattering relaxation time and of 
the imaginary solution of Eq. (8.8) versus temperature. The 
Fermi state becomes unstable below the crossing point of these 
two curves (arrow). 


levels off and approaches the value 1.7527, near 0°K; 
h/r, on the other hand, follows a 7! law down to 0.03°K. 
At this temperature, the lowest attained experimentally, 
2h/r is about twice as large as the limiting value of w» 
and consequently the Fermi state is still stable. If we 
can make the reasonable assumption that the T! law 
holds in the 0.01°-0.03°K range, we find that the two 
curves cross at 0.02°K approximately. One expects 
therefore, on the basis of this argument, that the 
actual transition temperature for helium-3 is close to 
0.02°K. 

Note that for the typical (low temperature) super- 
conductors, the electron-electron scattering is quite 
small in the range of temperature where the transition 
occurs, so that the condensation does take place sub- 
stantially at the critical temperature 7, computed in 
the weak-coupling limit. 


Flow Properties 


Since the density-current density correlation does not 
vanish in the ground state, there are spontaneous 
macroscopic currents on the boundary of the fluid 
at rest at O°K ; however, these currents are small (even 
in one single ordered domain) since they involve only a 
fraction n,/n of the particle, that is to say, about 1%. 
One may argue furthermore that the amount of energy 
necessary to cause a very gradual rotation of the 
anisotropy axis is quite small indeed (see the para- 
graph on Specific Heat in Sec. V); one expects there- 
fore that there will be no long-range order with respect 
to the orientation of the anisotropy axis, even at ex- 
tremely low temperature. Since the currents in ran- 
domly oriented domains cancel each other, one does 
not expect that such a spontaneous circulation could be 
observed. All this is valid for a pure m state; for the 
cubically symmetric state (4.12) it is true @ fortiori. 

On the other hand, the appearance of a condensed 
state would be striking if the fluid is in a moving co- 
ordinate system (rotating container) since the con- 





1928 P. W. 


densed phase is superfluid, according to (7.15). One has 
found that the condensed fluid current vanishes like 
7° for a given rotation speed in the low-temperature 
limit. The ground state for d-type condensation is such 
that this temperature dependence is isotropic (inde- 
pendent of the relative disposition of the anisotropy 
axis Os and the rotation axis). 


Magnetic Properties 


It is interesting to note that the paramagnetic sus- 
ceptibility x of the condensed fluid also vanishes like 7° 
in the low-temperature limit, following the same varia- 
tion law as the current in a rotating container: 


X/Xn=J/Jn- (8.10) 


This suggests a two-fluid model of the condensed sys- 
tem. The condensed state is then described as a mixture 
of a “normal” phase (the relative amount of which is 
X/X, and vanishes at 0°K) and a superfluid phase which 
does not participate in the flow of the fluid and has 
zero paramagnetic susceptibility. 


IX. CONCLUSION 


Our subject may be separated into two divisions: 
first, the general question of Fermi gas with reasonably 
weak interactions which are attractive in pair states 
1~0, and second, the properties of liquid 
helium-3. 

As far as the first division is concerned, we have 
concluded, by means of a generalization of the BCS 
theory, that there is an anisotropic condensed state of 
the gas with various characteristic superfluid properties, 
that is lower in energy than the normal Fermi gas state. 
This state may be best described as a condensation of 
Cooper pairs with zero linear momentum, but with an 
orbital angular momentum depending on the inter- 
action potential. For angular momentum /=1, the gas 
as a whole has a net angular momentum, and may be 
described as a kind of “orbital ferromagnet,” but for 
/=2 the net angular momentum is zero; the ground 
state of the pairs is most probably such that the physical 
properties will have cubic symmetry. It can be con- 
jectured that the same techniques will lead to similar 
states for />2 also, although we have not computed 
such states because they probably have no physical 
realization. (Note that this cubically symmetric state 
is quite different from what we believed to be the 
ground state in earlier publications.) 

There still remains the question, even in a relatively 
weakly interacting Fermi gas, as to whether the methods 
we have used are correct or complete. The next most 
urgent problem is to study the collective oscillation 
spectrum around the ground state which we have found. 
In particular, by this means (or by the equivalent 
technique of Thouless*) we could determine whether our 


state is stable as compared to similar configurations of 


spec ific 
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finite rather than zero linear momentum. Unfortunately, 
the study of collective oscillations leads into complicated 
mathematics which we have not yet worked out. 

The second division of our paper concerned itself 
primarily with liquid helium-3. The forces in He’ are 
rather strong. The most serious question is whether we 
can rely on a “Fermi liquid” type of picture at suffi- 
ciently low temperatures, having quasi-particle rather 
than pure single-particle excitations with a spectrum 
similar to that of an ideal Fermi gas. Our best reason 
for relying on this picture is that it does qualitatively 
explain the present measurements of various properties 
of helium-3 rather well; and also, that it can be demon- 
strated that the forces in the metallic Fermi gas are not 
weak either—perhaps not as strong by a factor of 2 as 
in helium—but nonetheless in many cases the Fermi 
liquid picture appears to be valid. 

If so, we have demonstrated reasonably well that 
some condensed state will probably form. Whether the 
state is a BCS-like one or something more complicated 
depends on the validity of our approximations; at 
what temperature, on the specific assumptions we and 
others have made about forces and effective masses, 
but most specifically on the amount of scattering. It is 
necessary in order for the condensed pairs to stay to- 
gether that h/r~eo~hT., and this can only be satisfied 
below 0.02°K. This has never been conclusively shown 
to be more than a necessary condition on the transition 
temperature, so we must consider it an upper limit. 

If, in fact, the transition is /=2 and is to the cubic 
state we suggest, it is interesting to speculate on how 
the specific nature of the ground state might be ob- 
served. Tensor properties such as moment of inertia, 
susceptibility, etc., will be isotropic 
property such as surface tension or surface current will 
show the effect. Since even in the pure m state the 
surface current was found to be nearly unmeasurably 
small, it appears that the nature of the ground state 
will be difficult to elucidate. Perhaps the clearest result 
will be the density of states near zero energy, which 
will appear in low-temperature susceptibility and 
spec ific heat. 

Nonetheless, since this anisotropy is the 


; only a nontensorial 


newest and 
most fundamental property of the ground state, it is to 
be hoped that it can be directly observed. One might 
add that the appearance of anisotropy in a liquid is 
not physically a surprising result. The majority of 
phase transitions have the same feature, that the sym- 
metry below the transition temperature is not as high 
as that above. That symmetry changes have not in the 
past been associated with superfluidity appears to be of 
no particular significance. 

We have investigated this new type of superfluidity 
both as an interesting purely mathematical possibility 
and because it may apply to helium-3. It is interesting 
to speculate whether any further examples may arise. 
In nuclear matter, experimentally shell effects appear 
to obscure the question of what might occur in a 
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sufficiently extended volume; preliminary calculations 
showed* that actually the latter might well prefer a d 
state for like pairs, a triplet s state for 7=1 unlike 
pairs. The complications of the situation in nuclear 
matter—long-range Coulomb forces, boundary effects, 
isotopic spin effects, etc.—do not seem to lend them- 
selves well to our formalism in any case. 

In metals it is not entirely impossible that our 
anisotropic BCS states could occur. A necessary gen- 
eralization for metals is to realize that the Fermi sur- 
face and the forces have only the invariance of the 
crystal point group, not of the full rotation group. The 
forces must now be classified according to representa- 
tions of this point group, and the type of state which 
appears depends on which type of representation has 
the most attractive potential. There are three situations 
which might arise: 

(1) The natural generalization of BCS is the case in 
which the most attractive potential belongs to the 
identity representation. The energy gap parameter may 
be somewhat anisotropic in this case but will be every- 
where real and, in general, everywhere finite (at least 
near the Fermi surface). The behavior is normal BCS 
with anisotropic gap. 

(2) A case which does not occur in the spherical gas 
is a one-dimensional representation of odd parity. For 
instance, in an axial crystal the solution like /= 1, m=0 
might be lower either than /=0 or /=1, m=+1. Here 
the gap will be real but will in general have zeros and 
we can expect triplet pairing rather than singlet, so 
that the Knight shift would not change much. (Zeros 
may not occur if & values on the appropriate reflection 
plane are not represented on the Fermi surface. Note 
that in this case zeros are not limited to null points, so 
that the density of states near zero energy may be high.) 

(3) Finally, we come to the case of multidimensional 
representations. Here, in general, the gap function is 
complex and has point zeros most usually. Representa- 
tions may be odd (triplet) or even (singlet). 

There are, of course, a number of experimental facts 
which one would like to attribute to the presence of 
cases 2 and 3. The existence of zeros in the energy gap 
function is a natural explanation of the severe curva- 
tures in the specific heat characteristic observed in a 
number of cases—Pb, Hg, and most recently, Mo-Re 
alloys." The Knight shift characteristic of a triplet 
state is also a tempting explanation of some data. The 
difficulty, however, is that superconductivity has been 
found to be so extremely insensitive to impurity and 
boundary scattering, which destroy the intrinsic sym- 
metry of the crystal and should spoil rather easily any 
coherence which changes in sign or phase from one 
portion of the Fermi surface to the next—i.e., all but 
case (1). Thus we must reserve judgment on whether 
cases (2) and (3) have been observed, while realizing that 
in all likelihood there is no real reason why the forces 


1 E. J. Morin (private communication). 
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in some metal or group of metals cannot be favorable 
to their occurrence. The differences from the simple 
case (1) are rather subtle and difficult to determine 
experimentally. 
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APPENDIX A 


We intend to evaluate here the error for the ground- 
state configuration C(@,¢), and for the ground-state 
energy £,, involved in using the simplified Eq. (4.4) 
instead of (4.2). Let then C(@,¢) and E, be the quanti- 
ties computed in Sec. IV with the help of the approxi- 
mate Eq. (4.4) and let C(@,¢)+6C(6,¢) and E,+6E be 
the true yalues. From the expression (3.7) of the ground- 
state energy, we derive at once the expression for 6£, 


in 
sk=->- €,0(COSX, +3 sinX, tanX,) 
k 


in |C(0,¢) | 75|C(0,¢) |? (A.1) 


k 4fe2+|C(0,¢) |? }3 


After integrating over the energy, we find then the 
rather convenient expression : 


No 
6k=- eco "*(0,0)dQ+c.c. (A.2) 


Sr 


On the other hand, we can derive from Eq. (4.2) the 
expression for the error 6C (@,¢) resulting from the term 
U,,P1,(k-k’) of the expansion (3.9): 


in 2/’+1 a ee 
5C (6,¢)=>_ Up Py (k- k’) 
k’ Ey 
inf 2/+1 — 
+> UP i(k: k’) 
k’ 2 
21'+1 : 5C (0’,¢’) 


(A.3) 


2 Ey 


(We have neglected terms of the order of A*/£, negli- 
gible in the weak coupling limit, as well as higher than 
first-order terms in 6C.) Now, one can expect that the 
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sum K, 


in fm, Vim 
K=2«No > ——, 
k Fy 


(A.4) 


is rather small on account of the orthogonality of spheri- 
cal harmonics (it would vanish if Ey had no angular 
dependence). We conclude that: (1) the leading term 
of 6C(6,¢) is the first term on the right-hand side of 
(A.3): 


6C = Nol iy x Vum(9, ¥ 





Vim* (0',¢’)C(6’,¢’) 
xf ff de'dQ’. (A.5) 
Ey 


This term vanishes if / and /’ have different parity (no 
coupling between the even and odd parts of the po- 
tential) and is small otherwise (of the order of K). 
(2) 6C(@,¢) has a predominantly /’-type angular de- 
pendence: 6C? is a combination of Y;,, and therefore 
does not contribute to 6E. (3) There is a small /-type 
contribution (of the order of |6C® |?/|C|) coming from 
the second term on the right-hand side of (A.3). This 
second-order perturbation alone contributes to 6E. We 
shall therefore use the following procedure for com- 
puting the contribution to the ground-state energy of 
the /’ term of the expansion of U,,,: First, we evaluate 
the leading part 6C“” of the perturbation 6C(@,¢) with 
the help of (A.5), then we carry this expression into 
(A.3) to compute the second-order perturbation 6C? 


6C=NUi dL Vim(0,¢) 


™ 


V im*® (0, ¢')6C™ (0 ,¢’) 
fff 
Ey 


and finally, we carry this last expression into (A.2). We 
shall consider three cases (corresponding to the situation 
found for the /=0, 1, and 2 condensations). 


de'dQ, 


(A.6) 


C(6,¢)= constant 


This occurs for the s-type condensed state studied by 
BCS. In this case, Eq. (4.2) is linear with respect to 
angular dependence and there is no coupling with higher 
order terms of the expansion of U’y,’. 


C(0,¢)=AY im (0, ¢) 


This occurs for p-type condensation (ground state: 
C=AY),). In this case, Eq. (4.5) reduces to 


6C 1) — NUrvAYrn(0 ¥¢) 


“ff 


Vrm* Y im 
— ER ded’ = 


NU vAKYV m(,¢) 
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and therefore 
éC® = N, il il vAK?Y ,,,(0 p 
The energy perturbation is then 


6E= — (NoA*/8r) (NoU 1D) (Nol v)2R?. 


In the /=1 case, coupling occurs only with the /=3, 5, 
7 ..., etc., terms of (3.9); the numerical factor 2K? 
is then 

0.07 for as 5, 

0.0056 for 5. 


0.001 for =7. 


Note that the factor Nol’y can be of the same order 
of magnitude as or smaller than Vol’; (the ground state 
would be a /’-state otherwise). On the other hand, 
Nol; may be significantly smaller than one if £ can be 
chosen much larger than &7.. 


6 ¢)= ALaY 0+ d( Voo-— V2») | 


This configuration, which is the d-type ground state 
configuration, is particularly interesting because it 
allows coupling with the first term lL’ of the expansion 
of Ux. Because this first term is large (in fact, of the 
same order of magnitude as L’,) and repulsive,” we 
must make sure that the (positive) energy perturbation 
resulting from this /=2, and /’=0 coupling does not off- 
set the small energy difference between this configura- 
tion (4.11) and the simple configurations AY»; or AY 22 
Now, the V2 part of C(@,¢) alone is coupled with Yo0, 
for Ey depends only upon sin?2¢; therefore: 


a Yo 
covers f f f- -dedQ 
4dr Ex 
5 
in alia tie “(—) N, wos ff (3 cos?@— 1) InC (6, ¢)dQ 
4 \ 1637 


~0.007 (Nol A 


We are thus satisfied that 6C“ is considerably smaller 
than |C| and therefore that 6C® is truly negligible 
with respect to 6C". We can then proceed : 


Y 29 
co=NUwacr¥n(,e) f f [dao 
Fy 


~0.00084(N Uo) (Nols) AY 20(8,¢), 


and finally : 


6E=0.0013(NoA?/8r)(— Nolo) (Nol’2). (A.7) 


The K matrix used in this reference is 
in the limit 


® See reference 3, Fig. 1. 
approximately equivalent to our effective potential U’, 
of large ‘‘cutoff”’ parameter £. 
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This coupling produces indeed a positive perturbation 
of the ground state energy of the order of 1/1000th of 
the condensation energy and therefore much smaller 
than the energy difference between the simple Y 22 con- 
figuration and the true ground state (4.6%). Let us 
finally remark that expression (A.7) is truly inde- 
pendent of the cutoff parameter £, although it involves 
the dependent Uo and U2; in fact, we have seen in 
Sec. III that 


1 Nol To| =— 1, NQVUo= —Iné+constant. (A.8) 


This relation, together with (3.13), indicates that the 
product (Volo) (VoU2) is independent of é. 
APPENDIX B 


Our purpose here is to find all independent solutions 
of Eq. (4.1), which we shall write for studying con- 
veniently its invariance properties : 








C(k eS P k- b’) = (B.1) 
Cm 


C(k) is in general a complex function of the angular 
coordinates 6 and ¢ of the unit vector Rk: let C,(k) and 
C,(k) be its real and complex parts, respectively. The 
Eq. (B.1) is invariant under all transformations T in 
momentum space, which conserve the modulus & and 
the scalar product k-k’: that is to say, rotations and 
reflections. We have indeed: 





, +1 im C(k’) 
C(Tk)=——U¥ P,(Tk- k’) —__—____ 
2 ai Cen?+|C(R’) |? }! 

2/+1 in — C(TR’) 


-— tS -i—___..—.. &2 
2m Lett |C(TR)|2) 


We conclude that if C(R) is a solution, so are the func- 
tions C(Tk) derived from C(k) by rotations or reflec- 
tions. Moreover, the real and imaginary parts are 
coupled only through |C |? in (B.2); therefore, if the 
square of the real part C(k) is invariant under the 
transformation T: 

C(TR)=+C,(k), (B.3a) 
then the square of the imaginary part C2(k) must also 
be invariant : 


C.(Tk)=+C,(k). (B.3b) 


The relations (B.3) can only be fulfilled simultaneously, 
one being the consequence of the other. Finally, we see 
that (B.1) is also invariant under gauge transformations 
[multiplying C(&) by a constant phase factor ] since the 
nonlinear factor on the right-hand side of this equation 
involves only |C(R)|2. 
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p-T ype Solutions (l= 1) 


The most general combination of p-type spherical 
harmonics is: 


C(k)=Ax+By+Cz+i(A'x+B’y+C'z), (B.4) 


where x, y, and z are the three Cartesian coordinates of 
the unit vector &. The real part represents a plane which 
can always be brought by a suitable rotation onto the 
Oxy plane, for example; in this case, C; is invariant by 
reflection in the planes Oxy, Oyz, and Ozx. The rotation 
must therefore bring the plane represented by C; onto 
one of the three planes Oxy, Oyz, or Ozx (unless C; is 
identically zero). On account of rotational equivalence, 
we find that the independent solutions are 


Ao¥ 10, 
Ai¥ut4-1¥ 1-1. 


Az or 
Ax+iBy or 


A rather simple computation shows that the mixed 
solution (A,;=A_,) or the simple solution Ao¥ yo are not 
as favorable as A, VY; (see Table I). 


d-T ype Solutions (l= 2) 


The most general combination of d-type spherical 
harmonics is 


C(k) =A (22—22— y*?) + B(x27— y*) + Cry+ Dyz 
+ Ezx+ il A’ (22—2°—y?)+ B’ (x—y") 


+C’xy+D'ys+ E’zx]. (B.5) 


Both the real and imaginary parts are homogeneous, 
traceless quadratic forms representing two quadrics; 
the real part, for example, is diagonalized by the rota- 
tion in momentum space which brings the coordinate 
axes onto the principal axes of the corresponding quad- 
rics. That is to say, that the real part can always be 
transformed into the even form: 


C.(k)=A (22?—x?— y*) + B(a*—y?’). (B.6a) 


C, can also be transformed into an odd expression: 


C,(k)=Cxy or Dyz or Exzx, (B.6b) 


in the special case where the corresponding quadric is 
degenerate and reduces to two perpendicular planes. 
This is rotationally equivalent to 4=0 but is con- 
venient for computational purposes. As we have seen 
above, the rotation which transforms C, into one of the 
expressions (B.6) must simultaneously transform C; 
into one of the expressions : 


C(k)=A' (22-7 —y*) + B’ (x2 y*), 


or C’xy, 
or D'yz, 
or E’sx. (B.7) 


We conclude that the d-type solutions of (B.1) are the 
16 combinations of (B.6) and (B.7); not all these com- 
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binations are independent solutions, fortunately (on 
account of rotational and gauge invariance). We shall 
now study all independent combinations individually. 
(1) C(k)=(A+iA’) (22°—x?—y*)+ (B+1B’) (x*—y”) 

On account of gauge invariance, one can multiply 
C(k) by a suitable phase factor to make the coefficient 


of the first term real (A’=0). This solution is therefore: 


C(k)=Ao¥ n+ Ao(VYot¥> ah (B.8) 


where Ap is real and A; may a priori be complex. Carry- 
ing this expression into Eq. (4.4), we find that A» and 
A, must satisfy the following set of nonlinear equations: 
Ay= dooAo+2a oA, 
A» = Oi oA Tid ot bo» )Ao, 


(B.9) 


where we have defined: 


Cup’ = \ vif def : 


(B.10) 


is invariant 
and therefore, A» 
1— d22— b.2.=0 
which happens to be satisfied when A: is pure imaginary. 
This solution will be discussed under (2). Using the 
4.10) and (4.11), we can write (B.10) in a 
form convenient for numerical computations: 


The imaginary part cancels since C(kR 


under the transformation ¢— —¢, 


l 


is real. This is true unless 1—a Ao2= 


notation 


— VoU i 6,, In 


ff Re(¥o,*¥o,) In f\dQ], (B.11) 
bu.= — Vol if f Rear In 


The numerical tabulation of these coefficients versus 
Ay/ As indicates that (B.9) has four solutions: 


f' dQ. 


A, A.=0, InT = 
\ 3/2A, A 1 \ RA, InT = 
1/2A, A,=V73/V/8A, InT 


0), A,=A, In? 


1.02; 
0.98; 
1.02; 
0.98, 


\ 90° rotation brings the first into the third, the second 
to the fourth, so these are only two independent solu- 
tions. These solutions are therefore not favorable (see 
lable I) and this could be related to the fact that the 
zeros of the ‘‘gap”’ ¢ (k) 
of being 


solutions). 


form continuous lines (instead 


discrete nodes as for the most favorable 
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(2) C(k)= A(22°—x*—y*)+ B(x*—y*)+iCxy 
This can be written in the equivalent form: 
C(0,¢) = AoV 2+ A2¥ 2+A_2V 2 (B.12) 


where the three coefficients Ao, A», and A 
given by the set of nonlinear equations: 


» are real and 


Ap=@ovAot+ ado2(As+A 
A2= Ap2Agt dovAot bod 
A_2=dp2Aotbx2AstanA (B.13) 


Discounting the solution (B.8) studied above, this 


system is equivalent to 

(doo— 1) Ao+ ao2(A2+A Q), 
Qo2Ao+ (@22—1)(As+A_2)=0, 
@o2— boo —1=0. 

(B.14) has the following solutions 
Ao=0, A» 
Ao=0, A 
Av=A/v2, A: 


a, 2 
i 
—A 


B.ASi; 


().98 - 
5.354- 


and possibly also solutions of the general type (B.12) 
with —A,+#A_». 

Note added in proof. V. Emery has indeed brought 
to our attention the possibility that solutions displaying 
a low degree of symmetry may exist. This author an- 
alyzes Eq. (5.5) in the limit of a vanishing gap, corre- 
sponding to the situation near the critical temperature. 
He finds that the first order expansion of (5.5) in 
powers of C(k) has, in addition te the solutions C, to Cs 
below, the two following solutions: 


C(k)=afi V2V 29+1/2(¥a—Y¥o2_1) | sa 
C(k)=A[1/2(Vn—V21)+1/2(¥2t¥2-2)],  (b) 


with 6 and + nodes, respectively. Both configurations 
belong to group (2); (a) and (b) can indeed be brought 
to the form (B.12) with A,~A_» by a 90° rotation. 
3 It is interesting to note that the condition a l=a bo.—1 
=0, for the existence of a solutior 9,¢)=AoV 
+Ao(V22—Y¥2_2), is exactly fulfilled wher p ub 
symmetry. Indeed, the above condition can | I 


of the t 


f (Y20)? In| f|dQ= f 2 sin? 
with 
((0,¢) |2=4Y 
\fter performing a 2/4 rotation 
we have 


aroul 


Using the cubic symmetry of 


fs 2— 42)? In| {| dn 
j 
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It has not been demonstrated yet whether these solu- 
tions satisfy Eq. (5.5) to all order of its expansion, or 
not (private communication). 


(3) C(k) 


A(2z?—2?—y*)+ B(x?—y?) +iCzy 


This is equivalent to set (2) under a 90° rotation 


—e a 


(4) C(k)=Azx+iBzy 
This is equivalent to 


C(6,¢) AiV4+A_1¥ o-1, (B.15) 


where the two coefficients A; and A_, are real and solu- 
tions of 


Ay =4@y4,4+0),A_1, 


A_1=6),A;+4),4_1, 
or rather 
A,+A_1= 


Ai—A ;* 


(44: +611) (Ai +4_,), 
(@;,;—6);)(A;—A_)). 


(B.16) 


One sees immediately that (B.18) has only four possible 
solutions: 
A,=A, A_;=90, In? 


A, Q, A l A, InT: 


Ay A i. In? 
Ay —A - InT 


1.332: 
1.831: 
0.98: 


0.98. (B.17) 


[The last two are the same (x°— y*) solution we found 


under (1). ] 

The final result then is that we have found five in- 

equivalent solutions, all highly symmetrical but not 

particularly simple. In terms of direction cosines, these 
are: 

Int 

In’ = 1.02; 

Inf’ = 1.131; 

InP?’ =1.131; 

1.154. 


0.98 ; 


Cs 27+ ex*-+- &*y" (« nt 2. In? (B.18) 
favorable solution we have found thus far 
[that is to say, excluding possibly a more complicated 
solution of the general type (B.12 


The most 


is the configuration 
Cs. It appears that the value of In’ and therefore the 
condensation energy is linked to the multiplicity and 
distribution of the zeros of C(R) . On this account, Cs 
is better than Ce, for example, since the former has only 
eight discrete nodes, whereas the latter has two lines of 
nodes. 

It is likely that the special configuration Cs; is the 
ground-state configuration on account of its high degree 
of symmetry. On the other hand, we have not quite 
excluded the three-parameter solutions (B.12) which 
we have not studied completely, and they may be 
slightly more favorable than (4.12); these solutions 
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also have discrete nodes and therefore we do not expect 
that they could improve much upon the configuration 
(4.12). Furthermore, the low-temperature properties 
derived for such configurations would be essentially the 
same as those we have found for the configuration 
(4.12). Thus, in any case the configuration (4.12) yields 
accurate results about the properties of the ground 
state for a d-type condensed system. 


APPENDIX C 


The purpose of this appendix is to compute the 
integral : 
C(R) 
T(r)=>- sinXye'(* +4) => - e** (C3) 
k k [ee+/C(R) |? }} 
in the long-range limit (kpr>>1), by the stationary 
phase method. Here C(k) is the angle-dependent gap 
function appropriate to any solution we may choose to 
consider; we think particularly of the /=2 ground state 
(4.12). To do this, let us express the integrand in terms 
of new angular coordinates: the cosine u of the angle 
between k and r, and the azimuth angle ¢ of k about r: 


\ +g an tl C(t, ¢) 
I(r) def def du 
tore F 0 J_) [e+ C(u,¢) 


Let us consider first the integration with respect to the 
variable u. Now, if «#0, the integrand is an analytic 


(C.2) 


function of « and we can therefore replace the integra- 


tion from —1 to +1 on the real axis by integration on 
the contour I in the complex plane (see Fig. 7 
then: 


); we have 


f C(t, ¢)e'*"™ t C(u,¢)e**™ 
1 [e+ |C(u,¢) |?) Ce+|C(u,¢) 
x 


4 C(u,e)e*™ 
-f : du. 
1 es C(1t,¢) * | 


Since kr>>1, the exponential factor is vanishingly small 


everywhere but near the real axis; neglecting then the 


-1+Loo +1+ Loo 





Fic. 7. Contour for 
integrating the function 
C.3) by the stationary 
+} 


thod 


phase me 
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variation of the factor C(u,¢)/(@+!C}?)! in the small 
interval where the integrand is sizeable, we obtain: 
C (+1e 

C(+1)|?} 


C(—i)e-* 


t Claee*™ 1 
f ance du= 
1 [e+!C(u,¢) |}! ikr [E+ 


Ce+|C(—1)|2}) 


(C.4) 


Note that this result is independent of the variable ¢ 
and involves only the value of the gap function C(k) in 
the direction of the radius vector r, that is to say, C(f). 
Since this function has the same parity as /, the expres- 
sion (C.4) can be written: 


“ Claex” C(#) 
f du=——X 
~1 [é+|C(u,¢) |? }! ikr 
where the + sign corresponds to odd configurations 

and the — sign to even configurations. 

The deformation of the contour of integration over u 
upon which (C.5) is based is not allowable if ¢ is near 
zero and C(u,¢g) goes through a zero in the range 
—1<u<1. In that case there is a branch point near the 
real axis beyond which we may not deform the u con- 
tour. It can be verified easily that the contribution from 
integrating around this branch point is negligible, as 
follows: carrying out first the ¢« integration by the 
method used later in getting (C.10), we obtain a 
function like C(u,¢g)Ko( C\r/hvr). This behaves like 
Cln'C| at |C =O. It is then easy to verify that the 
contribution from the branch point behaves like 


few faccen, yg) In'C! e*# 


which is of order (1/kpr)? smaller than (C.10) in the 
interesting case in which the zeros of |C| are isolated 
points on the sphere. 

We may write then: 


NC(F) 
I(r)= - f 
2ir 


e*r+te—tr 


pecommemneserenn, UU 
Cé+|C(#)|*]}! 





etre itr de 


7 = (C.6) 


Ce+|C(r) 
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Observing now that & varies only slightly in the interval 
of integration (near the Fermi surface), we shall use its 
expansion in powers of e: 


k=kpte hipte--, (C7) 
Hence: 
et*r= ett cos(re/Ave)+i sin(re/Avp) ]. (C.8) 
The second term on the right-hand side is odd and there- 
fore cancels in the integration. Neglecting second-order 
imaginary terms, we obtain in the same fashion as BCS 
(see Appendix D of reference 1), 


NoC(#) ptt re de 
ea et 
ker — hr p [e+ C(F)\? 


sinker,  / even 
x| . (C9) 

—icoskrr, 1 odd 
The integrand is the product of a monotonically de- 
creasing function of e, by a very rapidly oscillating 
factor (in the long-range limit); we can then extend the 
interval of integration to (—«, +) without intro- 
ducing a significant error [the error involved in this 
approximation is of the order of the area of the first 
arch of the interval (+£, +), ice., ther]. We 

obtain finally : 


sink rr, l even | 


l odd 
(C.10) 


2N0C(f) r|C (f)| 
I(r)=— -Ko{ — -)| 


ker bins —i coskrr, 


where Ko is the modified Bessel function of the second 
kind and order zero." Ko(z) diverges like Inz when z 
approaches zeroso that /(r) vanishes like C(?)|In|C(#) 
near the nodes of |C(#)|. On the other hand, the leading 
term of the asymptotic expansion of Ko is 


Kom (x/22z)'e-?, sz &. 


This exponential factor, expl —r|C(#)| /fvp ], dominates 
the dependence of /(r) upon the distance r in the long- 
range limit. 


“FE. T. Whittaker and G. N. Watson, Course of Modern Analysis 
(Cambridge University Press, New York, 1946), Chap. XVII, 
Example 40. 
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Solar Flare Tritium in a Recovered Satellite 


E. L. FrreMan, J. DEFELICE, AND D. TILLEs 
Smithsonian Astrophysical Observatory, Cambridge, M assachuselts 
(Received May 3, 1961) 


Tritium and argon-37 were measured in samples of the Discoverer XVII satellite. The tritium content 
was unusually high, the maximum value being 163+2 tritium decays/kg min. The ratio of tritium to 
argon-37 atoms was 2500+300 in an iron sample and larger than 9000 in a lead sample. The tritium activity 
decreased rapidly with depth. The tritium content is too large by a factor of more than one hundred to be 
explained by nuclear interactions induced by incident protons or alpha particles. The tritium must result 
from a flux of incident tritons stopped in the material. 


RITIUM was measured in samples of a lead sheet 

one-quarter inch thick, and in samples of a 
stainless steel battery case from the Discoverer XVII 
satellite.' In some samples the radioactive isotope argon- 
37 was also measured. For comparison purposes we 
also made measurements on an unflown lead sheet, 
one-quarter inch thick, from the same source; on a 
similar battery case from the Discoverer XVIII satel- 
lite; and on meteorite samples. 

The Discoverer XVII was launched from California 
at 20:42 UT, November 12, 1960, and was exposed to 
the intense radiation associated with the 3+ solar flare 
of November 12, 1960. The Discoverer XVII was in a 
polar orbit for 50 hours. The orbit had an apogee of 
997 km and a perigee of 184 km. 

The tritium content of the Discoverer XVII samples 
was unusually high and the activity decreased rapidly 
with depth. The maximum tritium activity was 1632 
decays/kg min near the surface of the lead sheet; the 
average depth of this fraction of the lead sheet was 1.0 
g/cm*. At the same location but greater depth in the 
lead sheet the tritium activity was 3842 decays/kg 
min; the average depth of this fraction was 3.75 g/cm?. 
The lead had been covered on the outside by an alumi- 
num sheet of 0.43 g/cm? thickness and by a heat shield 
of thickness varying between 0.95 to 2.60 g/cm?. The 
minimum kinetic energy required for a triton to reach 
the surface of the lead was approximately 85 Mev. The 
tritium content in the lead differed at different loca- 
tions indicative of variations in shielding. The lowest 
tritium content in the lead was 6.7+0.5 decays/kg min. 
Even this value is fifty times more tritium than would 
be expected from the interaction of cosmic rays with the 
lead. We detected no tritium (less than 0.6 decay/kg 
min) in the lead sheet which was not flown. The tritium 
content of the stainless-steel battery case from the 
Discoverer XVIII satellite was one-eighth that meas- 
ured in the battery case from the Discoverer XVII 
satellite. 

We measured the tritium and the argon-37 in the 


satellite materials by the same technique that we have 


! Dr. H. Yagoda of Air Force Cambridge Research Laboratories 
generously gave us the samples from the Discoverer XVII and 
XVIII satellites. 


used for meteorites.” During the course of the satellite 
measurements, we also measured tritium and argon-39 
in the Bruderheim meteorite. The tritium and argon-39 
values that we found in the Bruderheim meteorite were 
quite similar to values that we have obtained for other 
chondrites. The tritium to argon-39 ratio in the Bruder- 
heim meteorite is 26.3 

Table I gives the tritium results for the Discoverer 
XVII materials. The letters A, B, and C denote the 
locations of the lead samples. The column labeled 
“thickness” is the average thickness of the material 
except for location A, where the quarter-inch thick lead 
sheet was chiseled into three fractions. Sample A- 
surface was 172 g of the material chiseled from the 
outside surface. A counting rate of 24.60.16 counts/ 
min was measured in the hydrogen from this sample. 
Sample A-center was 149 g of the central material, a 
depth in the lead sheet from 2.0 g/cm? to 5.5 g/cm’. 
The counting rate in the hydrogen from this sample was 
5.65+0.14 counts/min. Sample B was a 125 g section 
that counted 3.68+0.06 counts/min. We divided the 
hydrogen from the 563 g sample C into two portions, 
one with 67% and the other with 33% of the hydrogen. 
The first gave a counting rate of 3.14++0.03 counts/min 
of tritium; the second gave 1.86+0.03 counts/min. We 
also divided the hydrogen from 167 g of the steel 
battery case into two portions, one containing 67% and 
the other 33% of the hydrogen. The first gave 6.17+0.16 


TaBLE I. Tritium in material from the Discoverer XVII 
satellite, which was in a polar orbit for 50 hr (apogee =997 km, 
perigee = 183 km). 


Tritium 
(10° 


atoms/cm?) 


Tritium 
(decays/kg 
min) 


Thickness 
Material (location) (g/cm?) 


163 +2 3.2 
38 +2 1.3 
27 +1 1.9 

6.7+0.5 0.47 

7.340.9 0.51 
56 +3 0.54 
49 +4 0.48 
<0.6 


Lead sheet (A) surface 
Lead sheet (A) center 
Lead sheet (B) 

Lead sheet (C) 

Lead sheet (C) 
Stainless steel case 
Stainless steel case 


soe TI ND 
NmNN UYU) 


Lead sheet (unflown) 


2E. L. Fireman and J. DeFelice, J. Geophys. Research 65, 10 
(1960). 

3E. L. Fireman and J. DeFelice, presented at the American 
Geophysical Union 42nd Meeting, April, 1961 (unpublished). 
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counts/min; the second gave 2.90+0.05 counts/min. 
Three background measurements with tank hydrogen 
made during the experiment gave the values 0.71 
+0.016, 0.88+0.03, and 0.80+0.03 count/min. These 
background rates agree with previous background meas- 
urements on the same counter. The hydrogen from a 
157 g sample of the unflown lead gave 0.80+0.03 
count/ min, which is identical to the background value 
of the tank hydrogen. The over-all efficiency of the 
counter and low-level system is 85%. The chemical 
yield is assumed to be 100%. Any lower value for the 
chemical yield would raise the values for the tritium. 
We calculated the number of tritium decays/kg min 
with these data. 

Although the tritium content of the Discoverer XVII 
sample was very high, the argon-37 content in the same 
samples was not. The argon-37 activity in the stainless- 
steel battery case was 2.6+0.3 decays/kg min so that 
the H*/A* ratio in the sample was 2500+300. The 
argon-37 activity in the lead sample C with an average 
counting rate of 7.1+0.2 decays/kg min of tritium was 
less than 0.10 decay, kg min so that its H*/ Ar*’ ratio was 
greater than 9000. These argon-37 values agree with 
more precise determinations by Stoenner and Davis.‘ 

Van Allen® estimated from Explorer VII counter 
measurements that approximately 10° solar flare par- 
ticles/cm*, i.e., protons greater than 30 Mev and alpha 
particles greater than 120 Mev, impinged on the Dis- 
coverer XVII satellite during its time in orbit. 

‘RW 
277 (1961 

> J. A. Van Allen, Bull. Am. Phys. Soc. 6, 276 (1961). 


Stoenner and R. Davis, jr., Bull. Am. Phys. Soc. 6, 


DEFELICE, 


an FILLES 

The large tritium to argon-37 ratio, if interpreted on 
the basis of production of both isotopes by nuclear 
intetactions in the iron and lead, requires that most of 
the tritium be produced by incident particles of rela- 
tively low energy (less than 160 Mev for protons).® On 
the other hand, the very large tritium activity, particu- 
larly at the surface of the lead at location A, would re- 
quire an average tritium production cross section of 
greater than 500 mb for the flux of particles estimated. 
Such a large cross section for tritium production by in- 
cident protons of low energy is inconsistent with meas- 
ured cross sections.*-* We also believe that alpha-par- 
ticle stripping cannot account for the amount of tritium 
observed. 

We believe that the proper interpretation of our 
results is that tritium was present in the flare itself 
with an H*/H ratio of about 0.4%. Most of the tritons 
that we measure have energy between 85 and 200 Mev. 
Freden and White? measured with nuclear emulsions 
a flux of 2+1 tritons/cm?* sec between 126 and 200 Mev 
in the Van Allen belt. Since the flux required to explain 


our results is about 20 tritons/cm? sec and since the 


Discoverer XVII spent only a small fraction of its orbit 
time in the Van Allen zone, we believe that the source 
of the tritium was probably the solar flare itself rather 
than Van Allen trapped tritons. 


6 E. L. Fireman and J. Zihringer, Phys. Rev. 107, 1695 (1957 

7 J. Gonzalez-Vidal and W. H. Wade, Phys. Rev. 120, 1354 
(1960). 

8L. A. Currie, W. F. Libby, and R. L. 
101, 1557 (1956). 

*S. C. Freden and R. S. White, J 
(1960). 
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Low-Temperature Ferromagnetic Relaxation in Yttrium Iron Garnet 


E. G. Spencer, R. C. LECRAw, AND R. C. LINAREs, JR 
Bell Telephone Laboratories, Murray Hill, New 
(Received May 1, 1961 
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The ferromagnetic spin lattice relaxation time, 79, has been obtained from 4.2° to 300°K in single-crystal 
yttrium iron garnet in which considerable care was taken to reduce both the extraneous rare earth and 
ferrous impurity ions. The measurements are shown to be indicative of the purely ferric ion lattice at tem 
peratures considerably lower than we previously had been able to attain. A new feature brought out in these 
data is the observation that below approximately 150°K, 79! vs T is steeper than proportional to 7, which 
implies an extremely low value at 4.2°K. As a result of this, the nature of the ferric ion relaxation is more 


clearly defined over the low-temperature region. 


REVIOUS measurements on low-temperature ferro- 

magnetic relaxation in yttrium iron garnet (YIG) 
led us to conclude! that the inverse spin lattice relaxa- 
tion of the ferric ion lattice is proportional to tempera- 
ture below 300°K. The data presented in this paper have 
brought out a new characteristic in the temperature 
dependence of the ferric ion relaxation. Below approxi- 
mately 150°K the inverse spin lattice relaxation time, 
Ty ', is no longer proportion to temperature but be- 
comes a steeper function of temperature. This implies 
that a much lower value exists for ro~! in the liquid 
helium temperature range than would be expected by 
extrapolating from the room temperature data. 

Kasuya and LeCraw* have shown that spin lattice 
relaxation mechanisms are available in the room tem- 
perature region in which ro"! is proportional to 7. This 
theory was originally developed to explain room tem- 
perature data. At that time it was recognized that in- 
formation in the low-temperature region was obscured 
by unidentified mechanisms. These mechanisms per- 
sisted even after considerable efforts to remove rare 
earth impurities which cause high relaxation rates in 
this temperature region. We have now determined that 
extraneous ferrous ions are also strong contributors to 
ty | in YIG in the temperature range below approxi- 
mately 150°K. 

By increasing the number of ferrous ions in a pre- 
viously measured sample, the character of to! vs T 
due to ferrous ions in YIG was obtained. Then, by using 
YIG grown from materials such that the ferrous ion 
content was reduced over our best previous samples, the 
data of this paper were obtained. From the measured 
curve the remaining normalized ferrous ion contribution 
was subtracted. As a result the nature of the ferric ion 
relaxation has become more clearly defined in the low- 
temperature region. 

The parallel pump technique! was used for the meas- 


'E. G. Spencer and R. C. LeCraw, Phys. Rev. Letters 4, 130 
1960); Bull. Am. Phys. Soc. 5, 297 (1960). 

2M. Sparks and C. Kittel, Phys. Rev. Letters 4, 232 (1960). 

lr. Kasuya and R. C. LeCraw, Phys. Rev. Letters 6, 223 

1961 

‘FE. Schlimann, S. S. Green, and U. Milano, J. Appl. Phys. 31, 
3860S (1900); F. R. Morganthaler, same issue p. 95. Also Doctoral 
thesis proposal, Massachusetts Institute of Technology, Cam 
Massachusetts, 1959 (unpublished). 


bridge, 


urements. As can be seen in Fig. 1 of reference 3, the 
inverse relaxation time, 7, —', of long-wavelength spin 
waves (k<10') is approximately equal to the inverse 
, of the uniform preces- 
sion. Since the spin waves involved here have wave 
numbers k<10', it is convenient to present the data in 
terms of the linewidths of these spin waves denoted by 
AH;,.0. The linewidth is related to the relaxation time 
by, AH to. 

Figure 1 gives the values of AH;49 vs T for two 
particular samples. The upper curve (open circles) rep- 
resents measurements taken on a sphere of single-crystal 
YIG, grown using yttrium oxide purified to eliminate 
the fast relaxing rare earth ions.*® It became clear that 
the AH;49 maximum must be identified and, if not 
intrinsic, eliminated to obtain relaxation times of the 
purely ferric lattice below about 150°K. The combined 
yttrium, iron, and lead oxides, however, were found to 
contain as much as 100 parts per million of silicon. 


spin lattice relaxation time, 7 
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Fic. 1. Upper curve (open circles) is A//;40 vs T for a sphere 
of YIG grown from Y,O; purified by ion exchange. Bottom curve 
(solid circles) is AHy49 vs T for a sphere of YIG grown from the 
same materials but in which silicon has been reduced. Dashed 
line A shows that from high temperatures A//;49 extrapolates to 
the origin: B indicates Fe?+ mechanism; and C indicates trend 
of ferric ion relaxation at low temperatures. The frequency of 
pump is 16 450 Mc/sec, the spin waves & are at 8225 Mc/sec. All 
measurements are along [111] axes 
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Fic. 2. AH(T) along the [111] axis for YIG in which Fe?* ions 
have been created by an oxygen defect method. The lowest curve 
is AH(T) at 9340 Mc/sec taken on the sphere before removing 
oxygen. 


Verweel and Roovers® have studied conductivity in 
ceramic YIG concluding that, because of valence com- 
pensation, each Si** ion gives rise to one Fe** ion. 
Geller’ has shown that the Fe®* ions in YIG (associated 
with the Si** ions) have a strong preference for octa- 
hedral sites. Dillon’ has studied the effects of Si* 
impurities on the resonance properties of YIG by work- 


ing with crystals intentionally doped with silicon. 
In order to identify the AH,.9 maximum at 40°K 
as being caused by Fe** ions, we were able to create ad- 


ditional Fe** ions in a previously measured YIG sphere 
by introducing oxygen defects. This was accomplished 
by heating the sphere to 1025°C for 12 hr in a vacuum 
oven at a pressure of 10-5 mm of Hg. Figure 2 shows 
AH vs T before treatment curve) and after 
treatment (upper curves). Measurements were taken 
at two frequencies to determine the nature of the ferrous 
ion relaxation. These data, including the frequency in- 
dependence of the maximum value of AH, are consistent 
with the valence exchange mechanism as studied by 
several investigators’ in ferrites. 


(lowest 


6 J. Verweel and B. J. M. Roovers, International Conference on 
Solid-State Physics, Brussels, June, 1958 (Academic Press, Inc., 
New York, 1960), Vol. 3, p. 475. See also H. P. J. Wijn and H. van 
der Heide, Revs. Modern Phys. 25, 98 (1953). 

7S. Geller (private communication). 

§ J. F. Dillon, Jr., Bull. Am. Phys. Soc. 6, 160 (1961). 

*W. P. J. Wijn and H. van der Heide, Revs. Modern Phys. 25, 
99 (1953). J. K. Galt, W. A. Yager, and F. R. Merritt, Phys. Rev. 
93, 1119 (1954). W. A. Yager, J. K. Galt, and F. R. Merritt, 
Phys. Rev. 26, 1203 (1955). A. M. Clogston, Bell System Tech. J 
34, 739 (1955). J. K. Galt, Proc. Inst. Elect. Engrs. 104B, 189 
(1957). 
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' There‘is’ the other possibility that the ferrous ion 
effect involves the fast relaxing mechanism suggested 
by White," based’on the theory of Kittel ef a/."' In this 
case, Kittel’s equations indicate that the magnitude of 
AH max! is’ proportional to frequency which is in opposi- 
tion to the results of Fig. 2. Thus we are unable to 
reconcile Kittel’s equations with 
results on ferrous ions in YIG. 

By avoiding growth conditions favorable to magnetite 
inclusions and by purifying the oxides with respect to 
silicon,” results have been obtained as shown in the 
bottom curve (solid circles) of Fig. 1. AH;49 vs T again 
is proportional to 7 in the room temperature region. 
This further confirms that the two magnon—one phonon 
process or the three magnon process, both associated 
with the uniaxial anisotropy, of reference 3, hold above 
150°K. Although the calculations are not complete, 
Kasuya has stated that the deviation from proportional- 
ity to T below 150°K is contained in the theory. The 
dashed line, A, is a straight line through the origin and 
the high-temperature points. Curve B is an estimate of 
the Fe** ion contribution, which is subtracted from the 
measured curve to give curve C. (The temperature de- 
pendence of curve B is obtained from the data of Fig. 2.) 
From the measured curves on the two samples of Fig. 1, 
it appears that even if all Fe** ions were eliminated 
AH;,..9 would still be approximately 15 moe at 4.2°K. 
The above two mechanisms, described by Kasuya and 
LeCraw, are expected to vanish at 0°K. If curve C is a 
measure of these mechanisms, then it will approach the 
origin asymptotically. The 15-moe value at 4.2°K ap- 
pears to be caused by an additional unidentified 
mechanism. 

Mention may be made of the three magnon dipolar 
relaxation mechanism discussed by Sparks and Kittel* 
and by Schlémann.” For the spin waves involved here, 
k<10*, the contribution of this mechanism at 300°K is 
less than 10 percent of that due to & independent 
processes. At 4.2°K the contribution is less than 1 
percent. 


the experimental 
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Analysis of p-n Luminescence in Zn-Doped GaP 
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p-n luminescence and photoluminescence of Zn-doped GaP are investigated. Spectral distributions and 
the light output as a function of temperature and excitation density are recorded. The light output of the 
p-n luminescence shows a strongly superlinear dependence on excitation density. With rising temperature, 
the superlinear range shifts to higher excitation densities. Using a three-level model the recombination 
kinetics are analyzed with the aid of the Klasens code-number method. The analysis given allows an inter 
pretation of the superlinearity and gives a quantitative explanation of the observed shift of the superlinear 


range with temperature. 


1. INTRODUCTION 


; Be produce efficient p-n light sources, a substance 
is needed which is a good phosphor and at the 
same time a semiconductor which can be made low- 
ohmic type and p type. 

Efficient phosphors of the ZnS type contain radiative 
recombination centers which are represented in the 
energy diagram by rather deep levels, and which act as 
effective traps for either holes or electrons. The rather 
low thermal release of these holes or electrons from the 
traps prevents nonradiative recombinations via quench- 
ing levels, which in actual phosphors are always present. 

Good conductivity on the other hand calls for shallow 
levels. However these shallow levels have bad trapping 
properties and therefore radiative recombinations via 
these levels are not likely to occur. 

In order to produce the luminescence with good 
efficiency, and at the same time obtain good conduc- 
tivity, both shallow and deep levels should be intro- 
duced, that is to say deep hole traps (acceptors) in the 
n region and deep electron traps (donors) in the p region. 

We have tried to find suitable materials among the 
III-V compounds because they can be made m and p 
type and because several members of this group show 
good fluorescence properties. GaN for instance can be 
activated and coactivated with a large variety of ele- 
ments, and then shows photoluminescence, C. R. lumi- 
nescence, and (weak) electroluminescence.': The lumi- 
nescence behavior in GaN proved to be very similar 
to that of ZnS or CdS. For instance, we were able to 
measure photoconductivity, glow curves, and infrared 
quenching of luminescence. A further investigation of 
the potentialities of GaN for p-n light sources however, 
failed because of technological difficulties in preparing 
large crystals of GaN. 


1H. G. Grimmeiss and H. Koelmans, Z. Naturforsch. 14a, 264 
(1959). 

2H. G. Grimmeiss, R. Groth, and J. Maak, Z. Naturforsch. 
15a, 799 (1960). 


In this respect GaP* and AlP* are more favorable. 
Polycrystalline samples of these substances were found 
to show both p-n luminescence and photoluminescence. 
However, the efficiency was low because only shallow 
levels were present. We therefore tried to prepare GaP 
with both shallow and deep levels. Incorporation of Zn 
appeared to be fruitful in this respect because it intro- 
duces deep levels at 0.4 ev from the valence band which 
show good radiative recombination properties. In fact 
p-n light sources prepared from Zn-doped GaP showed 
a hundred to a thousand fold increase in efficiency, as 
compared to p-n light sources from GaP which were not 
doped with Zn. 

The present paper reports on the electrical and optical 
properties of these Zn-doped GaP samples. It will be 
shown that the p-n luminescence behavior in GaP-Zn 
corresponds so closely to the luminescence behavior in 
the classical ZnS phosphors, that the same methods of 
analysis can be applied. 


2. EXPERIMENTS 


The method of preparing the GaP crystals was similar 
to the one described in a previous paper,’ the only 
difference being a small addition of ZnO to the Ga prior 
to the reaction with P. 

In the temperature range between 90° and 500°K,? 
undoped GaP showed only one activation energy for 
both m-type and p-type conductivity. Near room tem- 
perature the conductivity was already saturated. The 
Zn-doped p-type crystals, however, contained deeper 
acceptor levels, as is evident from the fresh increase in 
conductivity at higher temperatures shown in Fig. 1, 
which can be correlated with an activation energy of 
0.4 ev (see Sec. 3). 

The electroluminescence in undoped GaP was shown® 
to be due to a radiative recombination of charge carriers 
within, or in the neighborhood, of p-m junctions. In 


3H. G. Grimmeiss and H. Koelmans, Philips Research Repts. 
15, 290 (1960). 

4H. G. Grimmeiss, W. Kischio, and A. Rabenau, J. 
Chem. Solids 16, 302 (1960). 
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lence of the conductivity in GaP-Zn. 
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Fic. 1. Temperature depen 


contrast to these first experiments where a point-contact 
electrode was used, the present work was performed 
with large-area electrodes of gallium or silver paint. 

With alternating current the crystals only showed 
luminescence during one half-cycle (Fig. 2). The direc- 
tion of the current during this half-cycle corresponded to 
the forward direction of the p-n junction. On the other 
hand, the photocurrent induced by irradiation of the p- 
junction flowed in the reverse direction of the p-n 
junction.°® 

The p-v luminescence spectrum in undoped GaP con- 
sists of two bands, one at about 2.2 ev (5650 A) and 
one at about 2.0 ev (6200 A).? Doping with Zn intro- 
duces a new broad band with a maximum at 1.77 ev 
(7000 A) (Fig. 3). At the same time the 6200-A band 
disappears. Figure 3 shows the spectral distributions 
at room temperature. 

The spectral distributions were also measured at 
liquid-air temperature (Fig. 4+). Comparison between 
Figs. 3 and 4 shows that the 5650-A band does not shift 
on cooling. 

+At low temperatures both emission bands narrow and 
the low energy emission shows a slight shift from 1.77 ev 
to 1.82 ev (6800 A). Figure 4 also indicates an increase 


5650-A band at low 


of the relative intensity of the 
temperatures. 


Fic. 2. p-n luminescence with excitation by alternating current. 
inescence (current in CdS cell) 
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Lower curve: voltage versus time 
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Fic. 3. Spectral distribution of the p-» lumi: 
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GaP-Zn at 20°C for two values of the current 


escence 1n 


Klasens*® and Schén’ have shown that in ZnS-type 
phosphors, an analysis of the dependence of the lumi- 
nescence on excitation-density can give valuable in- 
formation about the recombination mechanism. Bearing 
in mind that in a p-2 diode, biased in the forward direc- 
tion the electric current is a measure of the injection and 
measured the in- 
a function of the 


hence of the excitation-density, we 
tensity of the p-n luminescence as 
current. Figure 5 gives a double logarithmic plot of these 
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Fic. 5. The intensity of the red emission (7000 A) in GaP-Zn 

as a function of the current at different temperatures. (1) — 175°C; 

2) —160°C; (3) —146°C; (4) —130°C; (5) —107°C; (6) —70°C; 
20°C; (8) +20°C. 
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Fic. 6. The intensity of the green emission (5650 A) in GaP-Zn 
as a function of the current at different temperatures (same tem 
peratures as in Fig. 6). 
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Fic. 7. The intensity of the yellow emission in undoped GaP 
(6200 A) as a function of the current at different temperatures. 
1) —172°C; (2) —160°C; (3) —148°C; (4) —130°C; (5) —70°C; 
(6) +20°C 


measurements for the 7000-A emission in Zn-doped GaP 
at different temperatures. Each of the curves (Fig. 5) 
consists of two parts, a strongly superlinear part with a 
slope of about 20 at low currents, followed by a linear 
part at higher currents. The linear part does not depend 
essentially on temperature, whereas the superlinear part 


shifts to larger currents with increasing temperature. 
A similar type of behavior has already been found and 
discussed for the photoconductivity® and photolumi- 


nescence.’ As in CdS and CdSe for instance, the steep 
curves in Fig. 5 would probably bend to a lower slope 
at still smaller values of the excitation density, but the 
luminescence intensity was too small to measure a 
change of slope in this region. 

The green emission band at 5650 A was studied in the 
same way and was found to behave similarly (Fig. 6). 
For comparison, Fig. 7 shows the same type of curves 
for the 6200-A band in undoped GaP. Here it is clear 
that at high currents all curves merge into the 
line with slope f 

Figure 8 gives the intensity / of the two p-n lumi- 
nescence-bands (at constant, high current) as a function 
of temperature. The curves show the well-known be- 
havior in fluorescence of ZnS-type phosphors. With de- 


same 


creasing temperature, the long-wave emission first in- 
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ev band, present in the p-7 luminescence spectrum, was 
also absent with photo-excitation. 

When measuring the temperature dependence of the 
photoluminescence (Fig. 10), we found that the tem- 
perature quenching was already active at such low 
temperatures, that a maximum of the luminescence 
could not be reached within the temperature range 
covered by the experiments. In view of the fact that the 
level produced by Zn-doping is at 0.4 ev from the valence 
band, one might perhaps expect temperature quenching 
at much higher temperatures. The early quenching of 
the p-n luminescence in the crystals seems to indicate a 
rather high concentration of killer centers. Moreover the 

30 excitation density in photoluminescence is much lower 

oe than in p-v luminescence. This circumstance will also 

Fic. 8. Temperature dependence of the p-n contribute in lowering the quenching temperature in 
luminescence in GaP-Zn. photoluminescence. 

The intensity dependence of the photoluminescence 
creases and then passes through a maximum when the _ was investigated at two temperatures, viz. — 180° and 
short-wave band begins to appear. In many crystals the 
temperature quenching of the 7000-A band was already 
effective at much lower temperatures. In these crystals 
the position of the maximum, if present, was at such a 
low temperature that we could not measure it. 

For investigating the photoluminescence, the Zn- 
doped GaP crystals were powdered. Because of tempera- 
ture quenching, the spectral distribution could only be 
measured at liquid-air temperature (Fig. 9). In contrast 
to the curves measured for the p-n luminescence (cf. 
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Fig. 4) the spectral distribution for the photolumi- 
nescence shows a band at about 2.03 ev (6100 A) in 
addition to the main band at 1.82 ev. 

The photoluminescence spectrum therefore agrees 
with that of undoped GaP, in as far as in this case only Fic. 10. Temperature dependence of th 


a band at approximately 2.0 ev was found and the 2.2 luminescence in GaP-Zn. 
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. — 150°C. The excitation density was varied by changing 
9 





the distance from the sample tothe exciting light source. 
At both temperatures the intensity of the photolumi- 
nescence changes linearly with excitation density over 
the whole range studied (Fig. 11). 
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3. DISCUSSION 


In Sec. 2 it was shown that doping with Zn causes 
another increase in p-type conductivity at higher tem- 
peratures. The activation energy deduced from this 
conductivity rise was E,=0.4 ev. This value was ob- 
tained from the relationship p~exp[_— E,/2kT ]. The 
reason why the exponent contains F,/2 instead of EF, 
comes from the fact that in the p region shallower 
acceptor levels are also present, which are wholly or 
partially occupied by holes at low temperature and 
which account for the initial rise of conductivity in the 
1 | low-temperature region. 

1.5 1.75 2 2.25 25 An independent determination of /, is found from 
ome OV the equation Fa Egayp— Emax,’ where Fga, is the band 

Fic. 9. Spectral distribution of the photoluminescence in GaP-Zn 8@P energy and Eynax is the energy corresponding to the 
at liquid air temperature (excitation with 3650 A). maximum of the p-7 and photoluminescence in GaP-Zn 
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ANALYSIS OF p-n 
at 1.8 ev. This gives E,+2.25—1.8=0.45 ev which 
agrees reasonably well with the value 0.4 obtained from 
the analysis of electrical data. Together with the results 
obtained for undoped GaP, and in agreement with the 
results from the study of the extrinsic photovoltaic 
effect,® the level scheme for GaP-Zn as shown in Fig. 12 
was constructed. Apart from the level caused by Zn, one 
additional acceptor level and one donor level are present, 
which are probably due, respectively, to Ga and P 
vacancies.’ Furthermore, because even in the linear 
range at high currents the efficiency is rather low, we 
also have to assume radiationless recombinations, which 
may be caused by quenching levels as well as by radia- 
tionless band-band recombination. As yet nothing is 
known about the actual position of the quenching levels, 
but we shall suppose them to be deep donor levels. With 
the aid of the level scheme of Fig. 12, we tried to analyze 
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Fic. 11. The photoluminescence in GaP-Zn as a function of 
the excitation density at two different temperatures. 


the kinetics of the recombination of electrons and holes 
in Zn-doped GaP. 

Recently Klasens® gave a systematic analysis of the 
kinetics of the transitions in (ZnS-type) phosphors and 
photoconductors. Using a model with two levels within 
the forbidden energy gap, he could indicate the condi- 
tions which lead to a superlinear dependence of the 
fluorescence intensity or photocurrent on the excitation 
density. On the assumption that the excitation density 
in our GaP-Zn crystals is proportional to the electrical 
current through the samples, and that a possible shift 
of the region of excitation with increasing current 
density has no influence on the brightness, we applied 
the Klasens analysis to the strongly superlinear behavior 
shown in Figs. 5 and 7. Experimental evidence made 
some simplification possible and then a complete analy 
sis could be given. 
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Fic. 12. Level scheme for GaP-Zn. 


As a first simplification we will not consider the tran- 
sitions via the level connected with Vga, because in 
GaP-Zn the emission via this level (6200 A, cf. Fig. 12) 
is always very weak. 

The nomenclature used differs from the one given by 
Klasens® mainly in this respect that the effective charge 
is indicated." 

a= total density of the act eptors A caused by Zn, 
density of the empty A levels, 
density of the occupied A levels, 
-total density of the killer centers A (donor type), 
density of the occupied K levels, 
density of the empty A levels, 


total density of the donors D caused by P vacancies 
(donor type), 


density of the occupied D levels, 
density of the empty D levels, 
density of the free electrons, 
p=density of the free holes. 
Using the above notation and the transitions J, S, V, 


O, E, B, F, U,C, L, T, W, R, G as indicated in Fig. 13, 
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Fic. 13. The three-level (4, A, and D) model used in 
describing the recombination kinetics in GaP-Zn. 


” The suffix 0 means that the center has no effective charge, 
that it has an effective negative charge, and + that it has a 
positive charge. 
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we can describe the stationary state in the most general 
case with the following equations: 


dn/dt=S+0+B+U—-I-—V—E—F=0, 


dt=0 or C+S=L-4/, 


dt=0 or R+B=E-+G, 


dt= Q or W+oO T+IV, 


the electric neutrality equation 


= n+ Gs, 


p+d* +k 
a=a'+ac, 
k= k°+-kt, 
d=d°+d*. 

At zero current S, Q, B, and U are thermal electron 
generation processes. Already at small currents however, 
the injection of minority carriers (which can also be 
described by an excitation process U, because for each 
minority carrier an excess majority carrier is brought to 
the diffusion-recombination region to maintain charge 
neutrality") will exceed the thermal excitation transi- 
tions over large distances S and Q. By neglecting these 
transitions in Eq. (1) we get 

U=I1+V+F+E-B. (la) 


If furthermore all other thermal excitation transitions 
(G,T) involving large activation energies are neglected 
in Eqs. (2)-(4) (Fig. 13) we get: 


U=1+V+F-+R, 
C=L+I, 
E=B+R, 
W=V. 


(1b) 


The eight equations (1b), (2a), (3a), (4a), 
(7), and (8) for the eight unknowns a”, a~, k°, k* 
n, and p, cover all possible situations for the three levels. 
Taking into account some of the experimental results, 
further reduce still vast number of 
possibilities. 

In general recombination occurs both in the n-region 
and in the p-region. However, if the carrier-concentra- 
tions in both regions are largely different, the current in 
the region of recombination is essentially carried by the 
injection of minority carriers into the region with the 
weaker dope. 
expect the p dope to be much heavier than the n dope, 
and consequently we may assume a strong injection of 
holes into the » region. This means that electron-hole 
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n our case of Zn-doped GaP, we may 


recombinations essential y take place in the m region. 
At zero excitation density and also with low currents, 
the ac eptor levels in the n-region will be oc upied and 
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therefore a in Eq. (6) will be equal to a~. We further 

make the assumption that in our experiments the injec- 

tion remains so low that p<n. Moreover &* is likely to 

be much smaller than d+. Then Eq. (5) becomes: 
d+=a--+n. 

Because the levels associated with the phosphorus 
vacancies are shallow, we will assume thermal equi- 
librium with the conduction band, which means that 
Eq. (3a) becomes 


(5a) 


E=B. 


From (3b), with the use of (5a), (6a), and (8), we 
may calculate n. This gives: 


n(n+a)/(d—n—a)=£/e= N.. exp(—Ea/kT), 


where é and ¢ are the characteristic constants governing 
the capture and release of electrons from the shallow 
donor level (Fig. 13). Vis the density of states in the 
conduction band and Fy 
donor level. 

Thus n=no(T) and is independent of U’ and is a 
function of temperature only. Since no luminescence is 
observed at small currents (Figs. 5-7 
holes at these excitation densities must essentially re- 
combine via the killer centers (A 
transition F. In contrast to GaN,' edge emission was not 
observed either with ultraviolet excitation or with ex- 
citation by injection of minority carriers, and therefore 
the band-band recombination F is also supposed to be 
radiationless. This assumption is supported by the fact 
that in GaP the minimum of the conductivity band is 
not at k=0." 

Since the luminescence efficiency also remains low at 
high current densities the major part of the recombina- 
tion process will be radiationless. Consequently we can 
neglect J and R in Eq. (1b). 

Our initial set of equations has now been simplified to 


is the ionization energy of the 


the electrons and 


or via the band-band 


Code 1 


d i (Sa) 


where, following Klasens,® the code numbers in the 


second column indicate which term is predominant 


[e.g., in Eq. (1) code number 1 means l’=V and code 


number 2 means l'=/ 


2W. G. Spitzer, M. Gershenzon, C. J]. Frosch, and 
I - 
J. Phys. Chem. Solids 11, 339 (1959). 





ANALYSIS OF p-a” 
The number of possible situations is reduced to 16 
and we shall see whether these conditions suffice to 
explain the experimental observations. 
At low injections where k=ko, we are left with a 
possible choice from the following 8 situations: 


533t Ge 
P2he2 Gy 
2-3. Ded G2) 
2211 (1,2) 2 1 2. 


In the fifth digit (1,2) both code numbers appear, be- 
cause the choice of the code number in the fifth digit 
(1 or 2) does not influence the solutions of the variables 
we are interested in. From Eqs. (5a), (6a), and (8a) it 
can be seen that d*+=d, a~=a, and n=ny and that all 
three are constant and independent of LU’. 

In the situations represented by the first two sets, 
practically all injected holes are trapped by the A 
centers (transition W) and recombine radiationless with 
electrons from the conduction band (transition V). A 
simple calculation shows that 


kt=U 


fnoU/ gk, 


quo, dal’ GRY, 


p=U/¢k, a° 
I=Bnyaal’/ gky, R=nendl/Egk, 


C=L=aaU/ gk. 


All quantities are linearly proportional to U and as a 
consequence the only change in situation which can 
occur with rising current is by &* becoming equal to , 
which means that the recombination via K gets blocked. 
This change occurs at U’,=qnok. 

The new situations are now 1111 (1,2) 22 2 and 
1211 (1,2) 2 2 2. In both situations p and &° are in- 
definite because only the product is given and equal to 
Furthermore these situations exist only at a 
single value of U=U,=qnok, which is a function of 
temperature. 

This means (cf. also Klasens*) that p and k° change 
superlinearly and therefore both J and R rise super- 
linearly with current. The killer centers A are no longer 
active in the quenching process. Furthermore F also 
rises superlinearly. 

A simple calculation shows that the situations repre- 
sented by the remaining sets 2111 (1,2) 212 and 
2211 (1,2) 212, where the recombination already 
essentially proceeds via F (band-band), both J and R 
remain proportional to U’ over the whole range of cur- 
rent. This shows at the same time that the low injection 
range cannot be described by one of these situations 
then the superlinearity would not have 
arisen. These situations will therefore be left out of 
consideration. 

With the superlinear cases 1111 (1,2) 222 and 
1211 (1,2) 222 the next change can only be from 
C=LtoC=/ [1111 (1,2)222-+1211 (1,2) 222], 
which has no effect on the behavior of p and &°, or from 


U ¢g. 


because 
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U=V to U=F, which means a change of the code 
number in the first digit leading respectively to 
2111 (1,2) 22 2and2 211 (1,2) 2 2 2. Either of the 
latter cases gives the proportionality of J and R with U 
experimentally observed. Situation 2 21 1 (1,2) 222 
would, however, give the same temperature dependence 
for both J and R, which is not in agreement with 
experiment. 

The changing conditions with rising excitation density 
thus can be appropriately represented by the following 
succession of situations: 


Pitt G2) 22211311 


(1,2) 222— 


S221 TGQ 22 2 


It would need more detailed investigations to decide 
whether the succession of sets proposed is the only one 
possible. It is for example conceivable that a second 
killing level AK’ is present with a lower capture-cross 
section for capturing holes and that this level takes over 
from K when the latter gets blocked. In this case J and 
R would also rise superlinearly. The proposed succession 
predicts that both J and R rise at first linearly with the 
current, then superlinearly, and then again linearly. 
The superlinear part and the high-current linear part 
are actually observed (cf. Figs. 5-7). The low-current 
linear part is not observed, presumably because the 
luminescence intensity is too low in this region. 

The proposed succession of sets also quantitatively 
explains the temperature shift of the superlinear range 
shown in Figs. 6-8. With the set 1111 (1,2) 222 
representing the superlinear range we find U,=gkno 
~exp(— Ea/kT)." If we then plot the logarithm of the 
current 7,, at which the superlinearity occurs (7,=const 
LU’) against 7—', we should expect a straight line with a 
slope giving the donor-ionization energy Fy. Figures 14 
and 15 show this plot for J and R. Straight lines are 
indeed obtained at low temperatures, the corresponding 
activation energy in both cases being 0.07 ev. This value 
of 0.07 ev agrees perfectly with the activation energy 
obtained from electrical measurements.’ Due to electron 
exhaustion, the lines in Figs. 14 and 15 level off at higher 
temperatures. This is just what one would expect be- 
cause in our interpretation, the lines of Figs. 14 and 15 
are essentially plots of the free-electron density against 
i 13 

The analysis given for GaP-Zn can also be applied for 
undoped GaP. The acceptor levels are in this case the 
Ga vacancies, and the corresponding J is the emission 


at 2.0 ev. Because in the superlinear range we again 


have Ll’,=gkno, one would expect to find similar curves 
as for GaP-Zn on plotting the logarithm of the current 
at which superlinearity starts versus 7~'. 

Figure 16 indeed shows the exhaustion at higher tem- 
peratures. At lower temperatures the curve merges into 
a straight line from which again, an activation energy of 


'8 The exponent contains E4/kT because in the m region the 
donors are partly compensated by acceptors. 
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by Loebner and Poor." These authors found a quadratic 
relationship between / and i (current) for their green 
emission. There are reasons to believe that more than 
one green emission may occur in GaP. 

The analysis given also allows an interpretation of the 
temperature dependence of J and R in the high-current 
linear part. 

In this region [set 2 1 1 1 (1,2) 2 2 2], one calculates 








I= (a/y)(BaU f) and R=(e/&)(ndU f). 


Because of the factors a/y and ¢/t, both J and R 
should depend on temperature. In the region of tem- 
perature quenching a plot of In/ and InR versus 7~! 
should yield straight lines with slopes corresponding to 
the ionization energies of the acceptors (A) and the 
donors (D), respectively. 
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Fic. 14. Plot of logiofe against 7—!, where ip is the value of the 
current in the middle of the superlinear range of the curves in 
Fig. 6 (1.8-ev emission in GaP-Zr 








0.07 ev can be deduced. The reason why the saturation 
starts at lower U is attributed to a higher value of gko in 
undoped GaP. Other experiments also point in this 
direction. 








Similar investigations of the intensity of p-n lumi- 





nescence as a function of current have been carried out 
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Fic. 16. Plot of logioéo against 7~!, where ip is the value of the 
current in the middle of the superlinear range of the curves in 
Fig. 8 (2.0-ev emission in GaP). 





Straight lines are actually found, but only the calcu- 
lated donor depth (0.07 ev) agrees quantitatively with 
the value deduced from conductivity measurements. 
The values found for the acceptor depths in GaP-Zn and 
undoped GaP however, are only about half as big as 
those electrically determined. 

In any case the strong influence of the level depth on 
I and Ris clearly comprehensible. The activation energy 
of the recombination centers should be high enough to 
avoid temperature quenching at the actual temperature 
of operation. 

The intensity dependence of the photoluminescence 
given in Fig. 11 does not show any superlinearity. This 
is because the excitation densities in photoluminescence 
are much lower than in p-7 luminescence. Assuming that 
with photoluminescence the set 1111 (1,2)212 











15. Plot of log against 7 where ig is the value of the 4 E. E. Loebner and E. W. Poor, Ph . Letters 3, 
in the middle of the superlinear range of the curves in 1959). 
v emission in GaP-Zn). 16 Private discussion with Dr. Loebner. 
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applies, we calculate 
I= (a/y) (BnvalU/ gk). 


This means that / is proportional to U and further that 
I is a function of temperature. Both results agree with 
the experimental findings (cf. Fig. 11). 


LUMINESCENCE 


IN Zn-DOPED GaP 
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Conduction Electrons in Pseudonickel Alloys from Hall Data* 


Epwarp R. SANFoRD,t ALEXANDER C. ExRLIcH,t AND EMERSON M. PucH 
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The two Hall coefficients and resistivity of four Ni—Cu—Fe alloys having 28 electrons per atom, with Ni 
content from 97 to 70 atomic percent, have been measured at 20°K, 77°K, and room temperature using 
fields up to 3.1 webers/meter*. Ro is found to increase with decreasing temperature for all compositions, and 
also to increase with decreasing Ni content for each of the three temperatures measured. The effective 
number of conduction electrons calculated from the Ro’s measured at low temperatures is found to fall 
smoothly from the anomalous peak at pure Ni to about 0.3 at 70% Ni, in agreement with the predictions 
of the four-band model. A short summary of the considerable evidence supporting this model is given. The 
extraordinary Hall coefficient, R., is negative at all temperatures for the three samples richest in Ni, being 
increasingly negative as the Ni content is lowered. On the other hand, the 70% Ni—20% Cu—10% Fe 
alloy has positive extraordinary Hall coefficients at all temperatures. The behavior of R, obeys none of the 


variously proposed theoretical relations. 


INTRODUCTION 


BAND model for explaining the ordinary Hall 
coefficients in alloys of the first transition group 
of elements has been introduced by Pugh.' This model, 
which was originally proposed by Mott? to account for 
the temperature dependence of the resistivity of Ni, 
has been singularly successful in predicting the magni- 
tude and temperature dependence of the ordinary Hall 
coefficients as measured in a considerable number of 
different alloys.*~* The predictions of this band model 
have been compared chiefly with data obtained in this 
laboratory, as data obtained in other laboratories is 
usually too incomplete to make these comparisons. This 
lack of completeness may be due to magnetic fields 
that are too small and/or cover too narrow a range for 
discriminating Ry from R,, samples are too thin for ac- 

* Supported by Air Force Office of Scientific Research. 

+ Present address: Westinghouse Electric Corporation, Bettis 
Atomic Power Laboratory, Pittsburgh, Pennsylvania. Submitted 
by E. R. Sanford in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at Iowa State University. Thesis 
available on microfilm. 

{Submitted by A. C. Ehrlich in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy at the 
Carnegie Institute of Technology. 

1 Emerson M. Pugh, Phys. Rev. 97, 647 (1955). 

2.N. F. Mott, Proc. Roy. Soc. (London) A153, 699 (1936). 

3A. I. Schindler and E. M. Pugh, Phys. Rev. 89, 295 (1953). 
S. Foner, F. E. Allison, and E. M. Pugh, ibid. 109, 1129 (1958). 
F. E. Allison (unpublished data on Ni;Mn). 

4S. Foner and E. M. Pugh, Phys. Rev. 91, 20 (1953). 

6 F, E. Allison and E. M. Pugh, Phys. Rev. 102, 1281 (1956). 

6P. Cohen, thesis, Carnegie Institute of Technology, 1955 
(unpublished). 


curate measurements, or there is a failure to make meas- 
urements over a sufficiently wide range of temperatures. 

The need for high accuracy and for covering a wide 
range of large magnetic fields stems from the fact that 
Ry must be obtained from the relatively small slope of 
the e (Hall field per unit sample current density) 
versus B curve (magnetic induction) at values of B 
large enough to assure that this slope is a straight line. 
That is, if M is the magnetization, 


(den OB) -Ro+(R,:— Ro) (OM OB) 


= Rj+R,.(0M/dB)=R,* by definition. (1) 


Thus Ro*, the slope of the ey versus B curve, is the 
same as Ry only where R.(0M/0B) is negligible. Even at 
very low temperatures, this latter term may be slow to 
approach negligible values as B is increased. Values for 
Ry obtained with fields between 1 and 2 webers/meter* 
(10 to 20 kgauss) are often completely unreliable. Near 
Curie temperatures, the term R,(dM/dB) remains 
comparable with Ro to the largest fields obtainable in 
this laboratory, about 3.2 webers/meter’. 

The alloys of Ni containing about 20 to 50% Cu or 
30 to 80% Co have Ro’s at temperatures far below their 
Curie temperature that correspond to approximately 0.3 
conduction electron per atom. This agrees with predic- 
tions of the band model, since only half of the 4s elec- 
trons, the half with spins parallel to the field, have 
mobilities large enough to affect the measurement. 
Furthermore, measurements upon the temperature 
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dependence of Ro for these alloys show that the number 
of conduction electrons per atom approaches 0.6 as 
the Curie temperature is reached. This was expected, 
since at the Curie temperature the number of holes in 
the parallel and antiparallel 3¢ bands become equal, so 
that mobilities of the two halves of the 4s-band electrons 
become equal. 

For pure Ni and for Ni-rich alloys with less than 20% 
impurities, the Ry measurements cannot be explained 
as simply. As has been pointed out by both Pugh! and 
Coles,’ if Ro depended only upon electronic structure, 
then it should vary smoothly as the total number of 
electrons per atom is increased from 27 at pure Co, to 
29 at pure Cu. In fact however, measurements show a 
distinct cusp at pure Ni, and a less pronounced cusp at 
pure Co, with the magnitude of Rp being smaller in both 
Ni and Co than in the alloys. 

Pugh! assumed that conduction by holes in the 3d 
band was responsible for this anomaly because conduc- 
tion by holes would produce a Hall emf tending to 
cancel that produced by the 4s electrons. This assump- 
tion required that the addition of alloying atoms to 
pure Ni must reduce mobilities more rapidly for the 
3d holes than for the 4s electrons. A check of the plausi- 
bility of these assumptions could be made by measuring 
R,’s in alloys having the same 28 total electrons per 
atom as are found in Ni. If the model is valid, the Ro’s 
should be expected to behave in such alloys much like 
they do in the alloys of Ni-Cu and Ni-Co, ie., they 
should have the same type of dependence upon the 
total impurity content and upon the ratio of their tem- 
peratures to the Curie temperature. Furthermore all 
of these Ni alloys, with as much as 30% impurity 
content, should have Ro’s, measured at temperatures 
well below their Curie temperatures, that correspond to 
approximately 0.3 conduction electron per atom. 

Some early measurements were made by Smit® on 
such alloys which he called pseudonickels. Although 
Smit’s results were not complete enough to test this 
hypothesis, they were encouraging. The data obtained 
in this investigation are sufficiently complete to make 
the assumptions ap] ear plausible. Four different pseudo- 
nickels, consisting of Fe, Ni, and Cu in proportions to 
give 28 total electrons per atom have been measured 
at room temperature, at 77 and 20°K. 

Theoretical investigations of the origin of R,, the 
extraordinary Hall coefficient, have been considerably 
less successful than those for Ro. The subject has been 
treated a number of times and stirred some contro- 
versy.*""' All treatments, however, attribute R, to a 
spin-orbit coupling of the 3d electrons, and all predict 
some relation between R, and a quadratic in the resis- 
tivity. The available experimental data have been less 


7B. R. Coles, Phys. Rev. 101, 1254 (1956). 

8 J. Smit, Physica 21, 877 (1955). 

* R. Karplus and J. M. Luttinger, Phys. Rev. 95, 1154 (1954) 
10 J. M. Luttinger, Phys. Rev. 112, 739 (1958) 

uJ. Smit, Physica 24, 39 (1958 
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than conclusive in support of these theories. We have 
measured R, and the resistivity for the four pseudo- 


nickels at the same three temperatures as Ro. 


EXPERIMENTAL METHODS 


The samples used in this investigation were prepared 
by melting under vacuum the purest available Ni, Cu, 
and Fe. Ingots of each desired composition were triple- 


arc melted and cast. They were then cold rolled and 
machined into samples, probes, and wires. The samples 
were in the form of flat rectangular plates, nominally 
1 cm wide, 10 cm long, and 1 mm thick. Measurements 
of the length and width were made with micrometers. 
The thickness was first measured with a micrometer and 
then remeasured with a profilometer. Due to irregu- 
larities on the surfaces and almost imperceptible curva- 
tures of the samples, the more precise profilometer 
readings were about 5—-10% smaller than those obtained 
with the micrometer. Notwithstanding the care taken, 
we consider the thickness determination the least ac- 
curate of all the quantities measured. Three probes 
for each of the samples were made from the same ingot 
as the sample. Two were placed on opposite sides of the 
sample for measuring the Hall effect and the third 
about 1 in. from one of the Hall probes for measuring 
the resistivity. The probes were held in contact with the 
edges of the sample by means of phosphor bronze 
springs. Pieces of alloy wire were soldered to each probe, 
and the junctions of the alloy wires and copper leads 
were placed inside a copper box to eliminate thermal 
emf’s and any errors due to the Ettingshausen and 
Righi-Leduc effects. The samples were surrounded by 
two heavy copper plates to minimize the errors due to 
the Nernst effect. The density of the samples was 
measured hydrostatically using carbon disulfide and 
also by dividing the measured mass by the volume. 
The two methods agreed to within 1%. 

The data were taken at three temperatures. The 
samples were in direct contact with the baths used, 
which were liquid hydrogen (20°K), liquid nitrogen 
(77°K), and a high thermal conductivity silicon oil 
(room temperature). The sign of the measured poten- 
tials was kept constant in spite of the reversal of sign 
of the Hall potential with magnetic field, by introducing 
a bias voltage into one Hall-potential lead. This total 
potential was measured with a Rubicon thermofree 
potentiometer and a Rubicon photoelectric galvanom- 
eter amplifier. The incremental method‘ was used to 
measure the Hall potential for fields from 8 to 31 kgauss. 

In order to determine R; it is necessary to know the 
saturation magnetization per gram, ¢. This was meas- 
ured” for samples I, II, and III by the Curie method 
on powdered specimens of each of the three alloys. The 
samples were sealed in evacuated tubes and o was 
measured at 4 temperatures and extrapolated to find 

12 Measurements were made by one of the authors in the labora- 


tory of R. R. Heikes of the Westinghouse Research Laboratories 
with the assistance of R. Mrdjenovich 
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the value at O°K, o(0°K). The value for the fourth 
sample was arrived at by averaging o(T°K)/o(0°K) for 
Ni and samples I, II, and III and assumed to be the 
same as for sample IV. Using the value of o(300°K) 
given by Bozorth" for H=10 oersteds, the saturation 
magnetizations at the other temperatures 
calculated. 


were 


DATA ANALYSIS 


As mentioned in the introduction, care must be taken 
to distinguish Rp from the Ro* at high fields [see Eq. 
(1) ]. We accomplished this by plotting ¢ versus B for 
each set of experimental data. With sufficient accuracy 
in ez, the magnitude of B required for saturation could 
be obtained from visual inspection. Since all of these 
alloys were saturated as soon as B reached 1.2 webers 
meter’, accurate values for Ro and R, could have been 
obtained with no more than, say 2.2 webers/meter? for 
the maximum magnetic induction. 

The Hall coefficients were obtained by a least-squares 
fitting of the data for the magnetically saturated points 
to a straight line of the form 


ee Ry B+ R, M,. 


EXPERIMENTAL RESULTS 


Measurements were made on pseudonickel samples 
containing 3, 7, 14, and 30 atomic % impurities (labeled 
I, II, III, and IV respectively), where both Cu and Fe 
are counted as impurities in the nickel. The results are 
shown in Table I. The values given for M, at 20°K 
were obtained by extrapolating the experimental values 
obtained at 374°, 300°, 193°, and 77°K. It is convenient 


TABLE I. Summary of Hall coefficients, resistivity, 
and magnetic saturation data. 


Ro X10" 


(m’/coul) 


—R,X10" 


(m3/coul) nN 


pX108 


(ohm m) 


M,X10? 
‘a (weber/m?) 
97% Ni—2° 
120 
16.7 
11.9 


¢ Cu—1°% Fe (Sample I) 
0.919 10.6 
0.811 3.62 


0.707 2.96 


4.79 
18 
.21 


3 
5 


4.5% Cu 
150 
38.9 
27.8 


2.5% Fe (Sample II) 
0.655 15.3 
0.492 6.99 
0.449 5.79 


86°) Ni—9.3% Cu—4.7%% Fe (Sample III) 
14.2 205 0.490 23.4 
21.9 63.6 0.332 13.6 
22.8 54.9 0.306 12.8 


70% Ni—20% Cu—10% Fe (Sample IV) 
— 56.6 0.387 32.8 
— 30.2 0.273 18.0 
—29.4 0.259 16.7 


13 Richard M. Bozorth, Ferromagnetism (D. Van 
Company, Inc., Princeton, New Jersey, 1951), p. 156. 
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Fic. 1. The effective number of conduction electrons per atom, 
n*, for Ni—Cu—Fe alloys containing 28 electrons per atom, 
plotted against total impurity content, both Cu and Fe being 
considered as impurities in the Ni. The curves connect values of 
n* at the given temperatures for samples differing in impurity 
content. 


to describe the results in terms of *, defined as 


—1 (RoVe), 


n*= 


in analogy with the usual relation between Ry and x for 
a free electron or single spherical band model. 

Curves of n* as a function of composition for the 
three measured temperatures are given in Fig. 1. For 
comparison, we include the nickel data of Dreesen and 
Pugh." It is interesting to note that n* for pure Ni 
increases with decreasing temperature, while the reverse 
is true for all pseudonickels. As seen in Table I, R, shows 
an abrupt change of value and sign in going from the 
14- to 30-%% impurity sample for all three temperatures. 


DISCUSSION (ORDINARY EFFECT) 


Smit* has made measurements on 7.5- and 15-atomic 
© impurity pseudonickels (samples II and III) of 
M, p, Ro, and R,. Our results do not always agree with 
his nor are they within the limits of the experimental 
errors. We believe the discrepancies should be ascribed 
primarily to a combination of two factors. First, we 
note that Smit’s samples were only 0.05 mm thick, 
making an accurate determination of the thickness 
very difficult. Second, Smit’s measurements were for 
fields ranging from 0.9 to 1.4 weber/meter?. This com- 
paratively narrow range could very well cause the usual 
random errors inherent in the measurements to have 
an appreciable effect on the values obtained for Ro and 
R,. A much less likely but still possible source of error 
is the dependence of Rp on sample thickness. Berlin- 
court'® has measured, for pure Cu at 4.2°K, a de- 
pendence of Ry on thickness for samples about 10 times 
thicker than Smit’s. Their resistivity, and therefore the 


c 


4 J. A. Dreesen and E. M. Pugh, Phys. Rev. 120, 1218 (1960). 
16 T. G. Berlincourt, Phys. Rev. 112, 381 (1958). 
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© Pseudonickel (20°K) 
@ Ni-Cu (i4°K) 
&@ Ni-Cu (4.2°K) 


& Ni-Co (300°) 


- 40 


Tt. 3 
Atomic Percent impurities 


Fic. 2. The effective number of conduction electrons per atom 
(at the lowest temperatures that have been measured) for Ni—Cu, 
Ni—Co, and these pseudonickel alloys, plotted against atomic 
percent of impurities. The curves connect values at the indicated 
temperatures for samples of differing impurity content. The n* 
values for the Ni—Co alloys are high because they have not been 
measured below room temperature. 


reciprocal of the mean-free-path of the electrons, is 
perhaps two orders of magnitude smaller. 

The rather low values of n* for sample IV at nitrogen 
and hydrogen temperatures are interesting. If it is 
assumed that as in Ni there is 0.6 electron per atom in 
the 4s band divided equally between the parallel and 
antiparallel sub-bands, then on the basis of the four- 
band model the lowest possible value for n* is 0.3. To 
obtain this it is necessary to neglect completely not 
only the two d-band conductivities, but also the anti- 
parallel s-band conductivity. The predicted value of 
n* could be lowered to 0.27 by attributing a 10-% 
orbital contribution to the magnetic moment which 
Beitel and Pugh’*® found necessary to assume in order 
to explain some Fe-Co data. The remaining discrepancy, 
about 4%, is approximately within the experimental 
error. It may also be that one of the approximations 
used in the band theory (e.g., a relaxation time that de- 
pends only on the energy) is not completely valid for 
these alloys. 

In Fig. 2 we have reproduced the hydrogen tempera- 
ture plot of Fig. 1 and superimposed the Ni-Cu and 
Ni-Co data of Cohen® and Foner and Pugh‘, respec- 
tively. The Ni-Cu data were taken at 14°K except for 
the 40% Cu—60% Ni point, which was at 4.2°K. 
Helium temperature data are not available for all the 
alloys of lower Cu content. The Ni-Co measurements 
are all at room temperatures (7/T.~}), since these 
are the lowest temperatures that have been investigated. 
Smaller values of n* should be expected for lower tem- 
peratures, as is found in the pseudonickels and in the 
Cu-Ni alloys. In this light the similarity of the three 
curves, indicative of the near independence of n* on 
electron concentration, lends strong support for Pugh’s 
four-band model. 

In Fig. 3 we have plotted n* versus T/T,., the ratio 


16 F. P. Beitel and E. M. Pugh, Phys. Rev. 112, 1516 (1958). 
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Fic. 3. The effective number of electrons for a number of 
ferromagnetic Ni alloys plotted against the quotient of the tem- 
perature at which they were measured divided by their Curie 
temperature (7/T.). The straight line has been drawn on the 
assumption that 90% of the saturation magnetization is due to 
the unpaired spins and the remainder to orbital motions. It fits 
the data fairly well. 


of the temperature to the Curie temperature, for a 
number of ferromagnetic Ni alloys. The Cu-Ni data 
of Allison and Pugh® is supplemented for small 7/7, 
by some of the measurements of Cohen.*® Included also 
is our pseudonickel data for sample IV, and a single 
room temperature measurement on a Co-Ni alloy. All 
the alloys have sufficiently high impurity content to 
remove them from the anomalously high values of n* 
observed in pure Ni. Data taken for 7/7. greater than 
0.7 have not been included, since (0¢M/0B) is not 
negligible for these temperatures. 

The experimental data have considerable scatter, par- 
ticularly the older measurements. Nevertheless there is 
a clear tendency for n* to change from about 0.3 to 
0.6, as T/T, increases through 0.7 and is extrapolated 
to 1.0. A straight line drawn from 0.27 to 0.54, cor- 
responding to an orbital contribution to the magnetic 
moment of about 10%, fits the data fairly well. Thus 
the four-band model correctly predicts both the absolute 
magnitude and the temperature dependence of the rela- 
tively high-impurity Ni alloys. 

Our four pseudonickel samples give results that are 
just as predicted on the basis of Pugh’s explanation 
of the cusp in Ro at pure ferromagnetic metals. However, 
this explanation should not be considered to have the 
validity of the more general aspects of the four-band 
model. The latter has successfully predicted the results 
of so many experiments that it is hardly open to ques- 
tion. On the other hand, any explanation for the be- 
havior of Ro in the vicinity of pure Fe, Co, and Ni must 
still be considered speculative. 


DISCUSSION (EXTRAORDINARY EFFECT) 


As mentioned above, the interpretation of R, on 
the basis of the existing theories has not always been 
successful. Karplus and Luttinger? and Smit,*" both 
using the spin-orbit mechanism from different points of 
view, have derived a relation of the form R,«p*. For 
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the data given in Table I, there seems to be no general 
relation between R, and a power of p. For each of the 
four pseudonickels, however, the points corresponding 
to the three temperatures do fall on straight lines not 
passing through the origin, when R, is plotted against 
p’. Pure Fe and Fe alloyed with some low percentages of 
Si obey the relation’? R,=Ap'*. However, there is a 
deviation from the simple power law at low resistivities 
which so often occurs. 

The treatment of R, given by Luttinger,’ based on 
the theory of electrical transport phenomena of Kohn 
and Luttinger,'* gives in addition to a p* dependence, 
a linear term in p. This theory, which is applicable 
only to impurity limited resistivity, suggests fitting the 
data for the 4 samples for a single low temperature 

17, Kooi, Phys. Rev. 95, 843 (1954). 

18 W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957). 
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with an equation of the form 


R, a +-bp + cp’. 

We were unsuccessful in this, as were Dreesen and 
Pugh" and Beitel and Pugh'® in investigating Ni-Pd 
and Fe-Co alloys respectively. This is not too surprising 
in view of the highly simplified model for which the 
calculations have been carried through. 
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Energy Transfer within a Spin System* 
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The nature of the transfer, within a single nuclear spin system, 
of energy absorbed from an external source of radio-frequency 
magnetic field has been investigated by a double-irradiation 
technique. Energy from a high-power oscillator running at fixed 
frequency is absorbed by the nuclear spin system. The frequency 
of a second, low-level oscillator is then swept through the nuclear 
resonance, sampling the line shape existing in the presence of the 
strong rf field from the fixed-frequency oscillator. Particular spin 
systems investigated were the proton system in single crystalline 
CaSO,-2H,0, and the Al? system in aluminum metal. In alumi- 


N interpreting results of spin resonance experiments, 

one is often interested in the nature and efficiency 
of processes by which energy absorbed by part of the 
spin system from an applied rf magnetic field is shared 
with the rest of the spin system. The problem is only of 
interest, of course, when the spectral distribution 
function of the resonance line, g(w), is determined by 
some mechanism other than lifetime broadening. 
Knowledge of the nature and efficiency of the energy 
transfer is crucial in interpreting the results of steady- 
power magnetic resonance saturation experiments. As 
a matter of fact, it is often uncertainties about the 
behavior of this energy transfer which make saturation 
determinations of 7,, the spin-lattice relaxation time, 
inferior to direct transient measurements of 7}. 


* Supported in part by the U. S. Office of Naval Research and 
in part by a grant from the Alfred P. Sloan Foundation to one 
of the authors (DFH). 

+t Permanent address: Central Institute for Industrial Research, 
Oslo, Norway. 


num, the technique gives direct experimental verification of a 
completely homogeneous saturation behavior, a behavior expected 
from elementary considerations. It also gives further verification 
of the Redfield saturation theory. In CaSO,-2H:O, an enhance- 
ment effect is observed which ailows one to determine the im- 
portance of double-flip spin-lattice relaxation processes. The 
technique could be usefully applied to many spin systems to 
determine the degree of inhomogeneity in the resonance line 
broadening. 


We have applied a double-resonance technique to 
determine experimentally some facets of the behavior 
of this energy transfer.! Two representative nuclear 
spin systems have been investigated. One is the proton 
system in CaSO,4-2H,0 and the other the Al’? system 
in aluminum metal. The sample is subjected to a fixed- 
frequency ‘saturating rf magnetic field of amplitude 
2H,, at frequency w;. w; is set at some appropriate 
position within the frequency spread of the resonance 
line. We deal entirely with cases in which //; is less than 
the resonance linewidth. Then the frequency of a 
second, low-level oscillator is swept through the region 
of the resonance line, and the line shape in the presence 
of H, is measured by this second, tickler oscillator. 
Details of the experimental arrangement are described 
in the next section. As a result of this sampling with 
the second oscillator, we determine the 


manner in 


1 Similar double-resonance experiments have been performed 
by W. A. Anderson, Phys. Rev. 102, 151 (1956) and by J. Itoh 
and R. Kusaka, J. Phys. Soc. Japan 14, 492 (1959). 
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which rf power pumped into the spin system at @ is 
distributed among spins in other parts of the spectral 
distribution. 


I, EXPERIMENTAL DETAILS 


The experiments were done at a resonant frequency 
of 12.4 Mc/sec for protons in CaSO,-2H,O (gypsum) 
and at 6.6 Mc/sec for AlP’*. The standard crossed-coil 
probe from a Varian 4200B spectrometer was used, 
with the Varian transmitter providing the saturating 
H, (up to about 1.0 gauss). For the proton work, the 
receiver coil in the probe served as the tank coil for a 
Pound-Knight? marginal oscillator, which was thus 
used to inspect the resonance absorption in the presence 
of the large H; provided by the Varian transmitter. For 
the aluminum measurements, because of lower signal 
strength, a separate receiver coil for the Pound-Knight 
oscillator was inserted into the probe. The frequency 
of the sampling oscillator was swept through the 
resonance with a motor-driven capacitor while the 
frequency of H, remained fixed. The rf magnetic field 
in the sample from the sampling oscillator was well 
below the saturation level, so that this oscillator did 
not appreciably disturb the spin system. Ho» was modu- 
lated at a frequency of 210 cps. 

The chief experimental problem in this arrangement 
is the exclusion of signal from the saturating oscillator 
picked up in the receiver coil of the sampling oscillator, 
since the oscillators were operated at frequencies dif- 
fering by as little as 2 kc/sec. There are really two 
spurious signals which concern one. The first is the di- 
rect signal from the Varian transmitter coil. The second 
is the nuclear induction signal excited by the Varian 
transmitter—we want to observe with the sampling 
oscillator only the nuclear signal excited by its own 
rf field. The direct 
using the standard balancing adjustments in the 
Varian probe. This adjustment is conveniently made 
by tuning the oscillators very closely together, then 
observing the beat signal from the audio section of the 
sampling oscillator. The paddles in the Varian probe 
are then adjusted to reduce this beat signal to zero. To 
eliminate any residual direct signal plus the nuclear 
signal excited by the Varian oscillator it is necessary 
to employ proper frequency filtering in the detecting 
system of the Pound circuit. The elimination is made 
possible by the fact that the rf voltage in the tank coil 
of the sampling oscillator, at frequency we, is very 
much larger than the pickup voltage at the Varian 
frequency w;. The sum of the signals at we and wy, 
after rf amplication, is fed to the detector. Since the 
signal at w; is small relative to the carrier at we, after 


signal can be largely eliminated 


detection we have audio signals at we—w,; and we—w, 
+w,, resulting from the presence of w;, but a de com- 
ponent determined entirely by the we carrier amplitude. 
It is necessary that the detector time constant be short 


2 R. V. Pound and W. D. Knight, Rev. Sci. Instr. 21, 219 (1950). 
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enough that these difference frequency signals be 
undistorted. In our experiments, RC=1 usec for the 
detector. Thus, after the detector, we have a rectified 
signal with a small modulation at the difference 
frequency and its sidebands, in addition to the modu- 
lation by the desired nuclear signal at frequency a». 
We then filter the audio signal with a twin-T network 
followed by phase-sensitive detector tuned to frequency 
wm. Thus, the desired nuclear signal at w, is passed, but 
the unwanted signals at frequencies much higher thanw,, 
are highly attenuated. The minimum value of w.—w, at 
which the sampling oscillator performs satisfactorily is 
ultimately limited by pulling of the frequency of the 
sampling oscillator by the Varian oscillator. The min- 
imum value of f:—/; for satisfactory operation was 
about 2 kc/sec. 

The narrow-banding was done using modulation of 
Ho, the external magnetic field. Actually, frequency 
modulation of the sampling oscillator would be better 
for these experiments, since modulating Hy» has the 
effect of sweeping Hy through a swath of resonance 
linewidth equal to twice the field modulation amplitude. 
Thus, if H, is of saturating strength, the dependence 
of M,, the component of nuclear magnetization parallel 
to Ho, on the position of w; may introduce distortion 
into the line shape observed by the sampling oscillator. 
Redfield*® discusses modulation effects of the type we 
have, with w,>1/7;. A number of our experiments 
were performed with w; located on the peak of the 
resonance line. In this case, there is no contribution at 
the phase-sensitive detection frequency w, from the 
undesired modulation effects. Several experiments in 
aluminum were performed with w, off resonance. 
Influence of modulation of the position of w; on the 
resonance curve in these experiments is discussed in 
Sec. IIT. 

II. EXPERIMENTS IN CaSO,-2H,O 


The normal single-resonance absorption derivative 
of the proton line, for the crystal orientation used, is 


Line | Line 2 


— 40 kc — 





ABC D 
Fic. 1. Sketch of proton resonance absorption derivative in 
CaSO,-2H,0, illustrating double-resonance experiment. The 
frequency of the saturating oscillator, w:, is located at one of the 
positions A, B, C, or D. The frequency of the sampling oscillator 
is then swept through the resonance. 


* A. G. Redfield, Phys. Rev. 98, 1787 (1955 





ENERGY TRANSFER 
sketched in Fig. 1. (47;~0.) The crystal was oriented 
with Hy parallel to the 6 axis. All H-H pairs in various 
H.O molecules are then magnetically equivalent, the 
H-H vector making an angle of 38.5° with the 6 axis. 
Hence, one sees a two-peak spectrum with a peak-peak 
separation of 9.5 gauss.* Double-irradiation experiments 
were performed with the frequency w; at positions A, 
B, C, and D in the pattern, at various H, levels. In 
each case, the frequency w. was then swept through 
the whole pattern, and the resonance derivative signal 
at frequency w, recorded. 

One obvious but important point should be empha- 
sized. The changes in linewidth and line shape observed 
for dipolar-broadened lines in a conventional magnetic 
resonance experiment as //; is raised into the saturation 
region arise primarily from the direct effect of H, on 
the part of the resonance line which lies within a 
frequency width yH, of the oscillator frequency . 
Any changes in width or shape observed in the double- 
resonance experiment would arise from fundamental 


TABLE I. Resonance enhancement in CaSO,-2H.O. For these 
measurements, w; is located at position D on line 2 (see 
Fig. 1). 


Relative amplitude of line 1 


H, (gauss) (Error +0.05 on all) 


0.0011 
0.0034 
0.0071 
0.013 
0.030 
0.055 
0.093 
0.16 
0.24 


changes in the line-shape function induced by the 
saturating rf field, since we observe with the sampling 
oscillator not the part of the spin system directly 
affected by H,, but the rest of the spectral distribution. 
Most of the spectral distribution of spins feels the 
saturating H, only indirectly, through the spin-spin 
interactions, provided, of course, ,<linewidth. 

The most important experimental results concerning 
the line shape and width can be summarized rather 
briefly. 

(1) The 40 kc/sec 


with 


separation of the main peaks 
(which Pake’s' measurements) was un- 
changed throughout the range of Hj, used, for all 
positions of w;. Changes in the peak positions occur as 
H, becomes appreciable compared to the peak sepa- 
ration (9.5 gauss), as shown by the work of Itoh and 
Kusaka! on a similar system. 

(2) The peak-to-peak derivative line 1 
remained unchanged throughout the experiments. 

(3) The peak-to-peak derivative width of 
remained unchanged with w; at position A, the center 


agrees 


width of 


line 2 


4G. E. Pake, J. Chem. Phys. 16, 327 (1948). 
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Fic. 2. Energy levels of two-spin 
system. 1, m2, and nz are the popu 
lations in the three levels. w; and x 
are the spin-lattice transition proba 
bilities between the levels indicated. 
wp is the transition probability for 
transitions induced by //;. 




















of the pattern, or at position D, on the peak of line 2. 
However, with w at positions B or C, the peak-to-peak 
derivative width was observed to decrease from its 
unsaturated value of 16 kc/sec to 12 kc/sec at maximum 
H,, 0.24 gauss. Discussion of this result will be deferred 
until discussion of a similar result in aluminum. 


An interesting experimental result involving changes 
in line intensity was obtained with @ at position D, 
i.e., at the center of one peak. In this case, the resonance 
signal observed from line 1 increased in size as H, was 
increased into the saturation region. It should be 
remembered that the sampling circuit is run at a 
constant, nonsaturating rf level, so that the signal 
strength is a direct measure of the population difference 
for the two levels involved in the line 1 transition. (The 
enhancement effect observed, to a 
degree, with the frequency w; at positions C and B, 
Fig. 1.) The amplitude of the signal from the sampling 
oscillator for line 1 is given as a function of H; from 
the saturating oscillator in Table I, 
at position D. 

The effect if we 
consider the proton spin system as a system of isolated 
proton pairs, following Pake.‘ For the crystal orientation 
we have used, the interproton vectors of all pairs make 
the same angle with H/. In such a case, we describe the 
system by means of a three-level energy diagram. See 
Fig. 2. We have omitted the singlet level, since, for the 
isolated pairs, there are no transitions from singlet to 
triplet levels. (In actuality, the singlet levels of the 
pairs play an important role in relaxation processes in 
the crystals.° For purposes of the present discussion, 
we can ignore the singlet level.) Certain relaxation 
such a system have been 

He discusses just the 
have here. We _ saturate 
heavily the lower transition in Fig. 2. That is, 23—1, 


was also lesser 


for the case of a) 


enhancement can be understood 


processes in two-proton 


discussed by Bloembergen.' 


experimental situation we 


is driven to zero. We observe the population difference 
between the upper two levels. Bloembergen shows, 
using the Bloch’ formalism, that we may expect to 

5D. F. Holcomb and B. Pedersen, Bull 
(1961) 


6 N. Bloembergen, Phys. Rev. 104, 1542 
7F. Bloch, Phys. Rev. 102, 104 (1956). 


\m. Phys. Soc. 6, 103 
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find enhanced over its thermal 


value by the factor 


No— ny equilibrium 


N2— Ny 


Wi t+2we 
=——— (1) 


7 ’ 
(N2—Mi)eq WitWe 


where w; is the probability for Am=+1 transitions 
induced by the spin-lattice interaction, and wy» is the 
transition probability for Am=-+2. The result given 
above as Eq. (1) can also be straightforwardly obtained 
by writing down the rate equations for dn, dt, dn» dt, 
and dn;/dt, including the effects of w1, we, and wy, and 
solving for the dynamic equilibrium value of m.—m 
with the condition w,.>w, We. 

Because of the fact that our system, in reality, 
consists of rather broad energy levels, and the two 
transitions indicated in Fig. 2 are not perfectly resolved, 
we would not expect the gypsum system to be described 
by Eq. (1) at very high rf levels. There will be some 
saturation of the upper transition because of spin-spin 
interactions. In Table I, there is some indication that 
our signal amplitude is beginning to fall at the highest 
attainable values of H;. The level of H; at which this 
saturation effect begins can be shown to be reasonable 
on the basis of the observed line shape and the value 
of the spin-lattice relaxation time, 7), which is 0.4 sec 
at room temperature. Interpretation of data of Table I 
in the light of Eq. (1) indicates a ratio w2/w, of about 
+. This result was initially very surprising to us, since 
we assumed that the relaxation mechanism involved 
paramagnetic impurities and a spin diffusion process, 
in which case the wz transition probability might be 
expected to be small. (A simultaneous double flip of 
one pair of nuclei against another in the spin diffusion 
process has a very low transition probability ; it involves 
a second-order matrix element.) The experimental value 
for w/w led us to investigate the relaxation mechanism 
for the protons in CaSO,-2H,0.° The relaxation 
mechanism arises from the inter-pair nuclear dipole- 
dipole interaction, modulated by a 180° reorientation 
of the water molecules, and the w/w, ratio should 
indeed be appreciable. 


Ill. ALUMINUM 


A set of double-irradiation experiments was also 
performed on the Al’ spin system in aluminum metal. 
The sample consisted of a finely divided 99.9% pure 
aluminum powder.’ The characteristics of the Al? 
resonance have been extensively investigated.**” The 
linewidth arises from direct dipole-dipole interaction 
between nuclei, plus, apparently, a small contribution 
from an electron-coupled dipole-dipole interaction.’ 


8 We are indebted to J. A. Nock of the Aluminum Company of 
America Research Laboratories for supplying the aluminum 
samples. 

*H. S. Gutowsky 
1472 (1952). 

10 J. J. Spokas and C. P. Slichter, Phys. Rev. 113, 1462 (1959). 


and B. R. McGarvey, J. Chem. Phys. 20, 
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Fic. 3. Sketch illustrating double-resonance experiment in 
aluminum. w; is located either at resonance, position 1, or at one 
of the positions 2. 


Figure 3 indicates the experiments we have performed 
in aluminum. The frequency w; was set either at 
resonance, position 1, or at various positions 2 in the 
wing of the line. The frequency of the sampling oscil- 
latorgwas then swept through the line, and the line 
shape and amplitude as given by the sampling oscillator 
was measured as a function of the magnitude of /;. 

H, was measured roughly with a pickup coil located 
at the position of the sample. Values of the saturation 
factor S [S=}yH2Tig(vo)] were determined more 
precisely, however, by observing the single resonance 
saturation behavior of the peak of the Al resonance 
line, with the sample in position for the double-irradi- 
ation experiments. The saturation behavior of x” at 
resonance is the same in all theories of saturation, and 
is given by the relation 


(2) 


A fit of the data of X,..’’ as a function of V,, where 
V+ is the rf voltage observed across the transmitter 
coil, to Eq. (2) allows a determination of S as a function 
of V.. As a cross check on this determination, the 
values of S so obtained were combined with Redfield’s 
T, measurement" and g(vo) to give a scale of H; vs Ver. 
Measurements of the saturational line narrowing of the 
single resonance line as a function of V,;, were then 
made and fitted to Redfield’s data on the same phe- 
nomenon.” (Redfield’s values of H; were obtained 
from his rotary saturation scheme.*) Values of H, 
obtained by fitting the line-narrowing data agreed 
within 10% with those obtained from the saturation 
measurements. 


®, at Resonance 


With w; at resonance, the line shape, as detected by 
the sampling oscillator, was unchanged throughout the 
range of H, available. (Maximum H, gave a saturation 
factor S of approximately 10.) This result is not 
surprising, but does confirm directly the picture of such 
a spin system as having a completely homogeneous 


1! A. G. Redfield, Phys. Rev. 101, 67 (1956 
22 T). F. Holcomb, Phys. Rev. 112, 1599 (1958 
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saturation behavior. The Redfield saturation theory® 
does not modify this picture, for the case of ; at 
resonance, and with H;<linewidth. 

The integrated area of the sampling oscillator 
absorption curve is essentially a measurement of M,, 
the component of nuclear magnetization in the direction 
of Ho. For the case of w; at resonance, the line shape is 
independent of the magnitude of 7, and we can simply 
use the peak derivative signal from the sampling 
oscillator as a measure of the relative size of M,. The 
experimental variation of M, with H; is given by the 
relation 

M.=M)/(1+5). (3) 


Equation (3) is the variation of M, with H, given by 
the Bloch equations® for the case of H; at resonance. 
It should be noted that if one modifies the Bloch 
equations, as suggested by Redfield,’ by inserting a 
different transverse relaxation time for decay along the 
direction of H, in the frame rotating at w, the steady- 
state solution for M, is given by the relation 


1+ (wy—a)?T2T 2, 
M.=M, ——___——_——_——, (4) 
1+ (@1—)?T2T 2 +H YTiT2 


where 7, is the transverse decay time in a direction 
perpendicular to the direction of H in the rotating 
frame, and 72, is the transverse decay time parallel to 
the direction of H;. At resonance, we see that the 
replacement of T, by T>2, for the decay parallel to H; 
does not affect the expression for M,. The experimental 
result (3) is thus also described correctly by the modified 
Bloch equations. (See Appendix for further discussion 
of these modified equations. ) 


M., with ow, off Resonance 


With ow; off resonance, the sampling oscillator 
derivative curve must be integrated twice to find M., 
since the shape changes with H, level. (See next 
section.) We have not made a complete set of measure- 
ments of M, with w off resonance, because of some 
difficulty with small frequency drifts of the Varian 
oscillator at high power levels. These drifts are serious, 
because of the sharp dependence of M, on the frequency 
difference w;—a». In all our experiments, w:; was far 
enough off resonance so that the effective static field, 
H.,, in a coordinate system rotating at frequency 
was determined primarily by (H»—1./y) rather than 
by H,. Measurements that we have made agree with 
the expression for M,, as a function of H,, derived by 
Redfield [Eq. (38) in reference 3]. In particular, it is 
clear that once H is well into the saturation region, 
there is no further major decrease of M, with increasing 
H;. We will not elaborate further on these measure- 
ments, since a much more careful and complete set of 


‘8 F, Bloch, Phys. Rev. 70, 460 (1946). 
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Fic. 4. Line shape observed by tickler oscillator for two values 
of the saturation parameter S. The amplitude of the curve for 
S=2.1 has been multiplied by 2 for ease in comparing the shapes 
of the two curves. The gap in the dashed curve shows the region 
which is unobservable because of interaction between the two 
oscillators. 


similar measurements has been made by Goldburg™ 
in NaCl, by a somewhat different technique. 


Line Shape with w, off Resonance 


When «@ is off resonance, the line shape, as detected 
by the sampling oscillator, changes as H, is raised into 
the region of heavy saturation. Figure 4 shows the 
integrated derivative curve for two cases, S~0 and 
S=2.1. The shape does not change significantly for 
saturation levels above S=2.1, up to our maximum 
attainable value, S=10. The simple assumption has 
often been made for a homogeneously broadened line 
such as that in aluminum that the spin-spin interactions 
maintain the line-shape function g(w) unchanged until 
H, becomes of the order of the linewidth. (It should be 
mentioned that this assumption is not an integral part 
of the Bloembergen, Purcell, and Pound saturation 
theory,'® since they recognized the possibility that g(w) 
might change.) It is clear that g(w) does change some- 
what, the line being narrowed and the peak displaced 
off resonance. It will be remembered that the same 
narrowing phenomenon was observed in gypsum when 
w; and ws were both in the same half of the line. Red- 
field’s description of the spin system in terms of a 
well-defined effective spin temperature in the rotating 
frame makes such a result understandable. Before 
discussing Fig. 4 in terms of the Redfield picture, one 
should point out that there is a possible slight distortion 
of the true line shape as a result of our experimental 
technique. The source of this distortion was mentioned 
in Sec. I. Because we are modulating Ho (amplitude 

4 W. I. Goldburg, Phys. Rev. 122, 831 (1961). 


15.N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. Rev. 
73, 679 (1948). 
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(b) (c) 


Fic. 5. Diagram’illustrating the effects of spin-spin relaxation 


processes for various positions of w, relative to wo. P(E), the 
population of energy levels, as observed in the magnetic resonance 
experiment, is plotted as a function of the energy. The arrows in 
each case indicate the net effect of the spin-spin processes in 
transferring spins within the local field energy spread. 
H,,=1.0 gauss) rather than we, the position of H,; with 
respect resonance center Oo modulated. The 
resulting modulation of M.,, the component of nuclear 
magnetization in the direction of the effective field, is 
very small, because of the fact that w,,= 1320 sec and 
1/T,=180 sec". The fast modulation means that M,, 
remains essentially at the value corresponding to the 
midpoint of the modulation. However, there is still a 
fluctuating component in M, at frequency w,,, because 
the angle between the effec tive field, i and the ex- 
ternal field, Ho, is being modulated. Any spurious 
contribution from this effect will alter the sampling 
oscillator derivative curve in two ways. (1) The zero 


to is als 


of the derivative will shift toward the position of «. 
Note that this is the opposite direction to the shift 
observed in Fig. 4. (2) The derivative curve will be 
distorted so that its integral will not have the same 
base line at the two extremes of the resonance region. 


Since neither effect appears experimentally, we con- 


clude that, at least qualitatively, the shape changes 
observed in Fig. 4 are real. We only discuss the line 
shape qualitatively, but we should point out that 
frequency modulation of w. is necessary in order to 
observe absolutely no distortion of the line shape. 

The line-shape measurements point out one intrinsic 


difference between our experiment and Goldburg’s. We 


sample g(w) 
observes the free induction decay after an rf pulse. 


in the presence of the saturating H;. He 


» 
X 
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This pulse follows the end of a saturating pulse with a 
time delay long compared to 7». Hence, the Fourier 
transform of the free induction decay gives the line 
shape appropriate to the case H,=0. 

It can be recognized on fairly simple grounds that a 
line-shape change such as that shown in Fig. 4 should 
not offend one. Figure 5 illustrates the sort of qualitative 
argument that can be used. The diagrams indicate 
population of energy levels, p(£), as a function of energy 
as observed in the magnetic resonance experiment. 
(One understands, of course, that this does not represent 
a complete energy-level diagram of the spin system.) 
We view the saturation of a homogeneously broadened 
line as an imaginary two-step process. 

Step 1. Energy absorption from the rf field corre- 
sponds to creation of a bulge inthe upper energy-level 
population and a hole in the lower level population, 
as indicated in Fig. 5. 

Step 2. This absorbed energy is dissipated throughout 
the energy-level distribution by the spin-spin relaxation 
processes. Figure 5(a) corresponds to the case of w; at 
resonance. The mutual spin-flip processes are indicated 
schematically by the arrows. These processes involve 
no net energy input into the local field energy. That is, 
there need be no net change in the preferential align- 
ment of nuclear moments in the magnetic fields of their 
neighbors. Figure 5(b) and (c) correspond to w; off 
resonance, with w;<wp and w:;>w», respectively. We 
have secured these situations by changing Hp and leav- 
ing w, constant. The arrows indicate the net effect of 
the spin-spin processes. In order to reestablish the 
dynamic equilibrium shape of the energy-level distri- 
bution, we require a net energy flow either into the 
local field energy [case (b) ], or out of the local field 
energy [case (c) ]. We should not be surprised if the 
establishment of the dynamic equilibrium leads to a 
different distribution of field population 
with w; located off resonance. In particular, any inhi- 
bition the effectiveness of 7, processes by the 
necessity of appreciable energy exchange in cases (b) 
or (c) would lead to the line shape shown in Fig. 5. 
That is, the population difference for nuclei whose 
frequency is near w; is smaller than for the nuclei on 
the other side of the resonance line. 

Let us now, with Redfield, view the system in a frame 
rotating at w;, and discuss the situation in terms of the 
distribution of effective energy in the rotating frame. 
At the different positions of w; with respect to wo, we 
have different distributions of the total effective energy 
between the effective external energy (the interaction 
energy of the spin system with H,,) and the effective 
internal energy (the energy associated with preferential 
alignment of nuclei in the magnetic fields of their 
neighbors). If we describe the system in terms of an 
effective spin temperature in the rotating frame, this 
spin temperature would be different for different 
positions of H,. Consequently, we expect a different 
population distribution in the energy levels of the 


local state 


of 
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transformed Hamiltonian. As we have mentioned above, 
the line shape has little further change with increasing 
H, once we are well into the saturation region. Accord- 
ing to the Redfield picture, once we have arrived at a 
value of H, large enough to give sufficiently heavy 
saturation that the energy leak to the lattice by means 
of the T, processes is small, then both M, and the line 
shape will be determined by the manner in which the 
energy-level populations, viewed in the rotating frame, 
arrange themselves into a canonical distribution. The 
magnitude of H,, and the location of w; with respect to 
resonance center will be the variables determining M, 
and the line shape. In our experiments we have located 
w, sufficiently far off resonance that H.,, is determined 
primarily by (H»—./y). As H; becomes large enough 
to be a major factor in determining the magnitude of 
H.,, then we would expect a more significant dependence 
of M, and the line shape upon H/;. 

To summarize the aluminum measurements, all 
observations are in agreement with conclusions based 
on the Redfield picture of the saturated system. 


IV. SUMMARY 


We have described a 
scheme by means of which it is possible to study 
conditions of energy transfer within a single spin system 
when rf energy is poured into the system at a single 
frequency. The measurements in CaSO,q:2H,0 illustrate 
an application to a system with resolved structure in 
which one can study the disturbance of population 
differences between one pair of levels by saturation of 
another pair. The aluminum measurements demonstrate 
directly certain features of the saturation behavior of a 
homogeneously broadened resonance line. They extend 
somewhat the range of experimental verification of the 
validity of Redfield’s description of a saturated system 
in terms of a canonical distribution of states with respect 
to the system Hamiltonian as expressed in a frame 
rotating at the frequency w;. It should be mentioned 
that a very direct and elegant experiment demonstrating 
the validity of Redfield’s effective spin temperature 
concept has very recently been performed by Slichter 
and Holton.'® 

Our particular experimental arrangement is limited 
to systems in which the resonance line is broad. Inter- 
action between the two oscillators sets a lower limit 
on the frequency difference w;—w.. The technique may 
also be useful for certain electron spin systems, although 


double-magnetic-resonance 


16 C, P. Slichter and W. C. Holton, Phys. Rev. 122, 1701 (1961). 
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the experimental problems at microwave frequencies 
are a bit more difficult to solve. 
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APPENDIX 


It is perhaps worthwhile noting that Eq. (4), obtained 
from the Bloch equations modified by the insertion of 
T2,., gives a behavior of M, qualitatively similar to the 
Redfield expression if one makes the assumption that 
T:,= T2(1+S). With that assumption, Eq. (4) becomes 


1 (1+.S)+ (w1—o)?T? 
: (5) 


1+ (wi— ax 2T 


and one sees again the weak dependence on H; when a; 
is appreciably off resonance. There are other reasons 
for the introduction of the semiempirical relation 
T.-=T.(1+S). As Redfield points out, one expects 
T,, to make a transition from a value equal to 7» at 
low rf level to an eventual value about equal to 7; at 
very large H;. But this transition would be expected 
to occur over a considerable range of H,. The particular 
form of the dependence of 7: on H, is suggested by 
solving the Bloch equations for x’ after the insertion 
of T2:,. The nonsaturation of x’ (until H; becomes of 
the order of the local fields) derived by Redfield 
follows directly from this solution if one assumes 
T2,=T.2(1+S). The relation is 


( 9 —w)(1+.S) 
x’ = AX qwol ° (6) 
[1+ (wo—w)?T2? J(1+S) 


With the same assumption about 7»,, the steady-state 
solution for the imaginary part of the rf susceptibility is 


x" = 1X qT 2{1/[1+ (wo—o1)?T2](1+S)}, (7) 


and we see that the lack of saturation broadening in 
x’’, which comes from the Redfield theory, also appears. 
Obviously, none of (5), (6), or (7) would be expected 
to obtain at very high H,, since JT», will eventually 
level off in some fashion to a value approximately 
equal to 7). In solids, the Bloch equations are, of course, 
useful primarily to provide semiquantitative guides to 
the understanding of various phenomena. Introduction 
of the variable T:, extends their usefulness somewhat. 
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Galvanomagnetic Coefficients of Single-Crystal Tellurium* 


ALLEN NussBAUM AND ROBERT J. HAGER 
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(Received May 3, 1961) 


Che twelve galvanomagnetic coefficients of tellurium crystals grown by the Czochralski method were 
measured over the temperature range 77°-300°K. The results of these measurements plus previous measure 
ments at 4.2°K and a determination of the effect of pressure on one of the Hall coefficients are combined with 
symmetry characteristics to postulate an energy band structure. This structure differs from those previously 
proposed on the basis of tight-binding methods or by simple applications of group theory. 


INTRODUCTION anisotropic structure results in the necessity for meas- 

ELLURIUM is an elemental semiconductor whose UTing twelve coefficients to specify the galvanomagnetic 
crystal symmetry is illustrated in Fig. 1. There is tensor and the screw-axis makes the calculation of the 

a threefold screw axis perpendicular to the plane of the energy-band structure a difficult task. The electrical and 
paper and three twofold axes lying in this plane. This optical properties of tellurium grown by the Bridgman 
method have been extensively studied in the past,' but 

(2) more recently, Czochralski-type crystals have become 

available? ; such crystals are desirable for band-structure 
study, since they minimize effects due to imperfections. 
Roth® has published curves of some of the galvanomag- 
netic coefficients as measured on a pulled crystal sup- 
plied by this laboratory, and curves for some additional 
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Fic. 1. Crystal structure of tellurium (trigonal screw 
axis along 0Z). 
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coefficients will be found in an unpublished report.* The 
values of all the coefficients at 77° and 300°K are given 
by Roth,* and values at 4.2°K are given by Nussbaum 
and Long.® In this paper we shall report the behavior 
over the temperature range 77°-300°K of all twelve of 
the galvanomagnetic coefficients and also show the effect 
of pressure on one of the two Hall coefficients over the 
temperature range encompassing the two reversals in 
sign. Finally, we shall postulate a band structure which 
correlates these results, plus those of other experi- 
menters, with the symmetry properties of the lattice. 


EXPERIMENTAL RESULTS 


Tellurium crystals are very sensitive to mechanical 
handling and dislocations can be generated very easily.® 
Preparation of the samples was accomplished by cleavage 
of 1010 faces at 77°K, followed by a chemical polish to 
remove surface damage, as described by Blakemore 
el al.’ This technique also eliminates diffreulties with the 
low-resistance surface layer reported by Caldwell and 
Fan.* Figure 2 shows the orientation of the three 
samples used and also shows how they may be obtained 


— 


3 


Hall Coefficient R,,(cm~/coul } 
=) 
Db 


u 


re 
qeopceeriegtamiany 








L 
8 10 12 


10° /TeK™') 





o, 
GC} geseegeeeey— 


Fic. 4. Hall coefficients as a function of temperature. 


4H. Roth, General Atomic Laboratory Report GA-791, 1959 
(unpublished). 

5 A. Nussbaum and D. Long, Czech. J. Phys. (to be published). 

®R. J. Stokes and T. L. Johnston, Acta Met. (to be published) 

7J. S. Blakemore, J. W. Schultz, and K. C. Nomura, J. Appl. 
Phys. 31, 2226 (1960). 

® R. S. Caldwell and H. Y. Fan, Phys. Rev. 114, 664 (1959). 
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from adjacent regions in the crystal by cleaving once to 
obtain sample A and then cleaving again to obtain 
samples B and C. 

The galvanomagnetic tensor in an anisotropic semi- 
conductor like tellurium can be defined in terms of the 
current-density J, the electric field E, and the magnetic 
field B as follows 


3 
DY [epelgto porkgBrto pers BrBs], (1) 


q.7,s=1 


where @pq, Spar, ANd Gygrs are the conductivity, Hall 
coefficient, and magnetoconductivity components, re- 
spectively. Inverting (1), the corresponding expression 


for the magnetoresistivity elements pi;, pijx, ANG pijxr 
may be obtained. Using symmetry arguments, Roth‘ 
has shown that the following twelve elements are non- 


vanishing: pi, p3, Ri, Rs, pri, p1is3; 
P1313, P1123, and P2311, where Pi= P11 P22, P3= P33, Ri 

Rox, and R3=Rj.3. Figures 3 through 9 show the 
dependence of these parameters on temperature in the 
range 77°-300°K. In addition, Fig. 5 shows the corre- 
sponding curve taken from Roth’s paper* and Fig. 7 
shows the curve taken from his report. Roth’s data 
were plotted in the form of Ap/p or (;;;;/p:)B’, whereas 
ours are given as Ap/pB? or p;j;;/p;. The reason for 
incorporating the magnetic field strength into our data 
comes from the fact that it was necessary to adjust B at 
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times during a run in order to hold the change in re- 
sistance to 1% or less of the zero-field value, thus en- 
suring that we were in the low-field region. Since Roth 
used a constant field of 5000 gauss, we can directly 
compare the shapes of the two sets of curves and we have 
adjusted the ordinates to make both sets fit vertical 
scales of the same size. The behavior of pi, p3, Ri, Rs, 
P1111, P1122, P1133, P3333, ANd 331. were all very similar to 
Roth’s, although the absolute values are not the same, 


AND 


HAGER 


TEMPERATURE, °K 
370 410 














HALL COEFFICIENT (em? /coulomb ) 


HALL COEFFICIENT (¢m>/coulomb) 








450 490 530 
TEMPERATURE, °K 


IG . Hall coefficient R; as a function of temperature and 

Fic. 10. Hall ft t R f f temperat | 
pressure. Curve B: atmospheric pressure; curve D: 2000 atm 
pressure 


and we have previously found® this situation to exist 
even for samples cut from adjacent regions in the same 
crystal. For the coefficient pisi3, which cannot be meas- 
ured directly but must be calculated from the 
difference in two large numbers, we found that we could 
not reproduce the smooth curve of Roth, even though 
the temperature of the sample was regulated by using a 
heater in the liquid nitrogen with its current regulated 
by an automatic controller. Table I summarizes the 
values of the coefficients obtained at 77°K by Roth and 
by us, and at 4.2°K for a previous run in this laboratory, 


1 


where the data in the last two columns of the table refer 


small 


to the same set of samples. The second column of the 


table shows which sample of Fig. 2 is used to obtain each 
coefficient, and instructions for calculating the 
cients from the experimental data are given in detail in 
Roth’s report.4 

In addition to the results just presented, one further 
piece of information we shall use is the behavior of the 
Hall coefficient R; as a function of both temperature and 
pressure. It is known that the Hall coefficient in 
tellurium shows an anomalous double reversal in sign,’ 
and the effect of pressure on the upper reversal was pre- 


coeth- 


*P. I. Wold, Phys. Rev. 7, 169 (1916 
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TABLE I. Galvanomagnetic coefficients of Te 
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viously reported by Nussbaum ef al.'° In Fig. 10, we 
show an extension of the curves for one of the two 
samples in this reference down to the lower reversal 
temperature. It is seen that the effect of pressure is to 
decrease the lower reversal temperature, in. agreement 
with the results of Nussbaum! on a tellurium +13% 
selenium alloy, and increase the upper reversal tempera- 
ture, contradicting the previous results on the alloy. 


DISCUSSION 
A. Proposed Energy Band Structure 


Energy band curves as a function of lattice spacing for 
tellurium have been proposed by Callen” and Gaspar. 
Callen used the approximation of replacing the tellurium 
space group D;' by the tetragonal point group D4, and 
Gaspar used the much simpler three-atom arrangement 
C2, as the basis of his arguments. Using tight-binding 
calculations, E vs k curves were given by Reitz" and 
Asendorf'® which show extrema in the curves at the 
center and ends of the Brillouin zone. Herman!® has 
given curves for selenium for the empty lattice and 
nearly-empty lattice approximations which disagree 
somewhat with Reitz and Asendorf. We shall extend 
Herman’s work to tellurium, and use the resulting 
pictures of the nearly empty lattice-band to interpret 
our data. 

The symmetry operations for the tellurium lattice, as 
can be seen from Fig. 1, are as follows: 

(1) E, the identity. 

) (a) C3, a 120° rotation p3 about the z axis followed 
by a translation of c/3, where c is the lattice constant 
along the OZ direction. We use the notation :¢3= (p3 ¢/ 3). 
(b) C;?. 


10 A. Nussbaum, J. Myers, and D. Long, Phys. Rev. Letters 2, 6 
(1959) 

4 A. Nussbaum, Phys. Rev. 94, 337 (1954). 

2H. B. Callen, J. Chem. Phys. 22, 518 (1954). 

8R. Gaspar, Acta. Phys. Acad. Sci. Hung. 7, 289 and 313 
1956). 

“J. R. Reitz, Phys. Rev. 105, 1233 (1957). 

'6R. H. Asendorf, Ph.D. thesis, University of Pennsylvania, 
1956 (unpublished). 

16 F. Herman, Revs. Modern Phys. 30, 102 (1958). 
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(3) Co, Co, Co : 180° rotations p™, p®, p™ about 
the axes X, X®, X 


follows: 


followed by translations as 


C," (po |c/3), Ce? (p2? 0), C3 = (po | 2c 3). 


We now propose to consider the appropriate symmetry 
operations along the two directions A and & in the 
Brillouin zone, shown in Fig. 11. The character tables 
are taken from Firsov'’ and Asendorf,'* and we will 
follow the method of Jones'® for obtaining the compati- 
bility relations (with the correction that the character 
table along the A axis must include the phase-factors). 

For reasons of efficiency, let us consider first the 
symmetry operations associated with point A (0,0,1/c) 
at the top of the Brillouin zone. A Bloch function 


¥ie(z)=e" 


at this point has an additional symmetry operation T, a 
since W,(z) be- 
comes —y;(s) when z becomes s+ c. In addition, 


T?=F, 


u;(z) (2) 


displacement of c, associated with it, 


as has been shown by Jones'® or Blakemore ef al.! 
Combining T with the six operations above gives a 
closed group of twelve operations and six classes whose 
multiplication table will be found in Blakemore ef al." 
The associated character table is then given by Table IT. 
The lower three irreducible representations A, A», A; 
belong only to functions associated with point A. For the 
point I°(0,0,0), the function ¥ ,(z) in (2), above, reduces 


Fic. 11., Brillouin zone 
for tellurium 


17 Tu. A. Firsov, Soviet Phys.—JETP 5, 1101 (1957). 

18 R. H. Asendorf, J. Chem. Phys. 27, 11 (1957). 

9 H. Jones, The Theory of Brillouin Zones and Electronic States in 
Crystals (North-Holland Publishing Company, Amsterdam, 1960). 
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TAsLe II. Character table for the points A and Pr. 
For the point I’, the operation T is deleted.) 

Ci" 

TC 2 TC; 

TC,“ C? 


TABLE III. Character table 


to Yo(z)=o(z), which has the symmetry of the point 
group D;, and the operation T is equivalent to E. Hence, 
the character table for I is contained in the upper left- 
hand corner of the table for A. Table III shows the 
irreducible representations for the point M and the 
axis L, which we arbitrarily choose as being associated 
with the twofold rotation C,'*’. For the A axis, we must 
include the translational part e'*! 


shown by Koster.’ 


of the character, as 
’ These phase-factors are combined 
with the characters of the point group C; to get Table IV. 
The compatibility relations are then obtained, ac- 
cording to Jones,'* by matching characters or sums of 
characters, as we proceed from I to A or to M. These 
relations are given in Table V, and they differ from 
those of Asendorf'* due to the sign in the translational 
part of the characters. The relations along the A axis 
need a little bit of explanation. At T, the quantity 6 in 


TaBLe IV. Character table for the A axis 


ons for A and = 


» Ae 
+ A> 
> Ai tA 


20 G. F. Koster, in Solid-State Physics, edited by F. Seitz and D. 


Turnbull (Academic Press, Inc., New York, 1957), Vol. 5. 
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Table IV becomes unity. Then w+«* 
that Tr; = Ao+ A3. At A 6 bec omes e'\*'* 
the character table is then 


w+w = —1, SO 


e/6 and 


E 


1 
1 
1 


The compatibility relations are then readily obtained. 

Jones'? shows that the Bloch solution to the 
Schrédinger equation for the empty lattice approxima- 
tion, V(r)=0, in tellurium is 


Yui=exp{ (2xi/a)[(E—L)x 
+ (n— (+12) V3 )y+ (a ce 


and the energy levels are given by 
Ew= (€-1,)?+[n- (1; 4/2) v3 P+ (a c)?(t—1,)7, (4) 


where (a/c) in tellurium is very close to 0.75, 
k=2x(t/a,n/a,t/a), and I= (J;,/2,/3) where the /=0, 
+1, +2, ---. Using Eq. (4), E vs & curves are shown in 
Fig. 12 for the fA and 'M axes. The integers (/;,ls,/3 
are marked on each curve and the number of sets of 
integers gives the degree of degenera y. The posit ion of 
the energy gap is determined by noting that the valence 
electrons in tellurium have the configurations 5s*5p' and 
with three nonequivalent atoms, there will be eighteen 
valence electrons in the unit and valence 
functions. In comparing Fig. 12 with the corresponding 
diagram for selenium (Fig. 9 of Herman’s review 
article'*®), it will be seen that there is a difference due to 
the difference in a/c ratios, 0.75 for tellurium and 0.88 
for selenium. This leads to a band structure which 
differs from that for selenium (Herman’s Fig. 10) and is 
shown in Fig. 13. This structure is based on the com- 
patibility relations and on a determination of the as- 
sociations between irreducible representations and the 
linear combinations of the functions of Eq. (3), using the 
method of Jones.'* Our structure also differs from that of 
Reitz and Asendorf,'° 


cell nine 


as dis ussed below. 


B. The Many-Valley Model 


In the band pictures of Fig. 13, we have shown the 
extrema as being located at intermediate positions on 
both the = and A axes. The symmetry’ of the lattice then 
requires a six-ellipsoid model for each band, and it is 
possible to obtain a semiquantitative understanding of 
some of our data by using the expressions developed for 
such a model by Drabble and Wolfe.2! The work of 
Drabble and Wolfe applies to bismuth telluride, 
differs somewhat in its symmetry properties from 
tellurium. In Fig. 14, we show a comparison of the 
arrangement of the ellipsoids for these two materials. 


which 
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Drabble and R. Wolfe, Proc. Phys. Soc 
1956 
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Fic. 12. Empty lattice 
E vs k curves for 
tellurium. 
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also applicable to tellurium and they have already been 
used to establish the fact that the data for tellurium 
shows some consistency with the six-ellipsoid model at 
4.2°K.® In the range between 77° and 300°K, let us 
consider the following two typical relations, taken from 
Eq. (3) of Drabble and Wolfe 


Puni/ P1= — 1111/01, (9) 


P1133/ P1= — 01133 O1— (O123 01)". (0) 


The various ratios on the right-hand side of these equa- 
tions predict temperature-dependences of the form 7", 
where is a small number. In the absence of a study of 
both pure and doped tellurium, it is not possible to 
analyze the data in a thorough fashion, since a number 
of temperature-dependent processes are occurring. For 
example, a preliminary study by Long and Kizilos” 
that the transition from lattice to impurity 
scattering in a number of samples of various purity 


shows 


Fic. 13. Nearly-empty lattice E vs & curves for tellurium. 


21). Long and A. Nussbaum, in Honeywell Research Center 
Quarterly Report, Air Force Office of Scientific Research, Project 
\F 49(638)-908, August 31, 1960 (unpublished). 

‘TD. Long and B. Kizilos, see reference 22. 


6, it has been shown” that the 
relations given by Eqs. (25) of Drabble and Wolfe! are 
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takes place in the range of 20°-30°K. However, it can be 
seen that Eq. (6) predicts that there should be a rise in 
the value of p1133/p1 as the Hall coefficient goes through 
zero, whereas pi111/p1 should be independent of this 
effect, and this prediction is in agreement with the 
curves of Fig. 6. Similar results are obtained by com- 
paring the Drabble and Wolf formulas with the other 
magnetoresistance coefficients. 


C. Effect of Pressure on the 
Band Structure 


The band structure of Fig. 13 has been drawn to 
correspond with the fact that the energy gap of tellurium 
(0.33 ev) is considerably smaller than that of selenium 
(~2 ev). It is known™ that the effect of pressure is to 
increase the lattice constant c and reduce the lattice 


constant a, thus making the a/c ratio more tellurium- 
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Fic. 14. Comparison of the arrangement of the ellipsoids in 


bismuth telluride and tellurium. 
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like and less selenium-like. This effect is thus consistent 
with the pressure work of Long, who found an 0.03-ev 
decrease in the gap of tellurium using the same pressure 
as that of Fig. 10, and similarly, Neuringer®® found a 
decrease in the optical gap when pressure was applied. 
This accounts for the decrease in the lower reversal 
temperature with pressure. For the upper reversal, we 
have indicated a double valence band, and the activa- 
tion of the light, higher-mobility holes from the lower- 
lying band can be the cause of the second reversal. The 
application of pressure, while it decreases the gap, can 
also cause a redistribution among the states in the two 
bands and cause the Hall coefficient to reverse at a 
higher temperature. The location of the extrema at the 
positions shown in the two parts of Fig. 13 disagrees 
with the tight-binding calculations, which predict the 
occurrence of the thermal gap at a/c. Further, we show 
a double valence band, rather than a degenerate one, 
and the separation of the two valence bands is sche- 
matically indicated as being large enough so that the 
light-hole band is not activated until the temperature 
approaches 300°K. 


D. Optical Measurements 


The optical absorption edge of tellurium was first 
shown by Loferski*® to be dichroic. Moreover, his re- 
sults (which covered only a limited range of absorption 
coefficient) seemed to indicate the absorption edges at 
appreciably different energies for the two polarizations 
EC, ELC. Much of the earlier theoretical work on the 
band structures, such as that of Callen, Gaspar, and 

25. J. Neuringer, Phys. Rev. 113, 1495 (1959). 

26 J. J. Loferski, Phys. Rev. 93, 707 (1956). 
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Reitz, has been preoccupied with devising selection rules 
which would explain this result. However, the more 
recent optical absorption data of Nomura and Blake- 
more*’:*8 covers a much wider range (from 0.01 cm™! to 
1000 cm~) and strongly indicates that the absorption 
edge is the same for both polarizations. The shape of the 
absorption coefficient vs energy curves are different for 
the two polarizations, as would be expected if one 
transition were allowed and the other nominally for- 
bidden, yet both originate from the same point in the 
uppermost valence band of Fig. 13. In addition, Caldwell 
and Fan’ have already proposed the double valence 
band as an explanation for the 11-micron absorption 
which they observed. We can therefore state that the 
band structure proposed here is in accord with the 
optical properties of tellurium as they are now under- 
stood to exist. 
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A speculative model is proposed for the origin of the A and L bands in alkali halide crystals. They are 
assigned to transitions of the /,* center (an anion vacancy pair plus an electron). This is plausible under 
the assumption that there is a plentiful supply of anion vacancies in the crystal. It is in general qualitative 
agreement with experiment. In addition, it possesses an advantage over ascribing these bands to transitions 
of the F center in that it explains the low quantum efficiency for photoconductivity observed in the LZ region. 


ECENT experimental investigation by Liity,! 

Inchauspé,? Robe,*? Wild and Brown,' and Brown 
and Inchauspé® have focused attention on the poorly 
understood region of the optical absorption spectra of 
additively colored alkali halides which lies just on the 
high-energy side of the F band. These workers examined 
the optical and photoelectric properties associated with 
the F, AK, and L bands and the correlations which exist 
between them. In an effort to explain his observations, 
Liity' adopted the view of Mott and Gurney’ in identi- 
fying the level giving rise to the AK band as a higher 
excited state of the F center, and further ascribed the 
three Z absorptions to still higher states of the F elec- 
tron. The present note suggests an alternate model for 
the origin of the A and L bands. This involves an anion 
vacancy pair and an electron associated with it. It is 
of a frankly speculative nature, but possesses the virtues 
of affording an improved explanation of some of the 
previous observations and of having new properties 
readily accessible to experimental verification. 

In Liity’s interpretation, the A and F bands are 
taken to belong to well-bound excited states of the F 
center which lie below the conduction band. The /, 
Io, and L; absorptions are then assigned to higher 
which overlie the conduction band. Several 
questions arise which are not immediately answered in 
this picture. If the L bands correspond to states above 
the conduction band, a quantum efficiency per absorbed 
photon of the order of unity is to be expected for photo- 
electron production. Experimentally, however, this 
efficiency is found to be about 0.04 in the Z; and L» 
regions in KCl.‘ It is thought that the 2p (F band) level 
of the F center lies very close to the bottom of the 
conduction band.’ Thus, it is difficult to understand the 
origin of a level three or four tenths of an electron volt 


states 


higher which would account for the position of the K 
band and still be well bound below the continuum. The 
“rigidity” of the AK band’s position and absorption 


cross-section with respect to temperature changes makes 


* Research partially supported by the Office of Naval Research. 
‘FP, Liity, Z. Physik 160, 1 (1960). 
2 N. Inchauspé, Phys. Rev. 106, 898 (1957). 
3J. Robe, thesis, University of Illinois, 1960 (unpublished) 
R. L. Wild and F. C. Brown, Phys. Rev. 121, 1296 (1961). 
§ F.C. Brown and N. Inchauspé, Phys. Rev. 121, 1303 (1961). 
®N. F. Mott and R. W. Gurney, Electronic Processes in Toni 
Crystals (Clarendon Press, Oxford, 1940) p. 114. 
7 F, Seitz, Revs. Modern Phys. 26, 7 (1954). 


it improbable that it is caused by the forbidden 1s—2s 
transition. 

The L bands are observed as three well-defined peaks 
whose heights and widths increase rather slowly with 
energy. The integrated absorption coefficients of a series 
of “hydrogenic” transitions would be expected to change 
quite rapidly in the opposite direction. The appearance 
of a well-defined structure might be attributable to a 
transition of the F electron to a continuum state which 
is strongly mixed with another structured set of crystal 
states such as the excitons. However, this seems rather 
unlikely in the present instance, considering the transi- 
tion energies involved. The observance of an Ivey’s 
law® dependence of the peak position on lattice constant 
in going through the alkali halides characterizes a well 
localized (‘boxed’) excited electron and so speaks 
against the L bands being associated with a spatially 
diffuse state. 

The Fy* center [two anion vacancies in (110) co- 
ordination, with an electron trapped there] has been 
discussed theoretically by several authors in connection 
with the R, M, and V bands." Herman et al.? have 
treated it as an Het molecular ion embedded in a con- 
tinuous medium characterized by an optical dielectric 
constant. Gourary and Adrian” have discussed this 
calculation and pointed out its usefulness if one inter- 
prets the “dielectric constant”? as a phenomenological 
well-depth parameter to fit F-band data. Nagamiya and 
Tatsuuma" have applied a semicontinuum theory to the 
problem, and Nagamiya, Kojima, and Kondoh" have 
treated this center with a simplified, approximate 
molecular orbital scheme. These last authors also con- 
sider the slight variant with the vacancies in (200) 
coordination. We shall adopt the viewpoint of Herman, 
Wallis, and Wallis in discussing the ultraviolet spectra 
of the aggregate centers. We do this because quick, 
crude, numerical estimates may be made from available 


8H. F. Ivey, Phys. Rev. 72, 341 (1947) 

>R. C. Herman, M. C. Wallis, and R. F. Wallis, Phys. Rev. 103, 
87 (1956 

10 T, Nagamiya and N. Tatsuuma, J. Phys. Soc. Japan 9, 307 
(1954 

T, Nagamiya, T. 
Japan 9, 310 (1954). 

2 B.S. Gourary and F. J 
by F. Seitz and D. Turnbull (Academic 


Vol. 10 


Kojima, and H. Kondoh, J. Phys. Soc. 
Adrian in Solid-State Physics, edited 
Press, New York, 1960), 
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(a) (b) 


Spa, 40 (0.74) 

Spe (0.62) 

3d” (0.18) 

= 390 (0.09) 
———— 340 (-0,09) 
28c(-0.17) 
nn 2 pF (-0.53) 





came 
—— 207 (-096) 


—— 2 pr, (-1.76) 
—— 2p 7, (-|.98) 
2c +-222) 
2pc (-244) 
= 290 (-2.59) 


— iso (-3.10) 


me iso (-3.74) 


— iso (-430) 

Fic. 1. Some calculated energy-level schemes for the F.* center. 
a) From the H,* ion model using a dielectric constant of k=2.22 
and the tables of reference 11 (the method of Herman, Wallis, 
and Wallis). (b) Calculated by Nagamiya, Kojima, and Kondoh 
on a molecular orbital model (the splitting of the 2px level has 
been taken into account). (c) Calculated in the same manner as 
(b) by Nagamiya, Kojima, and Kondoh, but with the vacancies 
taken to be in (200) coordination. In KC] the bands of interest 
have the following peak positions (ev): F:2.3; K:2.71; 11:3.6; 
L£2:4.3; L3:4.95 


data’: using their method and because picturing these 
centers as pseudo-diatomic molecules is helpful in 
orienting one’s thinking toward questions of photo- 
dissociation and related phenomena. We shall restrict 
ourselves to specific statements regarding KCl, since 
the experimental and theoretical work is most extensive 
for this system. Some calculated energy level schemes for 
the F,* center in KCI are presented in Fig. 1. 

We propose that the K-band absorption is due to a 
low-lying transition (likely 1lse—>2pmr) of the Fs* 
center. Considering this configuration as formed from 
an F center plus an anion vacancy, the law of mass ac- 
tion indicates that the concentration will depend linearly 
upon F-center concentration, in accordance with Liity’s 
observation. Simple theoretical considerations place this 
transition just to the high-energy side of the F band 
(see Fig. 1 and reference 9) with an oscillator strength of 
about 0.5. The 2pm state will be split into two compo- 
nents by the crystal field. It is not unlikely that one of 
these lies beneath the F band. 

The lpr state lies well below the “ionization limit” 
for the F,* and would not be expected to exhibit ap- 
preciable photoconductivity. Referring to the con- 
figuration coordinate diagram for H;* in a dielectri 
medium (Fig. 2) as a schematic guide, we see that the 
2px potential curve has but a very shallow minimum 
and the possibility of photodissociation exists for the 
transition. However, this will not necessarily take place, 


since the energy above the excited F center plus vacancy 


43. R.S. Mulliken, Revs. Modern Phys. 4, 1 (1932 
4D). R. Bates, Kathleen Ledsham, and A. L. Stewart, Phil 
Trans. Roy. Soc. London 246, 215 (1953 
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Fic. 2. Configuration coordinate curves for the H.* ion in a 
dielectric medium (k=2.22). The curves have been taken from 
reference 10, except for the dashed highest state which is inserted 
merely to indicate that such states may be of importance. The 
asymptotes represent the energy of an isolated F center in two 
states. 


(H*+H) asymptote to which the excitation takes 
place may be insufficient to provide for a jump of one 
of the defects. Also, radiationless transitions may take 
place to the analog of the metastable 3do state which has 
a somewhat deeper trough. 

In our simple picture one would expect the high 
energy side of the A band to be determined by the slope 
of the repulsive part of the 2pm curve, and thus be in- 
sensitive to temperature changes. The peak position 
woul be principally a function of the mean separation of 
the vacancies determined by the thermal expansion of 
the lattice, and thus also be quite temperature insensi- 
tive. The last two properties are experimentally ob- 
served. One would expect A to bleach in F light either 
via an underlying absorption or through the capture of 
an electron by F3* 
due to its charge), converting it to Fs (an 
divacancy plus two electrons, the analog of H2). One 
would expect A to bleach thermally either through 
thermal dissociation (the ground state of the system 
has a dissociation energy of the order of a few tenths 
of an ev), through a vibrational excitation allowing a 
predissociation to take place through the analog of the 
2po state, or via the direct loss of an electron and the 
consequent formation of two vacancies. A quantitative 
discussion of the kinetics would require careful con- 
sideration of all available mechanisms. 


(which will have a large cross set tion 
anion 


We wish to ascribe the 1 bands to higher transitions 
of the F.* center. Since L; displays the behavior of a 
forbidden transition in increasing in integral absorption 
with rising temperature, it may belong to the 3dz, 3d, 
or (less likely) 2s0 term. Lz and L; are then taken to 
belong to higher terms like 3po, 4fo, or others which 
have an entirely repulsive configuration coordinate. If 
the excitation to the upper state lies appreciably above 
the asymptote of its potential diagram, dissociation 
has a large probability of taking place before the elec- 





ELECTRONIC STRUCTURE OF K 


tron is released into the conduction band even though 
the term lies above the “ionization continuum” at the 
point of excitation. Assuming that the slope of the po- 
tential curves increase with their energy, the relative 
widths of the absorptions are expected to increase with 
energy,'® as observed. Horizontal transitions may also 
occur to other states. Such dissociations in the excited 
state would account for the low quantum efficiency ob- 
served in the photocurrent measurements.! 

A resonant transfer of energy through dipole coup- 
ling'®7 between F,+ and F centers could lead to F-band 
bleaching under K and L radiation. F-light irradiation 
is expected to bleach the L’s via underlying absorptions 
and F», formation as in the case of K. It might be noted 
that the Herman, Wallis, and Wallis model, when used 
with the data given by Mulliken," predicts ultraviolet 
absorption belonging to the /2 center in the energy 
region at and just above the A band.'* Thus, Liity’s 
observation of growth of underlying absorption in the 
K, Ly, and Ll» region when F and JL; are bleached is in 
agreement with the present model. 

We also note that F:* is expected to have a very 
large trapping cross section for electrons. It may be the 
competing trap for photoelectrons observed in reference 
4. F, centers thus formed may play a role in the ex- 
planation of the infrared photopeaks and associated 
low-temperature current glow peaks observed in that 

18G. Hertzberg, Molecular Spectra and Molecular Structure, 
(Prentice-Hall, Inc., Englewood Cliffs, New Jersey, 1939) Vol. 1, 
p. 408 ff. 

16 T. Foerster, Ann. Phys. 2, 55 (1948) 

17). L. Dexter, J. Chem. Phys. 21, 836 (1953). 

18 These are not to be confused with the F2 center’s '5,* — 
2p 'X.* and 'Z,* — 2p 'I1, transitions which Herman, Wallis, and 
Wallis identify as the R bands. They may belong to higher 
electronic states built from 3p functions or to Fz — F2*+ electron 
transitions. 
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work. (Perhaps an electron may be captured into a 
triplet state of F2, preventing the system from falling 
to the singlet ground state.) 

The most obvious new feature of the model proposed 
is its symmetry. This should be ascertainable in polar- 
ized bleaching experiments. However, the situation may 
be somewhat clouded. We have not explicitly discussed 
F,* centers having (200) coordination (see Fig. 1 and 
reference 11). The crude molecular-ion model and the 
work of Nagamiya, Kojima, and Kondoh suggests that 
these may have optical properties which do not differ 
markedly from the (110) configuration. Thus, the sym- 
metry as well as optical properties may be obscured 
by the presence of divacancies with different crystal- 
lographic orientations. Electron spin resonance may 
be of further assistance in establishing the structure, 
but the low concentrations and the likelihood of the 
g value being very near that of the F electron may again 
make unambiguous interpretation difficult. 

We must also admit the possibility that some of the 
bands in question (say, the K) arise from F-center 
transitions,’ while the remaining ones belong to Fe*. 
Surely, more detailed study, both experimental and 
theoretical, is called for. 
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It recently has been pointed out by Rosenstock on the basis of symmetry arguments that the frequencies 
of the three optical branches of an ionic crystal in the limit of infinite wavelengths are all equal. This result 
is in contrast with the relation (w:/w,) = (€o/e.)# due to Lyddane, Sachs, and Teller, where w; and w, are the 
limiting longitudinal and transverse frequencies and ¢€) and e,. are the static and high-frequency dielectric 
constants, respectively. By use of Kellermann’s model for NaCl we have obtained the small-k expansions of 
the elements of the dynamical matrix for a finite spherical crystal of radius R. It is found that, if the limit 
k — Ois taken before the limit R — ~, the three optical frequencies are all equal, while if the order of taking 
limits is reversed the result of Lyddane, Sachs, and Teller is obtained. These conclusions are in agreement 
with Rosenstock’s result, and with remarks of Fréhlich, and provide an explicit expression for the infrared 
frequency in the finite-crystal case. A similar calculation for Wigner’s low-density electron crystal yields the 
result that in a finite spherical crystal the limiting frequencies of the two transverse branches and the one 
“longitudinal” branch are all equal. The possibility of the experimental observation of these effects is 


discussed. 


I. INTRODUCTION 


N a recent paper Rosenstock! pointed out on the 

basis of symmetry arguments that at k=0 (i.e., the 
infinite-wavelength limit) the distinction between longi- 
tudinal and transverse lattice waves in a crystal breaks 
down, and that in particular the limiting values of the 
so-called longitudinal optical and transverse optical fre- 
quencies in an ionic crystal should be equal. This con- 
clusion contradicts the well-known Lyddane, Sachs, 
Teller relation,” 


w,/wr= (€9/€..)'¥ 1, 


(1.1) 


where w; and w, are the limiting (as k — 0) longitudinal 
and transverse optical frequencies, and eo and ¢,, are the 
static and high-frequency dielectric constants, respec- 
tively. Furthermore, Kellermann’ in his study of the 
vibrations of the sodium chloride lattice obtained differ- 
ent limiting frequencies as k 0 for the longitudinal 
and transverse optical modes. Kellermann’s numerical 
results for w; and w; do not quite satisfy the relation 
(1.1), presumably largely due to his neglect of the 
polarizability of the ions.‘ Rosenstock in his discussion 
has also neglected the polarizability of the ions. How- 
ever, as Rosenstock points out,’ neglect of the ionic 
polarizability means setting ¢,.=1, but since ¢o is still 
unequal to unity in the general case, so is the left-hand 
side of Eq. (1.1).° Rosenstock’s conclusion that (w;/w;) 


1H. B. Rosenstock, Phy s. Rev. 121, 416 (1961). 

2 R. H. Lyddane, R. G. Sachs, and E. Teller, Phys. Rev. 59, 673 
(1941). 

3E. W. Kellermann, Phil. Trans. Roy. Soc. 
1940) 

*M. Born and K. Huang, Dynamical Theory of Crystal Lattice 
i New York, 1954 »p 87 


iif } 7 , 
s results for w 


London A238, 513 


Oxford University Press, 
5 However, Kellermann’ 
well with Eq. (1.1 


value of € is used 


and w, agree reasonably 
if é,. is set equal to unity and the experimental 


=1 cannot therefore be due to his neglect of ionic 
polarizabilities. On the other hand, Froéhlich® has 
pointed out that in a spherical specimen of an ionic 
crystal whose radius is large compared with the lattice 
parameter but small compared with the wavelength of 
the lattice waves propagating through it, there is no 
difference between longitudinal and transverse waves, 
and that the frequency of these long-wavelength waves 
in a sphere is different from those in a specimen which is 
large compared with the wavelength. It is of some 
interest, therefore, to see under what conditions the 
ordinary theory of lattice dynamics leads to Rosenstock’s 
result, and under what conditions it predicts Keller- 
mann’s result. 

We have, accordingly, used Kellermann’s model to 
evaluate the normal mode frequencies of a finite, spheri- 
cal ionic crystal of radius R in the limit as k— 0. Our 
results, briefly summarized, are that if the passage to 
the limit k— 0 is carried out for fixed, finite R, the 
limiting optical frequencies are all equal, while if the 
passage to the limit R — = is carried out first, and then 
the limit k—>0 is taken, Kellermann’s result is re- 
covered. In the former case an explicit expression for the 
infrared frequency in the finite-crystal case is obtained. 

Before proceeding to a study of the limiting optical 
frequencies in ionic crystals, however, we first discuss 
the analogous problem for Wigner’s low-density elec- 
tron crystal.’ Essentially the same questions arise here, 
but the discussion is simplified somewhat by the fact 
that there is only one particle in a unit cell. Also, some 
of the results obtained in this case can be carried over 
directly to the study of ionic crystals. 


®H. Frohlich, Theory of Dielectric 
New York, 1958), 2nd ed., p 149 ff 

7 E..P. Wigner, Phys. Rev. 46, 1002 (1934) ; Trar 
34, 678 (1938). 
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LIMITING GOPTICAL 


Il. THE ELECTRON CRYSTAL 


Wigner’s model of the low-density electron gas is that 
it consists of a body-centered cubic array of electrons 
immersed in a uniform background of positive charge. 
The elements of the dynamical matrix for the vibrations 
of the electron crystal have been found to be® 


e 3x Wi-b yr 
D.,(k) = 40,76 2y- : _— -(e*®-tt—§,,), (2.1) 
y) 


r)° 


where w,” is the square of the classical plasma frequency, 
and r, is the position vector of the /th electron in the 
crystal. The prime on the sum excludes the point r,=0. 
In the present case 


wp =4rne?/M, (2.2) 


where # is the number density of electrons and equals 
2/a,° in terms of the lattice parameter do. 


The last sum on the right-hand side of Eq. (2.1), viz., 


3x7 — rr? 
U 


r,)° 
will be shown below to vanish for a finite lattice of cubic 
symmetry. It also vanishes, as can be seen from sym- 
metry arguments,’ in the case of an infinite lattice having 
cubic symmetry. Since these are the only cases we will 
consider in this paper, we simplify the following dis- 
cussion by omitting this term from discussion and using 
as the elements of the dynamical matrix 

3x1 


D, .(k)= wp? — 
VM 


rhe limiting behavior as k — 0 of the lattice sum in 
Eq. (2.3) has been found by Cohen and Keffer” in the 
case of an infinite crystal to be 


darn 3k 2k, 
(5..- ), 
3 k? 


and we see that the limiting value at k=O depends on 
the direction along which the origin in k space is ap- 
proached. They have also evaluated the limiting be- 
havior of this sum when the crystal is taken to be a 
sphere of radius R centered at the reference ion. In this 
case they obtain 


— 3xvi-62 re " darn 3k xk ‘) 
,ik-ry s 
— ¢ ’ Ozy—- 


r? ae ke 


3 71(RR) 
x (1 _ ), (2.5) 
kR 


* R.A. Coldwell-Horsfall and A. A. Maradudin, J. Math. Phys 
1. 395 (1960 
See, for example, C. Kittel, 7ntroduction to Solid-State Physics 
John Wiley & Sons, Inc., New York, 1953), p. 92. 
M. H. Cohen and F. Keffer, Phys. Rev. 99, 1128 (1955). 


(2.4) 
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where j:(p) is the /th spherical Bessel function," and we 
see that the sum vanishes at k=0 in a finite spherical 
crystal as we would expect from symmetry arguments. 
The elements of the dynamical matrix for a finite 
spherical crystal can thus be expressed in the small k 


limit as 


3k ky 
D,,(k) — 40,6 2,- jor'( 04. ) 
k—0 ke 


37\(kR) 
x(1-4 ). (2.6) 
kR 


With the result given by Eq. (2.6) we find that 


TrD= & w?(k)=a,’, 

j=l 

so that Kohn’s sum rule” is still satisfied in a finite 

spherical crystal, at least in the long wavelength limit. 
We denote the factor [1—37:(kR)/kR] by A. The 

secular determinant constructed from the elements (2.6) 

when expanded yields the following equation for the 

determination of the eigenfrequencies 


M— 3dA7+3(1—A)(1+A)A— (1—A)?(14+2A)=0, (2.7) 


independent of the direction cosines of k, where 
\= 3w*/w,”. The roots of Eq. (2.7) are readily determined 
to be 


A\=1—A (twice); A=14+2A; 


or in terms of frequenc ies, 


Ji(RR) 
w= Ww,” (twice) 


kR 


ji(RR) 
w= E —2- for. 
kR 


Now, the function j;(p)/p approaches the limit 3 as 
p— 0, and goes to zero in the limit as p— &. From 
Eq. (2.9) we see therefore that if we keep R finite and 
pass to the limit as k— 0, we find that all three fre- 
quencies approach the same limit 


(2.10) 


7 
—+ 3Wp- 


On the other hand, if we carry out the passages to the 
limits in the order in which they are usually done, first 
letting R become infinite and then letting k go to zero, 
we obtain the previously derived results”: 


,_- 
Wp 


— |; ; (2.11) 
: 700, k-+0 | 0 (twice) 


" See, for example, L. I. Schiff, Quantum Mechanics (McGraw 
Hill Book Company, Inc., New York, 1949), p. 77 

2 W. Kohn (unpublished work); see J. Bardeen and D. Pines, 
Phys. Rev. 99, 1140 (1955) 

13 C, B. Clark, Phys. Rev. 109, 1133 (1958). 
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The pathological behavior of w;(k) in the limit as 
k — 0 described by Eqs. (2.10) and (2.11) has previ- 
ously been commented on by Carr." 

In obtaining the results expressed by Eq. (2.9) we 
have made the assumption that the reference ion is at 
the center of the sphere. This assumption arises in 
obtaining the expression (2.5). It is of some interest to 
see what are the effects of displacing the reference ion 
from the center of the sphere by a translation vector of 
the lattice. We denote this translation vector by a. The 
required lattice sum becomes 


3(x,:—a@2z)(yvi—a,)— (t:—a)*5 2, 
: ‘ 


S=) 
! ~<a" 
Xexp[ik-(r,—a)]. (2.12) 
Since a is a translation vector of the lattice, the infinite 
lattice result for the small k limit of this sum, Eq. (2.4) 
still holds. The value of the sum appropriate to a 
spherical crystal of radius R is given by 


Pe R= A —_ S = - 


3) x 


(2.13) 


where S,_» is the contribution to this sum from points 
r; lying outside the sphere. Following Cohen and Keffer, 
we evaluate this latter contribution by replacing the 
sum by an integral: 


2?" ¢* 3(x—az)(y—a,)—52,(r—a)* 
Su- e=nf f J — a 
R Yo 0 


Xexp[ik-(r—a) ]d*r. (2.14) 
This replacement is valid in the small-k limit. For our 
purposes this integral is most conveniently written as 


eo 
S,—r=n exp(—ik-a)— 
0a,04, 


D r ar eik-r 
xf f f ——dr (2.15) 
R 0 mee 


0 
=n exp(—ik-a) I(a;k). (2.16) 


Oa 20a y 


Since we have that r 2R> ai, we expand the de- 
nominator of the integrand in powers of (a/r): 
1 a a 


t- P (cosy) +—P:(cosy)+:--, 
. i 


(2.17) 


where y is the angle between a and r. The integral 
I (a; k) becomes 


“ x r 27 pik-r 
ra;k)- Saf ff 
l= ry »e 


< Pi (cosy)r? sinédrdédd. 
“4 W. J. Carr, Jr., Phys. Rev. 122, 1437 (1961). 


(2.18) 
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The integrals are evaluated in Appendix A with the 
result that 


I(a;k)= 


rs 
- > a i'(ak)'P 1(cosé) 


Rk? t=0 


ji-1(RR) 


——, (2.19) 
(RR) 
where 6 is the angle between the vectors a and k. Since 
we want the second mixed partial derivative of this 
function with respect to a, and a, we need consider only 
the terms with /> 2. 

As a check on the calculation we consider the /=2 
term in this expansion : 

4m ji (RR) 1 


I®(a;k)=-—— 
ke RR 2 


[3(a-k)?—a*k*]. (2.20) 


We thus obtain 


) 4m 7:(RR) 
“———(8,,4°~38,2.). (2.21) 


da,0a, k?  kR 
From Eqs. (2.13), (2.15), and (2.21) we finally obtain 
the result that in the case a— 0, 


4dirn 3k ky 4irn 37:(RR) 
Sr=— 6sy-— — 
3 k? a kR 
which is identical with the result given in Eq. (2.5). 
It is clear from Eq. (2.19) and the fact that 
jilp) 1 


t  1x3x5---& (241) 


that all terms in the expansion for /(a; k) with />3 are 
of O(k'-*) as k—> 0 and are well behaved, i.e., show no 
pathological behavior in the small k limit. The result 
obtained by taking the second mixed partial derivatives 
of I(a;k) with respect to k is also well behaved in the 
limit as k — 0. Since for large p 


1 
jul(p)~— cosl[p—3(/+1)r], p2l 
p 


the terms with /23 in the expansion of the second 
derivative will show a strong a dependence only for 
values of a comparable with R, provided &R is large. 
However, if we pass to the limit k — 0, the terms with 
1>3 go to zero and we are left with the contribution 
from only the /=2 term, which is independent of a. 
Therefore, as long as we are only interested in the 
limiting values of the frequencies in the limit as k 0 
for fixed R, we can assert that the results given by Eq. 
(2.10) are independent of the location of the reference 
lattice point. 
III. LIMITING OPTICAL FREQUENCIES IN 
NaCl-TYPE CRYSTALS 


The dynamical matrix for the NaCl crystal has been 
given by Kellermann’: 





LiMitinNG OPrTIcaAaL 


fi 1) 





where 


- ——wy 


(M,.M,)3 


kk’) 1 | e 1 


| =P hh’ 


xy dxdy |\r—a! 
Xexp[2zrik- (a'—ryx-) ] 

1 e 
_— —6.,—[A cos2rrokz 
(M,M,-)} vs 

+ B(cos2rrok ,+cos2rrok.) |, 

r eo 1 

ec im 3 —— 
» TL dxdy |r—a’l 


(3.2a) 


exp(2zik- a’) 


e171 @é Soe 
-— —|+- 62,—(A+2B). (3.2b) 


Oxdy || M, Vo, 

In these expressions k and &’ label the two ions in a unit 
cell, M, and My are the corresponding ionic masses, 
ri. is the vector joining the two ions in a unit cell, a! 
is a lattice translation vector, and ro is the distance 
between nearest-neighbor ions. The constants B and A 
are proportional to the first and second derivatives of 
the repulsive interaction between ions, which is assumed 
to act between nearest-neighbor ions only. They are 
related to the coefficient of « ompressibility 8 by® 


1 1 e 
= — (A+2B). (3.3) 
B Oro # 


The lattice generated by the {a'} is a face-centered 
cubic lattice, and the {a'} can be written explicitly as 


a'=so(t.J.J.), (3.4) 


where /,, /,, 1, are three integers whose sum is even. Va, 
the volume of a unit cell of the lattice, is 27°. 

The sum in square brackets in Eq. (3.2b) can be 
written as 


kk 3az'a,'—6,,(a')* 
s( )-2 exp(2mik-a!). (3.5) 
l 


xy (a')® 
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This sum differs from that given in Eq. (2.3) only in the 
replacement of k by 27k, and in the fact that it is 
carried out over a face-centered rather than a body- 
centered cubic lattice. Noting these changes we can use 
Eq. (2.4) to give us the small-k behavior of 


kk 
s( 
xy 
for the case of a finite spherical crystal of radius R 
centered at the reference ion: 


kk 4e 1 3kiky 
Su( ) 0 3 (3..- ) 
r y k-0 3 or, R? 


37:(2rkR) 
x(1- ). (3.6) 
2rkR 


Combining this result with Eq. (3.2b) we obtain for 
kk | 
lx yl 


in the small k limit 
4r 1 a) 
2rkR 
(A+2B). 
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Turning now to the lattice sum appearing in Eq. 
(3.2a), we see that it can be written explicitly as 
k k’ 3(xKn — Gz!) (Vex —ay!)—S2y| Pee —a'|? 
— IE 
xy l tiv —a'|® 
Xexp[2rik- (a'—rix)]. (3.8) 


The small-k limiting behavior of this sum for an infinite 


lattice, 
k k’ 
xy 
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is obtained in Appendix B, with the result that 


k k’ 4dr 1 3k ky 
s.( ) " (3. ). (3.9) 
x yF uso 3 2r3 k 


The contribution to this sum coming from values of a! 
lying outside a sphere of radius R centered at the point 
2'=0 is again approximated by an integral: 


k k’ 
}. a R ) 
E y k->( 
1 ry 3(x— xu) (¥— yew) —b2y(F—Tee)? 
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This is just the integral appearing in Eq. (2.14) and we 
can make use of the results of Appendix A to write 
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Combining the results expressed by Eqs. (3.9) and (3.11) 
we have that 


k k’ 4dr 1 3k ik, 
si( ) 7 (3..- . ) 
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This result is not too surprising in view of the inde- 
pendence of such sums to the choice of origin in the 
limit as k—+0. The corresponding element of the 
dynamical matrix becomes 
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With the result of Eq. (3.7) we see that the trace of 
the dynamical matrix in the limit as k — 0 is given by 
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where we have used Eq. (3.3). 
Liebfried-Brout sum rule’ is satistied in the long wave- 
length limit for a finite crystal. 

The 6X6 secular determinant is inconvenient to ex- 
pand and we have solved it only for waves propagating 
along the [100 ], [110] and [111 ] directions. Setting the 
factor [1—3/,(2rkR)/2xkR | equal to A as before, we 
find in each case the following six solutions: 


Thus, as expected, the 


w’=0, (three solutions) 
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Viz\M, M 
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x| (4-428) - s| (two solutions) 
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In view of the results of the preceding section we can 
assert with confidence that these six frequencies are the 
eigenvalues of the dynamical matrix in the small-k 
limit, and are independent of the direction along which 
the origin in k space is approached. 

The first three roots « learly « orrespond to the acoustic 
modes, and we do not discuss them further here. The 
next two frequencies are those associated with the 
“transverse” optical mode. We see that if we pass to the 
limit k — 0 keeping R fixed and finite, the three optical 
frequencies approach the common value 


—( 1 1 
V.\M, M 
On the other hand, if, in the usua 


limit R—+ first and then pass to the limit k 
two “transverse” optical frequencies approach 
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while the “longitudinal” optic al fre quency approat hes 
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The results expressed by Eq. (3.17) are, apart from an 
obvious misprint in his paper, the limiting values of the 
optical frequencies found by Kellermann. 

Equation (3.16) rewritten with the aid of Eq. (3.3), 
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(Springer-Verlag, Berlin, 1955), Vol. 7, 
Phys. Rev. 113, 43 (1959). 
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gives an explicit expression for the single infrared fre- 
quency in the finite-crystal case discussed by Fréhlich.® 


IV. DISCUSSION 


In this note we have established the result that the 
values of the longitudinal and transverse optical fre- 
quencies in an ionic crystal of the sodium chloride type 
in the infinite-wavelength limit depend on whether the 
crystal is assumed to be of infinite extent or of finite 
size.'® In the former case the results of Kellermann have 
been recovered which show that the two kinds of modes 
have different limiting frequencies. In the latter case, it 
is found that the longitudinal optical and transverse 
optical modes have the same frequency in the infinite- 
wavelength limit, in agreement with Rosenstock’s 
contention. 

The mathematical explanation for this difference is 
based on the nonuniform convergence of the electro- 
static lattice sums in Eqs. (2.3) and (3.2), as functions 
of k in the limit as k > 0. That the qualitative behavior 
of a function described by an expansion in trigonometric 
functions should be different, when only a finite number 
of terms is retained, from the result of extending the 
sum to infinity is familiar from the expansion in Fourier 
series of functions which are discontinuous or have 
discontinuous derivatives. The sum of any finite number 
of terms, no matter how large, can lead to only a con- 
tinuous, analytic function. It is the passage to an 
infinite sum which introduces the discontinuities. 

The question we must try to answer now is this: Are 
the results we have obtained purely mathematical and 
devoid of physical content in that they may be incapable 
of experimental verification, or is the degeneracy of the 
longitudinal and transverse modes at k=O a physical 
effect which under the proper conditions can be ob- 
served? 

Since no crystal occurring in nature is infinite in ex- 
tent, it may be argued that our result of degenerate 
optical frequencies in a finite crystal is the physically 
correct one. Unfortunately, the situation is not quite so 
simple. 

The results we have obtained for the optical fre- 
quencies are rigorous only at k=O itself. When we 
proceed to finite values of k the evaluation of the fre- 


quen¢ ies as functions of k is beset by two related diffi- 


culties. The first is associated with the determination of 
the higher order terms in the expansion of the electro- 
static lattice sums in powers of k. The terms of O(*) in 
the expansion of the sum in Eq. (2.3) have been ob- 
tained in the infinite lattice case by Cohen and Keffer. 
To obtain the corresponding terms in the finite lattice 
case, we would have to proceed somewhat more carefully 


'6 Although we speak here of crystals of infinite size, it is clear 
that these remarks apply as well to calculations based on the cyclic 
boundary condition, since in the latter case every ion is considered 
as equivalent to every other ion, and the lattice sums are extended 
to infinity. 
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than we have in this paper. The replacement of the sums 
over all lattice points outside the sphere of radius R by 
integrals corresponds to using the leading term in the 
three-dimensional form of Poisson’s summation formula. 
The omission of the terms past the integral in this 
summation formula is justified in obtaining the leading 
k-dependent terms, but it would have to be rectified in a 
calculation of. the higher order terms. The second 
difficulty has to do with the dependence of the values of 
the electrostatic lattice sums on the choice of the posi- 
tion of the reference ion relative tO the center of the 
sphere. We can expect this dependence to be small for 
reference ions whose vector distance a from the center 
is small, particularly when &R is large. However, these 
conditions are not satisfied for all of the ions in the 
spherical sample. An approximate way of taking account 
of the a dependence of the lattice sums and hence of the 
frequencies is to evaluate the latter for a particular 
choice of the displacement vector a and then to average 
the result over all values of a, assuming the spherically 
symmetric distribution function 


hora 
P(a)da da, 0: 
‘aR? 


0), a 


for the probability of finding an ion in the shell defined 
by the interval (a, a+da). 

Rather than carrying out the rather elaborate calcula- 
tions outlined above, we have preferred to reason in the 
following somewhat simpler way in drawing physical 
conclusions from the results of the analysis of the pre- 
ceding sections. In the small-k limit, no matter what the 
correction terms to w;?(k) are, they will be of higher 
order in k than are the results expressed by Eqs. (3.15). 
This means that for small enough k we should be able to 
obtain meaningful results from a discussion of Eqs. (3.15) 
alone. We see that the small-k values of w are deter- 
1—3),(2rkR)/2wkR. 


» is 


mined by the terms ¢ ontaining A 
An explicit expression for j;(p) 
Jilp) 
sinp/ p”— COSp/ p-. (4.2) 


p 


As we have remarked in previous sections, if p is suffi- 
ciently small this quantity approaches 3, while it goes to 
zero for large p. However, A does not reach its limiting 
values very rapidly. When 2xkR=1, A=0.0964 which 
is small, but not zero, while at 2rkR=32, A=0.966, 
which is not very close to unity. Thus, if by some 
technique it is possible to measure the dispersion curves 
for the optical branches of the frequency spectrum for 
values of k such that 0<2xkR <3z, the oscillation of the 
longitudinal and transverse optical branches should be 
observable. 

The usual techniques for determining dispersion 
curves, viz., x-ray diffuse scattering measurements, and 
the inelastic, coherent scattering of low-energy neutrons, 
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do not give very accurate results for very small values 
of k. There is, however, another method for determining 
the value of the frequency of the transverse optical 
mode for very small values of k. This is by measuring 
the so-called ‘“‘reststrahl” frequency, which is usually 
defined as the limiting value of the frequency of a 
transverse optical branch as k — 0. However, strictly 
speaking, the value of the reststrahl frequency is not 
that of the transverse optical branch at k=0, but 
corresponds to a very small, but finite value of k, which 
can be determined in the following way.” If q is the 
wave vector of the incident photon, the energy con- 
servation condition on its interaction with phonons 
leads to the equation 

w;(k), (4.3) 


2acg 


where g= q|, c is the speed of light, and j denotes the 
transverse optical branch. The ““momentum” conserva- 
tion condition requires 
q=k. (4.4) 
Combining Eqs. (4.3) and (4.4), we have for the equa- 
tion determining k 
2arck (4.5) 


w;(k). 


A typical value for a frequency in the transverse optical 
branch is 3X 10" sec”!, so that the value of & obtained 
from Eq. (4.5) is 


k~1.6X 10? cm (4.6) 


From studies of the dynamics of simple models of 
crystals'’ it is known that the values of the wave vector 
k are discrete, whether the ionic displacements satisfy 
the cyclic boundary condition, clamped boundary con- 
ditions, or natural boundary conditions. The minimum 
(nonzero) value of k in each of these cases is of the order 
of the reciprocal of the linear dimensions of the crystal. 
In the present case of a spherical crystal of radius R this 
criterion implies 

a~1/2R. (4.7) 
For this value of Rinin, 247Rmi,R~ 7, for which A=0.696. 
This value of A is intermediate between its two limiting 
values, implying a similar statement about the longi- 
tudinal and transverse frequencies. Since Eq. (4.7) ex- 
presses the minimum value that & can have in a crystal, 
combining Eqs. (4.6) and (4.7) we find that in order for 
the photons to be able to interact with the optical mode 
phonons, we must have 


k~1.6X10? cm > Rmin~1/2R. (4.8) 


This means that if reflectance studies to determine the 
reststrahl frequency were carried out on powder samples 
of (say) NaCl whose particles are of the order of, or 
greater than, 6X 10~* cm in diameter, then if the present 
theory is correct away from k=0, a decrease in the value 

17R. E. Peierls, Quantum Theory of Solids 
Press, New York, 1955), p. 56. 

18 See, for example, E. W. Montroll and R. B. Potts, Phys. Rev. 
102, 72 (1956) 
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of the reststrahl frequency would be observed as the 
particle size increases. To the authors’ knowledge, no 
such experiments have as yet been carried out, but they 
appear to be feasible. 
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APPENDIX A. EVALUATION OF I(a; k) 
DEFINED BY EQ. (2.16 


In this Appendix we evaluate the integral J(a;k) 
defined by 


© “ al 
I(a;k)= > av f rdr [ sin6dé 
n=0 R uv 


P,,(cos@), (A.1) 


where we have chosen a to be the polar axis in writing 
the term P,,(cos@). Writing k= (k.,k,,k: 
the ¢ integral to find 


we evaluate 
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=2rJ o[r(k2+k,7)! sin6 | explirk. cos#]. (A.2) 


We can simplify this result by noting that 
k. b ( osé, 


(k.7-+-k k sind, 


v] 


where 6 is the angle between k and a. The @ integral is 
then evaluated by using an identity given by Stratton’ 


jn(kr) P,(cosd) 


XJo(kr sind sind) P,(cos@) sinédé, (A.4) 
where j,(x) is a spherical Bessel function of order n. 
Thus we are finally left with the r integral 


* jn(kr) 
Ani "Ps(coss) f dr 


DO ow, 
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(A.5) 


\COSO), 


which leads to the expression for /(a; k): 
L ti (RR) 
-> i"(ak)"P,,(cosé) 2 
Rk n=) (kR)” 1 
J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), p. 411 
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APPENDIX B 


We work out here the behavior of the lattice sum 


kh k’ B(XpR — Oz!) (Ver 
s.( ) ~ 
x yt 7 a 


in the limit as k > 0. In fact, what we will ac tually do is to evaluate the sum 


; exp[ 27ik- (a'—r 
l a’—fes|* 
and take mixed partial derivatives with respect to k, and k,. 
We begin by rewriting Eq. (B.2) as 


1 2 
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The sum 3°"? can be transformed into 
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where we have introduced the auxiliary integrals 
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We transform the sum 3°” with the aid of Ewald’s generalized theta-function transformation 


g 1 
> exp[2z7ik.- é 
Vr 
sa translation vector of the reciprocal lattice. Thus, 3° becomes 
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lo ensure equal rates of convergence in the sums © r jual w ro°, and obtain 
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dk ,Ak,)>~ in the limit as k > 0. Differentiating, we obtain 


kk’ T 
sf ) Qs! — XK) (Ay'— Vex )—S2y(a'—Pe, yei( a'—r, *) expL2rik: (a —F 
ry ¥(: roe 


| exp{—ar?Ly(4) +k P} 


We need the nonvanishing terms in (0? 
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cally, and we are left with 
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Low-temperature thermal conductivity measurements were 
made on NaCl crystals doped with 10 mole fraction MnClo. The 
manganese ions were first quenched into approximate solid solu- 
tion and then allowed to age at room temperature. Approximate 
kinetics of the precipitation that resulted were measured by elec- 
tron spin resonance. There was surprisingly little change in the 
conductivity during aging; in particular a low-temperature de- 
crease did not appear. The conclusion was that the presence of 


INTRODUCTION 


EASUREMENTS of low-temperature thermal 
conductivity can be used to study the inter- 
actions of phonons with defects in insulating crystals. 
In a previous paper, we described phonon scattering 
by oxygen-containing anions in NaC]l.! The cross section 
was very large and was proportional to the first power 
of the phonon wave vector. In this paper we describe 
some experiments that we hoped would further the 
understanding of scattering by isolated and clustered 
point defects of a more conventional variety, those that 
give approximately a Rayleigh scattering cross section. 
High-purity insulating crystals exhibit an extremely 
high thermal conductivity at temperatures of the order 
of 1/30 the Debye temperature.” At lower temperatures, 
the phonon mean free path is determined by boundary 
scattering and is long, but few phonons are excited, and 
the conductivity is low. At higher temperatures, three- 
phonon umklapp processes become numerous and de- 
crease the mean free path; thus the conductivity is also 
low. In the intermediate temperature range, the con- 
ductivity is extremely sensitive to the presence of small 
amounts of impurities, and this fact makes an experi- 
mental study of the phonon-impurity interaction 
possible. 

The interpretation of experiments on phonon scat- 
tering by point defects, i.e., defects of atomic dimen- 
sions, has been difficult. The experimental conductivity 
data show the effects of the scattering processes only 
after they have been integrated over a range of phonon 
wavelengths. In addition the data represent the result 
of several simultaneously present scattering mecha- 
nisms, the most important of which are defect scatter- 
ing, scattering by the boundary, and three-phonon 
scattering.?3 


t Work supported in part by the National Science Foundation 
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* Present address: Max Planck Institut fiir Metallforschung, 
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1M. V. Klein, Phys. Rev. 122, 1393 (1961). 

2P. G. Klemens, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, 
p. 1. 
8 P, Carruthers, Revs. Modern Phys. 33, 92 (1961). 


clusters cannot be invoked to explain the greater than Rayleigh 
scattering cross section often observed with point defects at low 
temperatures. The small conductivity changes that did result 
were: (1) a depression at temperatures near that of the conduc- 
tivity maximum, and (2) a gradual rise at higher temperatures 
towards the values obtained with an undoped crystal. These 
changes were most rapid near the end of the clustering process and 
suggest a change in the nature of the precipitate at this stage. 


Sometimes it is possible to ‘‘unfold” the effects of the 
several mechanisms. For example, when one mecha- 
nism dominates the scattering, the other mechanisms 
can often be neglected. This is not so with point defects, 
for they by themselves seem to give an infinite con- 
ductivity. This comes about when the perturbation- 
theoretic expression for the relaxation time, 


1/7r= Aa, (1) 


is inserted in the equation for the thermal conduc- 
tivity,?—* 


K(T)= if cane@rady 


[Here 7 is the relaxation time, A a constant depending 
on the type and concentration of point defects, q the 
phonon wave vector, w the phonon frequency, v(g) the 
phonon group velocity, and C(q,7) the specific heat per 
normal mode per unit volume. The integration in 
Eq. (2) also includes a summation over polarizations. ] 
For small g and at all temperatures the integral di- 
verges. This is prevented by invoking other scattering 
mechanisms, and it is clear that the resulting thermal 
conductivity will depend upon how this is done. 

Recently two methods have been applied with 
success to experimental data on isotope and ‘‘pseudo- 
isotope” scattering, in which the main perturbation is 
through a change in mass. Callaway® took the relaxation 
time given by Eq. (1) and combined it with other re- 
laxation times for three-phonon processes and for 
boundary scattering. The resulting ‘total’? relaxation 
time had to be corrected, because the normal (wave 
vector conserving) three-phonon processes do not 
directly produce thermal resistance, but this correction 
turned out to be negligible in many cases. 

With this model, Callaway obtained a quantitative 
fit to the data on enriched Ge” and isotopically normal 
germanium measured by Geballe and Hull.® Later, 
Callaway and von Baeyer’ were able to use this model 

4P. G. Klemens, Proc. Phys. Soc. (London) A68, 1113 (1955). 

5 J. Callaway, Phys. Rev. 113, 1046 (1959). 

6 T. H. Geballe and G. W. Hull, Phys. Rev. 110, 773 (1958). 

7J. Callaway and H. C. von Baeyer, Phys. Rev. 120, 1149 
(1960). 
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to explain the data of Berman and co-workers on the 
isotope effect in LiF.’ Another application of this 
method was made by Toxen,’ who obtained a successful 
fit to his data on dilute alloys of silicon in germanium. 
(He treated Si as an “isotope” of Ge.) 

The other method is that of Ziman and co-workers,*:” 
who approximate the solution of the combined 
Boltzmann equation (containing both three-phonon and 
defect scattering) by a variational process. This method 
was used to obtain a good fit to the LiF isotope data,*® 
although it does not seem as suitable as Callaway’s for 
use in the temperature region below the conductivity 
maximum. 

In all cases discussed so far, the results of decreasing 
the isotopic purity appear as a systematic decrease in 
the conductivity with little or no shift in the position 
of the maximum. One last experiment of this type that 
should be mentioned is that of Williams," who studied 
KCI containing up to 50% KBr in solid solution. His 
results were not directly compared with theory, but 
qualitatively they seem to agree. 

There is a second type of point defect which produces 
qualitative as well as quantitative disagreement with 
Rayleigh scattering [Eq. (1) ] predictions. This type of 
defect appears in lower concentrations than do isotopes, 
but the individual defect scatters more strongly because 
in addition to a change in mass, it perturbs the lattice 
by means of a localized change in force constants. 

Typical results in this category are found in the work 
of Slack on KC] crystals doped with small amounts of 
CaCl,” and in the work of Pohl on F centers in LiF. 
The qualitative features of the curves measured by these 
two workers are the same. The conductivity decrease 
produced by the impurities is small on the high- 
temperature side of the maximum, but relatively large 
on the low-temperature side. This result appears as a 
progressive shift in the position of the maximum to 
high temperatures as the impurity content is increased. 
This behavior, therefore, violates the result predicted 
for Rayleigh scattering and found for isotopes and 
pseudo-isotopes. Pohl tried to fit his data with a 
Callaway-type calculation, but he was unsuccessful.” 


Various suggestions have been made to explain the 
extra resistivity occurring at low temperatures. Slack 
thought that in his case it might be caused by coherent 
sé attering by colloids of prec ipitated Cal ‘le 12. however, 
there was no independent evidence that his « rystals did 


in fact contain such colloids. F centers cannot be pre- 
cipitated and still behave optically as F centers; thus, 
Pohl’s results cannot be explained by a precipitation 


’R. Berman, P. T. Nettley, F. W. Sheard, A. N. Spencer, 
R. W. H. Stevenson, and J. M. Ziman, Proc. Roy. Soc. (London) 
A253, 403 (1959 

9A. M. Toxen, Phys. Rev. 122, 450 (1961). 

10 J. M: Ziman, Electrons and Phonons 
Press, New York, 1960), pp. 257-285 
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mechanism. The F centers might be nonrandomly dis- 
tributed, however, and this could possibly give rise to 
coherent scattering of long-wavelength phonons. Again, 
there was no evidence that this was the case with his 
crystals. A third suggestion was due to Carruthers.’ It 
follows from his theory of strain-field scattering by a 
point defect. The theory suggests a cross section that 
would give strong Rayleigh scattering at long wave- 
lengths, but would then decrease when the wave- 
lengths become at all comparable to a lattice spacing. 
The result might be interpretable as an “extra” low- 
temperature thermal resistivity. 

We can list some of the possible causes for this extra 
resistivity: (i) The cross section for phonon scattering 
by a single defect is not compatible with Eq. (1). 
(ii) Equation (1) holds, but coherent scattering of long- 
wavelength phonons, due to the geometrical arrange- 
ment of the defects, gives a different effective cross 
section. (iii) Equation (1) holds, but somehow the 
methods used by Callaway and Ziman to successfully 
compute the conductivity with a high concentration of 
weakly acting defects break down in situations with 
low concentrations of strongly acting defects. 


MOTIVATION FOR THE PRESENT EXPERIMENT 


This experiment was motivated by considerations 
similar to those of the two preceding paragraphs. We 
want to understand the real cause of the extra low- 
temperature resistivity, and in particular we want to 
know whether this effect is a property of the defects 
themselves or of their geometrical arrangement in the 
lattice. 

One approach would be to study a system in which 
the impurities were known to be randomly distributed. 
This is no problem for isotopes, but it is for defects 
having a strain field, which are the ones of interest, for 
it is the strain field that may cause the defects to inter- 
act with one another or with imperfections and thus 
bring about a nonrandom distribution. We have taken 
the opposite approach and have studied a system known 
not to be randomly distributed. Of the many possi- 
bilities, the system chosen for this study 
NaCl :MnCle. 

The manganous ion replaces two sodium ions when 
dissolved in the NaCl lattice, and thus for each divalent 
ion in the lattice there is also a positive ion vacancy. 
Haven" made ionic conductivity measurements on this 
system, which gave some information about the solu- 
bility of the Mn ion. Several parts in 10* go into solid 
solution at high temperatures, but it is practically in- 
soluble at room temperature. Further solubility in- 
formation was learned from electron spin resonance 
measurements performed first by Schneider and 
Caffyn.'> They were able to distinguish the spectrum 
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of precipitated manganese from that of the ions in 
solution. In this way they verified that the equilibrium 
room temperature concentration is very low. They 
found, however, that a nonequilibrium state could be 
produced by mild quenching. In this state, the ions were 
in solid solution; subsequent precipitation occurred 
slowly over a period of several days. 


Additional resonance measurements were made by 
Watkins.'*® He made a detailed analysis of the spectra 
of various forms of dissolved manganese and then 
applied this knowledge to a study of the relative in- 
tensities of these spectra as a function of temperature. 
He found three distinguishable environments for the 
nonprecipitated ion: (1) Completely isolated—no 
vacancy nearby. (2) Vacancy in nearest-neighbor 
position. (3) Vacancy in next-nearest-neighbor position. 
Watkins’ data allowed him to compute the energy of 
situations (2) and (3) relative to situation (1).!7 These 
results were compared with those from dielectric loss 
measurements. He obtained excellent agreement. 

This system seemed suitable for a study of the effects 
of precipitation on thermal conductivity. It was suffi- 
ciently similar to the KCl:CaCl. system studied by 
Slack” so that one could hope to make comparisons 
between results obtained with the two systems. And, 
most importantly, the magnetic resonance method was 
at hand for quantitatively determining the state of 
aggregation in the crystal and for correlating it with 
the thermal conductivity data. 


EXPERIMENTAL 
Thermal Conductivity 


The technique used in the thermal conductivity meas- 
urements has been outlined in reference 1 and has been 
described in detail elsewhere.'® Here it will suffice to 
mention that small temperature differences along the 
crystal were measured by a combination of carbon re- 
sistor thermometers and differential thermocouples. 


Electric Spin Resonance 


Resonance experiments were performed on a micro- 
wave spectrometer designed and built by R. H. Silsbee. 
It operated at a constant frequency of about 9.3 
kMc/sec, the frequency being stabilized by a Pound 
circuit. Signals reflected from the experimental cavity 
were detected by a bolometer bridge using radio-fre- 
quency bias. The magnetic field was provided by a 6-in. 
Varian magnet. The resonances were measured by 
slowly changing the field, the field sweep being linear 
in magnet current, not in B field. The field was modu- 
lated at 35 cps, and the output of the bolometer was 
detected in phase with the modulation signal. In this 
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way the derivative of the absorption curve was ob- 
tained. The absorption curve itself was obtained by 
passing the derivative signal through an electronic 
integrator. Relative intensities were measured by 
tracing the absorption peaks onto paper, cutting them 
out, and weighing them. 


Crystals 


The crystal-growing procedure has been described in 
reference 1 and was used to grow two manganese-doped 
crystals for the present investigation. Thermal conduc- 
tivity results on these crystals will be compared with 
the results for the “pure” crystal of reference 1, crystal 
C, which was pulled from a melt of chlorine-treated 
Reagent grade NaCl without intentional dopings. The 
surface of crystal C was sandblasted with 27-u abrasive 
particles to reduce specular phonon reflection in the 
hope that a true 7* low-temperature thermal conduc- 
tivity would thereby be obtained.” The two manga- 
nese-doped crystals, denoted by A and B, were of the 
usual size, about 6X6X40 mm’. Crystal A was grown 
by doping untreated NaCl with hydrated MnCl, and 
then slowly preheating the entire mixture in vacuum 
before melting. Crystal B was grown from chlorine- 
treated NaCl powder with an anhydrous MnCl, doping. 
(i.e., crystal B received the same treatment as crystal C, 
plus doping; crystal A received the same treatment as 
crystal V of reference 1, plus doping.) If the results on 
the corresponding undoped crystals hold in the presence 
of manganese dopings, then it can be assumed that in 
crystal A there was a small quantity of oxygen-contain- 
ing anions not present in crystal B, but the oxygen 
content of both crystals can be assumed to be very low, 
of the order of 31077 mole fraction. Manganese con- 
centrations were determined spectrographically on 
small samples taken from the boules near the center of 
the thermal conductivity specimens. Results were 6.0 
and 8.0 10-5 mole fraction on two different specimens 
for crystal A and 14X10~° mole fraction on one speci- 
men for crystal B. Two samples for magnetic resonance 
measurements were also cleaved from approximately 
the same part of the boules as the centers of the thermal- 
conductivity samples. 


Quenching and Aging Processes 


The cleaved crystals were annealed at 750°C and 
cooled slowly to room temperature. The manganese was 
put into solid solution by a subsequent quenching 
process, which was done on each crystal separately. It 
is possible, therefore, that thermal histories during 
quenching varied slightly from crystal to crystal. Each 
crystal was first heated for at least } hr at 300°C inside 
an argon-filled quartz tube. The tube was then plunged 
directly from the furnace into a dry ice, acetone mixture. 
Our crystals were more heavily doped than those of 
Watkins and of Schneider and Caffyn, and this rela- 
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tively fast quenching was needed to produce the un- 
precipitated state. 

The thermal conductivity apparatus did not allow 
precise control or measurement of temperatures in the 
vicinity of room temperature. Both samples were 
mounted in the apparatus once and for all and were 
left in place with thermometers attached during aging. 
Ordinarily, because of intentionally poor thermal 
contact with coolant baths, cooling and warming of the 
crystals took place slowly. With crystal A no effort was 
made to obtain rapid initial cooling. It spent a total of 
7 hr at room temperature before being cooled to 78°K 
in preparation for the first conductivity run. Other runs 
followed, with total room temperature aging times of 
60, 103, and 2900 hr. 

The initial aging time for crystal B was reduced to 
approximately } hr by using nitrogen exchange gas. For 
several subsequent conductivity runs, the cooling and 
warming rates were enhanced by additional use of the 
exchange gas. The first run was made after aging 30+ 10 
min. The remaining runs followed after total agings of 
6, 12.5, 44.5, and 217 hr. 


To compute aging times, a critical temperature was 
at higher temperatures 
aging was considered to occur at the same rate as at 
room temperature, whereas at lower temperatures no 
aging was considered to occur. This procedure could 
have been improved by knowledge of the prec ipitation 


arbitrarily taken as 0°C; i.e., 


kinetics as a function of temperature, but the necessary 
measurements were not made. Any reasonable cutoff 
temperature would yield acceptable results provided 
that the total transit time from room temperature to 
low temperatures and back was small compared with 
the incremental aging time. This condition was satisfied 
in all cases except possibly the first run with crystal B. 


Fic. 1. Resonance spectra for quenched and annealed crystals 


of NaCl: MnCl». Those lines in the tails marked with a 7 were 
used for quantitative work 
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APPROXIMATE PRECIPITATION KINETICS 


An estimate of the rate of precipitation of the man- 
ganese from solid solution was obtained by means of 
electron spin resonance measurements. The two reso- 
nance samples were quenched and aged together, but 
independently from the thermal conductivity samples. 
After quenching, the resonance samples were warmed 
to room temperature for mounting in the cavity and 
then cooled back down to dry ice temperature, where 
the early measurements were made; later measurements 
were made at room temperature. (Linewidths are tem- 
perature independent at these low temperatures ; thus, 
the spectrum was in no way affected by making the 
measurements at the lower temperature.) The 
required for the room-temperature manipulations of the 
crystals were included in the estimate of the total aging 
time. 

In order to estimate quantitatively the fraction of 
manganese remaining in solid solution, use was made of 
Watkins’ analysis of the spectrum of NaCl:MnClo." 
The ground state of the Mn** ion (electron spin 3) is 
an S state; thus the energy levels are split only slightly 
in a cubic field, and the spectrum of an isolated sub- 
stitutional ion gives six approximately equally spaced 
hyperfine lines. (Nuclear spin is 3.) This is spectrum IT, 
and it is found at high temperatures. In a quenched 
specimen at room temperature, only about 10°% of the 
ions are so isolated. The rest are 
vacancy at either the nearest- or next-nearest 
position. This produces axial symmetry and gives rise 
to spectrum III. When the steady 
along a cube axis, each case involves two nonequivalent 
types of defects, which split the level in different 
amounts. The hyperfine multiplet associated with the 
+3 - +3 electronic transition is shifted the most, that 
associated with the +3<>++} shifted 
about half as much, and that with the 
+3 «+ —} transition is hardly shifted at all. Thus, the 
latter spectrum from the 90% of the Mn** present as 
ion-vacancy pairs (part of spectrum III) is super- 
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Fic. 2. Precipitation kinetics of MnCl: in the two NaCl crystals 
used for thermal conductivity measurements. Annealing took 
place at room temperature. 
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Fic. 3. The over-all effect of MnCl. precipitation on the thermal 
conductivity of crystal A. Total room temperature annealing 
times are in parentheses. The approximate fractions of total man- 
ganese in solid solution were: initial, 19%; final, <1%. 


imposed upon the entire spectrum from the 10% of the 
Mn present as isolated ions (spectrum IT). Thespectrum 
of such a quenched crystal is shown in Fig. 1(a). 

In a fully annealed specimen, the manganese ions are 
clustered, and dipole-dipole interaction with nearby 
spins gives the single broad line shown in Fig. 1(b). 
With a partially annealed specimen one observes a 
superposition of Figs. 1(a) and (b), and their relative 
intensity indicates the fraction of the ions still in solu- 
tion. Unfortunately, there is sufficient overlapping of 
the lines in the center of spectrum 1(a) to prevent a 
direct determination of the amount of spectrum 1(b) 
present. This difficulty was resolved by identifying the 
isolated lines in the tails of Fig. 1(a) and determining 
theoretically what fraction of the total intensity of 
spectrum ITI these lines represent. We then multiplied 
the ratio of the intensity of the lines marked with a T 
in Fig. 1(a) to the total intensity of each measured 
spectrum by 8.3 to give the “true” intensity ratio, Le., 
the fraction of total manganese remaining unclustered. 

There were several sources of systematic error in this 
procedure. Because there was no easy method of re- 
solving the six most prominent lines into spectrum I] 
and spectrum III components, we chose to neglect the 
former and assumed that all nonclustered manganese 
ions had a vacancy associated with them. We did include 
lines belonging to ions with both nearest- and next- 
nearest-neighbor vacancies. The latter are weak and are 
barely visible in the low-field tail of Fig. 1(a), between 
the lines marked with a T (which come from the nearest- 
neighbor configuration). 
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Fic. 4. The over-all effect of MnCl: precipitation on the thermal 
conductivity of crystal B. Total room temperature annealing times 
are in parentheses. The approximate fractions of total manganese 
still in solution were: initial, 55°]; final, 3°; 


In addition, we have assumed that the total intensity 
of the spectrum remained constant during aging, or 
equivalently, that in spite of the broadening of the 
individual lines of spectrum ITI, the integrated intensity 
did not change. The truth of this assumption was not 
checked, because from run to run the spectrometer 
could not be operated under identical conditions of 
tuning and of sample position in the cavity. Thus the 
intensity ratio mentioned above may only semiquanti- 
tatively be taken as a measure of the fraction of total 
magnanese still in atomic solution. This is sufficient for 
our purposes. 

The intensities and spacings of the lines in both high- 
and low-field tails of spectrum 1(a) should be about 
equal. That they are not can be attributed to the non- 
linearity in B field of the field sweep. This result could 
also affect the correct determination of relative inten- 
sities. All the spectra were run in the same way, how- 
ever, and this error would be common to all solubility 
values. 

The results appear in a double logarithmic plot in 
Fig. 2. The scatter in the data shows that this method 
of studying precipitation kinetics is not very precise; 
however, the major trends in the process are indicated. 


THERMAL CONDUCTIVITY RESULTS 


The over-all changes in thermal conductivity pro- 
duced by aging the initially quenched NaCl:MnCl, 
crystals were small. This can be observed in Figs. 3 and 
4. The changes shared by the two crystals are a 10-20% 
decrease in conductivity in the vicinity of the maximum 
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Fic. 5. Details of the change in thermal conductivity with 
manganese precipitation for crystal A. The ordinate is the ratio 
of the conductivity after ¢ hours of annealing to that after 7 hr 

Fig. 3). The approximate fractions of total manganese still in 
solution were 7%, 4.7%, and <1%, for the three curves in order 
of increasing ¢. 


plus a small rise in conductivity at high temperatures. 
The low-temperature data for the two crystals disagree, 
crystal A indicating a rise with aging, crystal B, a slight 
decrease. The following discussion will be concerned 
mainly with the similarities in the results, not the 
differences. 

Since the thermal conductivity changes are small, 
they are best exhibited as in Figs. 5 and 6, where the 
ratio of the conductivity after annealing time ¢ to that 
measured initially is plotted for each crystal. The data 
for crystal B are the more accurate, as they were taken 
later with better technique, but the two sets of data 
give the same qualitative picture, namely a progressive 
increase with time of the changes noted above in con- 
nection with Figs. 3 and 4. Data for the two crystals 
are complementary to the extent that the runs made on 
crystal B concentrated on the early stages of the aging, 
whereas those on A emphasized the later stages. 

Several features of the results should be pointed out. 
The first is the systematic approach of the high-tem- 
perature conductivity of the annealed crystal to that of 
an undoped crystal. Therefore, in this region the phonon 
scattering power per manganese ion is decreasing. 
Another feature is the progressive decrease in the con- 
ductivity maximum. This has the effect of decreasing 
the slope of the curves at low temperatures. 

Also worthy of notice are the stages in the aging 
process in which the conductivity changes are most 
rapid. The most rapid changes occur after the greater 
part of the ions have precipitated. For example, Fig. 6 
shows that the relative conductivity near the maximum 
changes by barely 10% while the approximate fraction 
of dissolved manganese is decreasing from 55% to 19%, 
whereas the conductivity changes by 15% while the 
approximate fraction in solution is decreasing from 19% 
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Fic. 6. Details of the change in thermal conductivity with 
manganese precipitation for crystal B. The ordinate is the ratio 
of the conductivity after ¢ hours of annealing to that after 0.5 hr 
(Fig. 4). The approximate fractions of total manganese still in 
solution were 25%, 19%, 10%, and 3%, for the four curves in 
order of increasing t. 


to 3%. The data of Fig. 5, although not too precise, 
suggest that after this late rise, the rate of change of 
conductivity with increasing fraction of clustering levels 
off (below the point where about 10% are in solution) 
and finally decreases (below the 1% level). 

No information about the size or shape of the clusters 
can be learned from the magnetic resonance measure- 
ments. This is not so with the thermal measurements. 
Their quantitative response appears not to be a simple 
function of the fraction precipitated; another factor 
must be involved. Since the thermal conductivity 
changes are most pronounced during the later stages of 
the clustering process, when practically all the ions have 
precipitated, this factor is probably a change in the 
nature of existing precipitates. 


DISCUSSION 


An attempt will now be made to understand the 
general features of the experimental results. Attention 
will be directed primarily to (1) the conductivity of 
undoped NaCl, (2) the general form of the conductivity 
curve for NaCl:MnCle, and (3) the effects of man- 
ganese precipitation. 


The ‘‘Pure”’ Crystal 


Crystal C was grown from oxygen-free material with 
no intentional dopings. The question of its defect con- 
centration must now be considered. 


Dislocations 


Quantitative etch-pit counts were not performed, but 
a qualitative visual observation was made, which was 
consistent with a pit density of 10*/cm?-10°/cm?, the 
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value observed in undeformed LiF by Sproull ef ai." 
and in KCI by Slack.” Such a dislocation density would 
not be expected to contribute noticeably to the thermal 
resistivity (if the results on LiF can be taken to apply 
to other alkali halides’). 


Chemical Impurities 


In the Appendix of reference 1 it was mentioned that 
this crystal contained about 50 parts per million calcium 
and 10 to 100 ppm aluminum. Judging from the results 
of Slack on KCI:CaCl:," and the present work on 
NaCl:MnCl., these concentrations of multivalent im- 
purities would have a marked effect on the thermal con- 
ductivity, provided that they were in solid solution. As 
will be shown below, however, one can give a reasonably 
good quantitative explanation of curve C without in- 
voking appreciable scattering from these impurities; 
thus they are presumably not atomically dispersed 
throughout the crystal and may not even be in ionic 
form. 

Finally, a small amount of scattering could result 
from whatever oxygen-containing anions were left after 
the chlorine treatment. 


Isotopes 
Isotope scattering is thought to be the predominant 
impurity effect in crystal C. According to Klemens,‘ its 
contribution to the reciprocal relaxation time is given 
by Eq. (1) with 


A= (a°/4r)0-T. 


Here a’ is the molecular volume, v is the velocity of 
sound, and I’ is the mean square fractional deviation of 
the masses of the various isotopic combinations in the 


unit cell: [=>°; fi:(Am,/m,)*, where f; is the fractional 
abundance of combination 7. For NaCl, f= 2.17X10™. 
A was computed using a *=2.23XK10" cm™* and 
v=3.85X 105 cm/sec. The velocity of sound was com- 
puted from the Debye temperature using @=320°K.*° 
The result for A was 1.35X10™ sec’. 


Calculation of Conductivity 


As mentioned above, there are problems associated 
with the calculation of the thermal conductivity when 
the relaxation time is proportional to w*. The method 
of calculation used here is the simple model applied to 
germanium by Callaway® and to LiF by Pohl.” With 
this method the conductivity is calculated from 


1 wD hater kT : 
K= f m a (4) 
Qm2v dy RT 2(eh*/#T 1)? 
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334 (1959). 

20 J. A. Morrison, D. Patterson, and J. S 
Chem. 33, 375 (1955). 


Dugdale, Can. J. 


DISSOLVED MnCl, 1983 
where wp is the Debye frequency, wp=k6/h. Here r is 
the ‘‘combined” relaxation time, whose reciprocal equals 
the sum of the scattering rates for the various processes. 
Other scattering processes are provided by three- 
phonon interactions and the boundary. According to 
Casimir,” the boundary scattering rate is given by v/L 
with L=z'W. W is the width of the crystal, assumed 
square. The total three-phonon scattering rate is 
probably correctly expressed in the form 
|B, exp(—6@/aT)+ By |w*T*; however, the simpler ex- 
pression, Buw’7*, gave reasonable agreement, and it was 
used instead. The coefficient B was obtained from the 
measured conductivity at 35°K using an approximate 
expression for the “high” temperature conductivity 
derived from Eq. (36) of Callaway’s paper®: 


most 


K=k*/ (6hBvT?). 

The measured value of W (6.55 mm) did not give a 
good low-temperature fit to the data; a much better fit 
resulted from a value 1.6 times larger. This lack of 
agreement could point to the presence of a significant 
amount of specular reflection at the crystal surfaces. 
The surfaces were rough, however, and Pohl obtained 
quite good agreement with his artificially roughened 
LiF crystal.!* Another explanation for the present result 
could be a lack of exact validity of the Casimir expres- 
sion for NaCl, perhaps because an “average” sound 
velocity had not been computed correctly, or because 
differences between boundary scattering of longitudinal 
and transverse phonons were not correctly treated. 

The'total reciprocal relaxation time was obtained by 
adding the three scattering rates described above. Con- 
ductivity curves were calculated by a numerical inte- 
gration of Eq. (4). The results for different A values 
appear in Fig. 7. Curve 1 is the curve that would be 
expected for chemically and isotopically pure NaCl 
(A=0). Curve 2 corresponds to the value of A given by 
isotope scattering. It agrees reasonably well with the 
measured curve for the “‘pure”’ crystal, but two features 
should be discussed. The first is the higher conductivity 
shown by the measured curve for temperatures between 
7° and 20°K. The computed curve probably could be 
made to agree by reinserting a small exponential term 
in the three-phonon scattering rate. This would make 
the position of the conductivity maximum coincide 
more exactly with that of the measured curve. The 
second feature is the higher low-temperature conduc- 
tivity of the calculated curve. After the high-tempera- 
ture adjustment provided by the inclusion of the ex- 
ponential term, this low-temperature effect would 
probably make the height of the maximum of the com- 
puted curve about 20% higher than that of the meas- 
ured curve. This fact could be explained by the presence 
of a small amount of scattering by residual chemical 
impurities. 


21H. B. Casimir, Physica 5, 495 (1938 
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Fic. 7. Comparison of measured thermal conductivity curves 
of pure (C) and MnCl.-doped (M) NaCl with computed curves. 
The curves were computed for various amounts of Rayleigh scat 
tering (additive scattering rate= Aw‘). The value of A, in units of 
10-“ sec?, for the various curves is: curve 1, A4=0; curve 2, 
A =1.35; curve 3, A=4.90; curve 4, A =30 


General Features of the Conductivity of 
NaCl: MnCl, 

Curve M in Fig. 7 is the initially measured conduc- 
tivity of crystal B. It should be compared with curve 4, 
which was calculated for a value of A of 30X10™ sec 
The order of magnitude agreement is good, but, as was 
found with the pure crystal, there are some qualitative 
discrepancies. In this case, however, the high-tempera- 
ture disagreement is too great to be repaired by the use 
of the same exponential term that would probably give 
agreement for the pure crystal. Curve 4 would still be 
below curve M at high temperatures and above curve M 
at low temperatures. A Rayleigh scattering cross section 
as used with the Callaway model does not seem to 
produce detailed agreement with experiment ; the actual 
defects apparently scatter more strongly at low tem- 
peratures. This is exactly the behavior observed in™ 
KC1:CaCl, and in” LiF with F centers, the earlier work 
that motivated the present investigation. 

Although the shape of curve 4 does not agree pre- 
cisely with experiment, its magnitude may be a sig- 
nificant quantity. Equation (3) was generalized by 
Klemens’ to include other Rayleigh scattering processes 
by writing 

(3a*/mv*)S°F, (5) 
where S* is the dimensionless parameter that describes 
the strength of the scattering, and F denotes the frac- 
tional concentration of the impurity. For mass scatter- 
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ing, S*=1/12 with F=1; for scattering by a change in 
atomic linkages, Klemens estimated the contribution to 
S? to be §(A//f)?; and for scattering due to a change 
in linkages accompanied by a distortion of the lattice 
the contribution was 24(AR/R)*. The nearest-neighbor 
distance is denoted by R, and the force constant by f. 
Another calculation is that of Carruthers, who esti- 
mated the strength of the Rayleigh scattering by the 
strain field around a point defect.’ His result is 
(x/3)75y*e. Here y is Griineisen’s constant and equals 
about 1.6 for NaCl; the parameter € gives the fractional 
amount of volume misfit for the impurity ion relative 
to the lattice ion. 

The value of A for curve 4 « orresponds to a value of 
2.9 for S* at the concentration of manganese in crystal 
B. This result is much greater than that expected from 
mass scattering. At long phonon wavelengths it is the 
mass change averaged over several unit cells that 
appears in Am. Since most of the manganous ions have 
a vacancy nearby, the proper Am to take is that of one 
MnCl, molecule with respect to two NaCl molecules. 
In this case, Am/m is about 0.08, and S? is three orders 
of magnitude too small. Since (Af/f)? cannot reasona- 
bly be much larger than unity, the predicted scattering 
from atomic linkages is also too small. As for the effect 
of lattice distortion, a 30% change of R 
would be needed, according to Klemens, to give an S&° 
of 2.9. This would correspond to 
volume and seems somewhat high. 


a> ] 
onal 


frac 
a 100% change in 


Agreement is obtained with Carruthers’ strain field 
scattering estimate using a fractional volume misfit of 
0.12, not unreasonable. His model, therefore, gives the 
best agreement. This conclusion is quite weak, for it 
ignores two important considerations. The first has 
been mentioned above, namely, the difference in shape 
between the theoretical and experimental curves and 
its implication in terms of a non-Rayleigh scattering 
mechanism. The second consideration is the likelihood 
that about half of the manganese had already precipi 
tated by the time of the conductivity measurement. 
This is the conclusion drawn from the spin resonance 
results shown in Fig. 2. The abc ve quantitative esti- 
mates would require revision before being applicable to 
clusters. 


Changes Accompanying Manganese 
Precipitation 


The observed thermal conductivity changes were dis- 
cussed in connection with Figs. 3 through 6. The out- 
standing single feature of all the data is the low-tem- 
perature behavior, whi h does not exhibit any sizeable 
decrease upon annealing; in fact, { exhibits an 
increase. Thus, there is no empirical evidence that the 
lack of agreement (between the prediction based on 


crystal 


Rayleigh scattering and the extra low-temperature re- 
sistivity observed experimentally) is attributable to 
phonon scattering by clusters. This does not mean, 
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however, that clusters are definitely not responsible for 
the anomaly, because measurements could not be made 
during the very early stage of the clustering process. It 
is possible that this early stage was accompanied by 
the appearance of the extra low-temperature resistivity, 
which quickly saturated, or even decreased, during the 
later stages of clustering. The data give no hint of such 
a process, however, and thus it seems that the cause of 
the anomaly must lie elsewhere. 

The actually observed changes upon aging are diffi- 
cult to explain. Unfortunately, there is no independent 
information about the size and shape of the precipitates, 
as might be obtained by x-ray or electron microscope 
studies. Miyake and Suzuki have studied a related 
system produced by doping NaCl with a few percent 
CaCls.228 These authors studied x-ray diffraction 
patterns of the heavily doped crystals that indicated 
the presence of disk-shaped precipitates, 10-20 A thick 
and 100-200 A long oriented normal to the [111] and 
[310 ] directions. This suggests that disks might also be 
found in the manganese-doped crystals. 

A disk-shaped precipitate is also suggested by the 
crystal structure of pure MnCl». The lattice can be 
considered as formed from a face-centered cubic, close- 
packed, Cl~ lattice that has the layers of octahedral 
voids between the close-pac ked planes alternately filled 
with Mn** ions and empty.™ This structure would be 
obtained by removing every other close-packed layer of 
Na* in NaCl and replacing the remaining positive ions 
with Mn**. The resulting layer structure corresponds 
to a noncubic distortion of the NaCl lattice having a 
7°% higher lattice constant. 

It may be possible for the MnCl, precipitates to grow 
in layers having the structure of pure MnCl, but dis- 
torted somewhat, lying in close-packed planes of the 
host lattice and in registry with them. With a precipi- 
tate density at all like that of the bulk material, one 
would expect that the host lattice would have to close 
the gap left by the atomically more dense precipitate 
by displacing itself in a direction normal to the pre- 
cipitate plane. The strain field resulting from this dis- 
placement would be similar to that of a dislocation loop. 

An additional scattering process, which would take 
place even in the absence of a strain field, would result 
from a change in sound velocity in the precipitate as 
compared with the host lattice. To make a realistic 
estimate of the scattering cross section resulting from 


these two processes would require a major effort, par- 


2S, Miyake and K. Suzuki, J. Phys. Soc. Japan 9, 702 (1954). 
*2K. Suzuki, J. Phys. Soc. Japan 10, 794 (1955). 
2*R. G. Wyckoff, Crystal Structures (Interscience Publishers, 


Inc., New York, 1951), Vol. 1, Chap. IV, p. 21. 
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ticularly for phonon wavelengths comparable with the 
size of the prec ipitate. 

We pointed out earlier that the experiments suggest 
a change in the nature of the precipitate during the 
later stages of the aging process. One explanation of this 
is that initially the clusters are too small to be stable 
and are continually evaporating and reforming from 
the “vapor” of surrounding point defects. Details of 
this process can be obtained from discussions of nuclea- 
tion.”® The small size of these ‘‘embryos” might explain 
why the aging-induced conductivity changes were so 
small. 

The more rapid late conductivity changes may be an 
indication of the appearance of a stable precipitate. 
This would occur when the “vapor pressure” of the 
point defects and embryos would become sufficiently 
great to enable some stable clusters to form. 


SUMMARY 


(1) The low-temperature thermal conductivity of 
quenched NaCl:MnCl, was found to be qualitatively 
similar to that found in KCI :CaCl, and Lif containing 
F centers ; it cannot be explained in detail by a Callaway- 
type calculation using a Rayleigh scattering cross 
section. 

(2) Nevertheless, rough quantitative agreement was 
obtained, which suggested, albeit weakly, that strain- 
field scattering was the primary scattering mechanism 
for ‘isolated defects.” 

(3) The changes observed during clustering of MnCl. 
were small and rule out the interpretation of the dis- 
crepancy in item (1) being caused by coherent scattering 
by precipitates. This strengthens the belief that the 
above discrepancy is an inherent property of the 
atomically dispersed defects. 

(4) The conductivity results suggest the onset of a 
new stage in the precipitation process after most of the 
ions have clustered. 
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The specific heats of four bec Ti-Mo alloys have been measured 
between 1.1° and 4.3°K, and at atomic fractional Mo concentra- 
tions between 0.0625 and 0.0860 (sufficient to stabilize the bee 
phase). The normal state molar specific heats can be represented 
by the usual expression C,=y7+8T*, where it is commonly as 
y «N(E,p), the energy density of electronic states at 
the Fermi energy, and 8 <@p-*. For each of the alloys the apparent 
electronic superconducting state specific heat for 1.3< (T/T) <2.6 
can be represented as C,,/y7-=aexp(—bT./T) where a=10.5, 
b=1.52, and the superconducting transition temperature, 7., is 
taken as the midpoint of the rather broad (~0.45 K 


sumed that 


) Super- 


I. INTRODUCTION 


ALORIMETRIC measurements on alloys at liquid 

helium temperatures are of potential interest from 
several different standpoints. Accurate measurements 
as a function of temperature in this region normally 
allow a separation of the electronic and lattice contri- 
butions to the specific heat and yield values for the 
energy density of electronic states at the Fermi energy, 
N (Ep), and the limiting low-temperature value of the 
Debye temperature, 9p. The magnitude of V(Fr) as 
a function of alloying may offer information concerning 
the electronic energy band structure. Aside from ob- 
taining information on band structure per se, an under- 
standing of certain fundamental metallic properties 
may be enhanced by correlating their alloying depend- 
encies with those of V(r) and 6p, since these are im- 
portant single parameters characterizing the electron 
and phonon distributions. Then too, specific heat meas- 
urements as a function of temperature and alloying may 
help to elucidate the nature of any special ordering 
processes, such as superconductivity, which occur in 
the temperature region of measurement. 

The present investigation’ of helium temperature 
specific heats of Ti-rich bec Ti-Mo alloys is of some 
interest in all of the above respects. Earlier transport 
property measurements? showed that the electrical 
resistivities of these alloys are high (~140 ywohm-cm 
just above the superconducting transition tempera- 
tures), that the solute concentration dependence as 
well as the temperature dependence of the resistivity 
is unusual, and that the alloys become superconducting 
at liquid helium temperatures with resistive supercon- 
ducting transition temperatures increasing rapidly as 
a function of Mo concentration. The relevance of the 

* This research was supported by the U. S. Atomic Energy 
Commission. 

1 For a brief report of this work see R. R. Hake, Proceedings 
of the Seventh International Conference on Low-Temperature Physics, 
1960 (University of Toronto Press, Toronto, 1960). 

?R. R. Hake, D. H. Leslie, and T. G. Berlincourt, J. Phys. 


Chem. Solids 20 (to be published). 


conducting transition. The measured values of T., @p, and y are 
all rapidly varying and nearly linear functions of atomic fractional 
Mo concentration, f. At the mean solute concentration 
( f=0.0742): T-=2.59°K, dln7T./df=+16.7; 6p5=337°K, 
d\ln@p/df=—6.2; y=5.45  millijoules/mole (K°)?, dIny/d/ 
=d InN (Er)/df=+ 7.7. On the basis of the Bardeen Cooper 
Schrieffer theory of superconductivity, the relative variations of 
T., 9p, and N( Er) indicate that the electron-electron interaction 
parameter of that theory, A, is a relatively slowly varying function 


of solute concentration (d InA /df=—3.0). 


present calorimetric results to the resistive behavior 
has been previously indicated,'? and in this paper 
emphasis will be placed upon the interrelationship of 
T., N(Er), and the electronic band structure. In ad- 
dition, the temperature and alloying dependence of the 
apparent electronic superconducting state specific heat 
will be discussed. 


Il. APPARATUS AND EXPERIMENTAL METHOD 
A. Method 


Fairly standard methods of low-temperature calorim- 
etry®* were employed in these measurements. The 
discontinuous heating method was used. An accurately 
measured small amount of heat was supplied to a therm- 
ally isolated specimen coupled to a “core” containing 
a resistance heater and a temperature-calibrated carbon 
resistor thermometer. The heat input, AQ, divided by 
the resultant measured temperature rise, AT, gave the 
average heat capacity of the specimen and core over the 
temperature range AT (~0.03 K°). For each alloy speci- 
men about fifty such determinations were made in the 


temperature region between 1.1° and 4.3°K. The rela- 
tively small heat capacity of the core alone was deter- 
mined in the same manner in a separate experiment. The 
709 


data reduction was accomplished via an IBM 
computer. 


B. Cryostat 


Figure 1 shows a schematic view of the lower portion 
of the calorimeter cryostat. A 0.17-in. diam hole is 
drilled through the specimen so that it can be placed 
over the copper core to which are attached the carbon 
resistor thermometer and the manganin wire heater 
coil. The thermometer is a nominal 39-ohm, 1/10-w, 
Allen-Bradley carbon resistor having a resistance of 
=340 ohm at 4.3°K and 12000 ohm at 1.1°K. 


3P. H. Keesom and N. Pearlman in Encyclopedia of Physics, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1956), Vol. XIV, 
p. 282. 

*D. H. Parkinson, Repts 


Progr. Phys. 21, 226 (1958 
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Adequate thermal contact between the specimen and 
core is achieved by tightening a copper nut so that the 
specimen is pressed down firmly against a beryllium- 
copper spring. The core is suspended inside a brass can 
by thin nylon threads. Two pairs of spiraled supercon- 
ducting Nb wire leads (0.002-in. diam) connect the 
heater and thermometer to lead-through terminals at 
the bottom of the can. Each pair of Nb leads connects 
to separate copper current and potential leads in the 
liquid helium bath. The can may be opened at the soft 
solder joint and specimens can be easily interchanged 
without rewiring. Thermal contact between the core- 
specimen assembly and the liquid helium bath surround- 
ing the can is made and broken by the use of a mechani- 
cal heat switch similar to that described by Webb and 
Wilks.® Using the heat switch, the specimen and core 
can be cooled from room temperature to the lowest 
temperature attainable by pumping on the outer liquid 
helium bath (~1.1°K) without the introduction of any 
exchange gas. Opening the switch at the lowest tem- 
peratures in order to isolate thermally the specimen 
results in a heat input of about 20 ujoules, sufficient to 
raise the temperature of the present specimens only 
about 0.005 K°. The liquid helium vapor pressure bulb 
is toroidal and has a total volume of about 20 cm*. 
The bulb connects with manometers through a vac- 
uum-jacketed thin-walled stainless steel tube which 
is thermally connected to the helium bath just above 
the vapor pressure bulb by means of a copper radiation 
trap. 


C. Measurement of Heat Capacity 


1. Heating Curves 


After a specimen had been cooled to ~1.1°K, the 
heat switch was opened and measurements of the heat 
capacity were begun. The measuring current through 
the carbon resistor thermometer was varied from 0.5 ya 
at the lowest temperatures to 10 wa at the highest, so 
that the resultant power dissipation in the thermometer 
was less than 10~§ w below 2.5°K and less than 3.7 10~* 
w above 2.5°K. The voltage across the thermometer 
was balanced against that of a Rubicon six-dial thermo- 
free potentiometer, the off-balance signal being ampli- 
fied and displayed continuously as a function of time on 
a fast-response millivolt recorder. Analysis of the off- 
balance voltage drifts measured during the present 
experiment showed that the background heat influx 
with specimen and bath at the same temperature aver- 
aged about 310-8 w (18 ergs/min), after care had been 
taken to reduce vibration to a minimum. With specimen 
and bath at different temperatures the thermometer 
drifts indicated an effective thermal conductance be- 
tween the two of about 7X10-* w/K°®, being a factor 
of two higher or lower depending on the temperature 
of the Nb leads and nylon supports (since their thermal 
conductivities are temperature dependent). 


’ F. J. Webb and J. Wilks, Prov 
(1955). 
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Fic. 1. Schematic view of the lower portion of the calorimeter 
cryostat. 


Figure 2 shows some typical heating curves traced 
from the recorder chart. The overshoot of the thermom- 
eter which is apparent in these traces is evidently due 
to the low thermal conductivity of the alloy specimens, 
since no thermometer overshoot was observed during a 
test run on a pure Cu specimen. Directly after the heat 
input the off-balance signal was rezeroed so that the 
amplifier and recorder were used essentially as null 
indicators. The thermal isolation of the specimen was 
such that the drifts before and after the heating period 
were effectively linear. Extrapolation of these drifts to 
the midpoint of the heating period determined the drift- 
corrected voltages 1’, and V, across the thermometer 
(hence, corresponding thermometer resistances Ry and 
R,) before and after the heating period. The heat input 
is calculated from the voltages V;, across the heater coil 
and V,, across a standard resistor, R,, in series with the 
coil; and the heating time, 7, as read to 0.001 sec ona 
timer (actuated by the same relay which switches the 
heating current) powered by a 60-cps frequency stand- 
ard. The heat capacity, C, at (7.+7>)/2 is then taken as 
7 7R (T.—T;), 


C=AQ/AT= (V1 (1) 


from 


where 7,,(R,) and 7;(R,) 


thermometer calibration.: 


are obtained the 








(b) 





Fic. 2. Typical heating curves (traced from the recorder chart). 
Time increases from right to left. (a) Ti—0.0650 Mo specimen 
0.586 mole) plus core, heat No. 23. Approximate values of perti- 
nent data: outer helium bath temperature, 1.1°K; average speci- 
men temperature, 2.42°K; heating power, 9.33X10-° w; heat 
input, 3.51X10-* joule; heating period, 37.7 sec; temperature 
increase of specimen, 0.0434 K°; voltage calibration signal, 
42 pv. (b) Ti—0.0650 Mo specimen plus core, heat No. 56. 
Approximate values of pertinent data: outer helium bath tem- 
perature, 4.2°K; average specimen temperature, 4.19°K; heating 
power, 9.34X 10~ w; heat ir , 5.60X 10 joule; heating period, 
60 sec ; temperature increase of specimen, 0.0373 K°. The notations 
n the traces have the following meanings: C, voltage calibration 
"S, shift of trace via potentiometer voltage shift; 1, 

t switched into heater from standby heater; 2, heat- 

1 out of heater to standby heater; 3, thermom- 


1 specimen equilibrate 


2. Thermometer Calibration 


Upon completion of the heating curve measurements, 


the carbon resistor thermometer was calibrated against 
the vapor pressure of liquid helium. Helium exchange 
gas was admitted to the vacuum chamber surrounding 
the specimen in order to insure good thermal coupling 
between specimen, vapor pressure bulb, and liquid 
helium bath. Calibration points were taken every 0.2 K° 
between 1.1° and 4.3°K. At each point the temperature 
of the outer helium bath could usually be held constant 
to better than 10-* K°/min by the use of a Wallace and 
Tiernan regulator at high pressures and an electronic 
heat-pulse regulator® at lower pressures. In order to 
reduce variable temperature gradients in the helium 
bath above thea point, 0.2 W Was dissipated in a resistor 
at the bottom of the helium bath during regulation.’ 
The vapor pressures were measured by means of 22 mm 
i.d. mercury and oil manometers read to 0.02 mm with a 
Wild Heerbrugg cathetometer. Above the \ point the 
vapor pressure of liquid helium in the vapor pressure 
bulb was measured. Below the A point the vapor pres- 
bath 


sure of the outer helium was measured, since 


*R. R. Hake and D. E 
(1956). 

7F. E. Hoare and J. E. Zimmerman, Rev. Sci. Instr. 30, 184 
(1959). 


Mapother, J. Phys. Chem. Solids 1, 199 
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thermomolecular pressure differences in the tubes con- 
necting the vapor pressure bulb to the manometers 
become significant below the A point,® whereas the need 
for the hydrostatic head correction in a deep bath of 
liquid helium disappears. The vapor pressure readings 
were transcribed directly onto a recorder chart which 
maintained a continuous record of the 
thermometer voltage together with standard voltage 
reference signals taken from across a decade resistor 
in series with the thermometer. 

The vapor pressure readings were reduced to stand- 
ard temperature and gravity and converted to tempera- 
tures using the 1958 He' Scale.® It was found that these 
temperatures, 7, could be represented as a function of 
the thermometer resistance, R, to within 0.04 K° at 
1.1°K and 0.005 K° at 4.0°K using the two-parameter 
equation 


off-balance 


T,=logioR/(A logioR+ £), 


with A=+0.70832 and E= —1.0291. An error curve, 
(T,—T) vs T,, readable to 10~° K°, was plotted for each 
calibration series and used along with (2) to determine 
T,(R,) and T;(R;) in (1). For five runs made consecu- 
tively with the present apparatus (after elimination of 
a small Nb lead the maximum 
separation of the five error curves was 0.003 K°, occur- 
ring at about 4°K. It is uncertain whether this small 
shift was due to a change in the resistance of the ther- 
mometer or to varying thermal gradients during the 
calibrations. No discontinuities of more than 0.001 K° 
in the error curves are evident at the X point, such as 
might be expected if thermal gradients were responsible 
for the calibration shifts. 


(2) 


contact resistance) 


3. Errors 


Each of the quantities on the right of (1) is known 
to better than 0.1% except (7,.—T7»). Random errors of 
about 0.3% in (T,— 7») may occur due to uncertainties 
associated with the extrapolation of the temperature 
drifts to the midpoints of the heating periods. Systematic 
errors of about 0.5% may arise because of uncertainty 
in vapor pressure temperature calibration, as discussed 
recently by Phillips.'® It is estimated that all other pos- 
sible sources of systematic error (including that due to 
uncertainty in the value of the core heat capacity) 
result in a total possible systematic error in each heat 
capacity determination of +1°%%. A determination of 
the specific heat of pure copper using the present ap- 
paratus yielded y=0.700+0.003 mjoule/mole (K°)* 
and Ap = 345.6+0.7°K, where the errors are probable 
errors as calculated by the method of least squares." 


The estimated systematic error is +1% in both y and 


8 T. R. Roberts and S. G. Sydoriak, Phys. Rev. 102, 304 (1956 

*F. G. Brickwedde, H. van Dijk, M. Durieux, J. R. Clement, 
and J. K. Logan, J. Research Natl. Bur. Stnadards 64A, 1 (1960). 

0 N. E. Phillips, Phys. Rev. 114, 676 (1959). 

See for example H. Margenau and G. M. Murphy, The 
Mathematics of Physics and Chemistry (D. Van Nostrand Company, 
Inc., Princeton, 1943), p. 502. 
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4p. These values agree within the combined systematic 
plus random error limits with those quoted by Rayne” 
from his own work" and that of Corak et al." of 


y=0.687+0.012 mjoule/mole (K°)? and @p=344.5 


+ 3°K, where the errors are the random errors plus an 
estimated +0.5% systematic error. 


D. Heat Capacity of the Core 


The heat capacity of the core alone was measured in 
a separate run. The total weight of the copper core with 
carbon resistor and manganin wire heater coil was 5.38 g. 
The measured heat capacity of the core could be repre- 
sented between 1.1 and 5°K as 
C.(T) = (0.057340.0013)T 


+ (0.00562+0.00009)7°, (3) 


where C,(T) is in mjoules/K°. The error limits are the 
probable errors as calculated by the method of least 
squares. For the alloy specimens measured in this experi- 
ment the core constituted a maximum of 4.3% of the 
total heat capacity [for the Ti-0.0625 Mo specimen 
(i.e., f=atomic fractional Mo concentration=0.0625) 


at 4.3°K ]. 
E. Specimens 


Relevant metallurgical considerations regarding be¢ 
Ti-Mo alloys and their preparation have been previously 
summarized,” and only brief mention of such informa- 
tion will be made here. The bec phase of pure Ti is 
stable from the melting point down to about 1156°K, 
at which point it transforms martensitically to the low 
temperature stable hcp phase. Addition of Mo to Ti 
lowers the bec to hcp transformation temperature, and 
above these temperatures there is complete solid solu- 
bility of Mo in bee Ti. Microscopic examinations of 
Ti-Mo alloys which have been quenched from the region 
of solid solubility to room temperature indicate com- 
plete bec phase retention in alloys with atomic frac- 
tional Mo concentrations, f, such that f>~0.05 ac- 
cording to Hansen et al.,!° or f>0.058—0.068 acc ording 
to Duwez."' 

Weighed amounts of Foote Mineral Company crystal- 
bar, iodide-process Ti of nominal purity 99.92% and 
\. D. MacKay, Inc. Mo of nominal purity 99.9% were 
melted together in a laboratory arc furnace utilizing a 
‘cettered”’ argon atmosphere, a water-cooled copper 
hearth, and a tungsten electrode. Each of the alloys 
was turned over and remelted at least six times to pro- 
mote homogeneity. Weight loss of the calorimetric 
specimens was in each case less than 0.035% so that 
alloy composition could be adequately determined from 


12 J. A. Rayne, Phys. Rev. 110, 606 (1958). 

3 J. A. Rayne, Australian J. Phys. 9, 189 (1956). 

4 W. S. Corak, M. P. Garfunkel, C. B. Satterthwaite, and A 
Wexler, Phys Rev. 98, 1699 (1955). 

15M. Hansen, FE. L. Kamen, H. D. Kessler, and D. J. McPher 
son, Trans. AIME 191, 881 (1951 


16 P. Duwez, Trans. AIME 191, 765 (1951). 


SOME Ti-Mo ALLOYS 1989 


2 


C/T (MJ/MOLE °K“) 
@ 


> 


12 
(°K?) 





oO 
°o mu 


2 
¢ 


T 


Fic. 3. C/T vs T? for different atomic fractional 
concentrations, f, of Mo 


the weights of the starting materials. Upon breaking 
the are a rapid quenching of the melt, in contact with 
the water-cooled copper hearth, occurred. The arc- 
melted buttons (about 32 g each) were measured 
calorimetrically in the as-cast condition (the only fabri- 
cation was the drilling of a 0.17-in. hole through the 
centers of the buttons for the accommodation of the 
core). Since Ti is extremely reactive, it was felt that the 
risks of contaminating the specimens during the cold 
working and the lengthy high temperature annealing 
required to improve the alloy homogeneity outweighed 
the danger that the calorimetric results might be seri- 
ously influenced by the coring which is commonly 
observed in as-cast Ti-Mo are-melted buttons. Previous 
work? showed that the removal of all microscopic evi- 
dence of such coring from one bee Ti-Mo alloy strip 
(by severe cold working and subsequent vacuum anneal- 
ing at 1000°C for 9 hr) caused no significant departures 
from the usual resistivity, Hall effect, or resistive super- 
conducting behavior observed in specimens cut from 
the as-cast arc-melted buttons. The widths of the calori- 
metrically measured superconducting transitions (AT 

0.45 K°, see Table II and Fig. 3) together with the 
measured solute concentration dependence of T, 
(dT../df=43, from Fig. 4) suggest a total spread in 
solute concentration over the cored regions in each of 
the buttons of no more than about +0.5 atomic percent. 
The macroscopic inhomogeneity could be less than this 
if, as seems likely, the transition breadths are deter- 
mined primarily by “statistical inhomogeneity” (see 
Sec. III-A), and/or if strains contribute to the transi- 
tion broadening. 

X-ray, micrographic, electrical resistivity, and hard- 
ness examinations in this laboratory” on sections cut 
from the inner portions of as-cast arc-melted buttons 
have always indicated complete bec phase retention 
(with no indication of w phase) for Ti-Mo alloys arc- 
melted as described above with 0.0708< f<0.2327. 
X-ray lattice parameter determinations (solid surface 








>, T-, and @p vs atomic fractional concentration, 
f, of Mo. 


back reflection data taken with a Norelco diffractom- 
eter, spinning specimen) on such alloys are in reasonable 
agreement with the results of Hansen ef al.!® Resistivity 
measurements between 1.1° and 300°K on such speci- 
mens have given no indication of a crystallographic 
phase transformation below room temperature.” 
Because the calorimetric specimens were prepared in 
an identical manner and from the same starting mater- 
ials as reported in the earlier transport property work,? 
it was not considered necessary to subject the higher Mo 
usual x-ray, micro- 
’ resistivity, and hardness tests. However, upon 
completion of the specific heat measurements, the calori- 
metric specimen with the Mo concentration 
(Ti-0.0625 Mo) into sections and examined. 
Microscopic and x-ray observations on four different 
surfaces exposed by cutting through the button near 
the center, where the quenching time was probably 
longest, indicated that the button was entirely bec with 
a lattice parameter of 3.265+0.005 A as expected for 
Ti-0.0625 Mo from previous x-ray work.? The micro- 
scopic observations also disclosed the usual degree of 
coring. Since no hcp material was seen, it is evident that 
the Mo-lean regions must contain at least 5-6 atomic 


concentration specimens ‘to’ the 
graphic 


iowest 


cut 


was 


percent Mo.'®'* The average of twelve hardness read- 
ings taken over two of the four surfaces was DPH 250 
(range 245-255), showing that the presence of w phase 
in this specimen was unlikely. 

The results of resistivity and Hall coefficient measure- 
ments on two sections cut from the calorimetrically 
measured Ti-0.0625 Mo specimen are listed in Table I. 
The data for the two specimens are nearly the same and 
are in excellent agreement at all temperatures with 
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extrapolations to f=0.0625 of previous resistivity and 
Hall coefficient data for bec Ti-Mo alloys with 0.0708 
< f<0.2327.2 As in previous work, the Hall coefficients 
were magnetic field independent up to the highest 
measuring fields (30 kgauss). The resistive supercon- 
ducting transitions of the two specimens were also 
nearly identical (at equal measuring current densities) 
and similar in shape to those measured earlier in other 
bec Ti-Mo samples.? At measuring current densities 
on the order of 60 amp/cm?, the extrapolations of the 
steep linear portions of the p vs T curves intersected 
the p=0 axes at 1.7°K, a temperature close to the maxi- 
mum of the Ti-0.0625 Mo specimen specific heat vs T 
curve (similar in shape to the curves shown in Fig. 3). 


III. EXPERIMENTAL RESULTS 
A. Superconducting Transitions 


Figure 3 shows C/T vs T? plotted for the four bec 
Ti-Mo alloys of different atomic fractional Mo con- 
centrations. The negative slope portions of the curves 
are due to the superconducting transitions. The relative 
position of the peaks shows that the superconducting 
transition temperature, 7., increases rapidly as Mo 
concentration is increased, in agreement with earlier 
resistive determinations.” For each of the alloys, 7. has 
been taken as the midpoint temperature of the rather 
broad (AT~0.45 K°) negative slope transition region. 
The 7, values are listed in Table II and plotted as a 
function of Mo concentration in Fig. 4. At the mean 
solute concentration, f=0.0742: 

T.=2.59°K, dInT./df=+16.7, (4) 
(i.e., a 16.7% increase in T. per atomic precent increase 
in Mo). Similar sensitivity of 7. to alloying addition 
has been observed by Matthias'’:'* in other transition 
metal alloy systems. The present observed increase 
in 7. with solute concentration is consistent with the 
Matthias regularities!’ in that as Mo is added to Ti 


the average number of “‘valence”’ electrons per atom 


TABLE I. Results of electrical resistivity (p) and Hall coeffi- 
cient (R) measurements on two specimens, (1 and Q2, cut from 
the left and right sides, respectively, of the middle portion of the 
bee Ti-0.0625 Mo calorimetric specimen after completion of the 
specific heat measurements. 


p (uwohm-cm) R (10-5 cm*/Coulomb) 
or Q2 ol Q2 
149.0 148.9 +22.4 +22.1 
149.5 149.0 
149.6 149.3 
148.1 147.8 
147.9 147.7 


7B. T. 
edited by C. J. Gorter (Interscience Publishers, Inc., New York, 
1957), Vol. II, p. 138. 


Matthias in Progress in Low-Temperature Physics, 


18 B. T. Matthias, V. B. Compton, H. Suhl, and E. Corenzwit, 
Phys. Rev. 115, 1597 (1959). 
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TABLE IT. Specific heat results for bec Ti-Mo alloys. 


T, 
(°K)4 


a ~ Op (°K)° r (%)° 
0.0625 
0.0650 
0.0754 
0.0860 


36443.3 
35442.7 
337419 
310+2.0 


2.04 
2.23 


2.60 
3.09 


0.46 
0.25 
0.29 
0.14 


4.90+0.014 
5.06+0.013 
5.56+0.014 
5.88+0.019 


* Atomic fractional Mo concentration. 
Electronic specific heat coefficient in units of millijoules/mole (K°)*. 
Only the probable error is indicated. Estimated systematic error is +1% 
Debye temperature. Only the probable error is indicated. Estimatec 
ystematic error is +3%. 
1 Superconducting transition temperature (transition midpoint). 
\verage percentage residual of normal state data points (¢ 
linear least-squares fit of C/T to T°. 
f Superconducting transition breadth (as defined in the text). 
* Number of data points taken in the normal state. 


T) from 


moves closer to 5. Matthias ef al.'* have recently ob- 
served that addition of Cr, Mn, Fe, or Co to bee Ti 
produces increasing transition temperatures up to aver- 
age valence electron per atom concentrations of 4.4 
to 4.7. 

Inhomogeneity appears to be the most likely cause 
of the relatively broad zero-field superconducting transi- 
tions often observed in superconducting alloys. It is 
uncertain that this inhomogeneity need be of a macro- 
scopic type, for it can be argued'® that even in perfectly 
random solid solution alloys, statistical fluctuations in 
composition over domains of size comparable to the 
superconducting electronic ‘‘coherence distance,’”® £, 
could result in considerable broadening of the super- 
conducting transition if £ is short and T, is a strongly 
varying function of composition. In the case of the 
present high-resistivity alloys the electronic mean free 
path, and therefore &, should be relatively small. This 
small £, together with the observed high value of d7,./d f, 
suggests that statistical “inhomogeneity” could be pri- 
marily responsible for the broad transitions, although 
macroscopic inhomogeneity (some degree of coring has 
been observed in similarly made alloys?) and strains 
also probably play a role. It can be shown that Gaus- 
sian compositional distributions appropriate to £70 A 
would result in transition shapes similar to those ob- 
served (Fig. 3), but would not significantly alter the 
net electronic specific heat in the normal or supercon- 
ducting states from that which would be observed if 
every domain of dimension é had the average or nominal 
composition of the alloy.2! The small range of coherence 
in these alloys might also help to account’ for their 


9 A. Calverley and A. C. Rose-Innes, Proc. Roy. Soc. (London) 
A255, 267 (1960). 

20 T,. E. Faber and A. B. Pippard in Progress in Low Tempera- 
ture Physics, edited by C. J. Gorter (Interscience Publishers, 
Inc., New York, 1955), Vol. I, p. 159. 

21 In the pertinent calculations it is assumed that (a) a domain 
of average atomic fractional solute concentration, fa, undergoes 
a discontinuous superconducting transition at a 7, determined by 
fa in accordance with Fig. 4, (b) a domain has electronic specific 
heats of the form indicated in (5) and (11) where y and 7. are 
determined by fa in accordance with Fig. 4, and (c) that the elec- 
tronic specific heat of the alloy is determined by the sum of inde 
pendent contributions from the individual domains. 
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proclivity to display zero resistance in the presence 


of magnetic fields of 20-30 kgaus 
B. Normal State 
In the normal state above the peaks due to the super- 
T vs T? 
indicating that the usual relationship 


C,(T)=yT+8T 


conducting transitions the ¢ curves are linear 


(5) 
is obeyed by these alloys. Here y7 and 67° are normally 
identified as, respectively, the electronic and lattice 
contribution to the specific heat. For each of the alloys 
the data in the linear C/T vs T° region were used to 
obtain values of y and 8 and their probable errors by 
the method of least squares.'' The scatter of the individ- 
ual data points from the least squares fits appeared to 
be random. For each alloy the average percentage re- 
sidual, r, is listed in Table II, along with the value of 
+ and the value of @p as calculated from the relationship* 


Op= (1.944/8)!K 10? °K, (6) 


where 8 is in mjoules/mole (K°)*. The probable errors 
in ¥ II include those of the 


core heat capacity (3). The estimated systematic errors 
are +1% for y and 


6p are plotted as functions of the atomic fractional Mo 


and @p indicated in Table 


+3 for @p. The values of y and 
concentration in Fig. 4. The solute concentration de- 
pendence of both y and @p is surprisingly high. At the 


mean solute concentration, f=0.0742: 


y=5.45 mjoules/mole (K°)*,  d Iny/d 


°K, dln6p/df 


? 


6p =337 2. 


If, as is normally assumed, 7 then from 


d\InN(Er)/df 


C. Superconducting State 


For each of the alloys the electronic contribution, 
C,;, to the superconducting state specific heat was sepa- 
rated from the total superconducting state specific heat, 
C,, by assuming that the lattice contribution to C, was 
BT*, where 8 was determined in the normal state above 
the zero-field superconducting transitions: 


C..(T)=C,(T)—BT*. (10) 
The value of 8T* is at most 3% of C, (for the case of 
Ti-0.0625 Mo at 1.1°K). Thus the uncertainty in C,, 
due to the possibility that (a) the value of 8 might be 
slightly temperature dependent below 4°K (this would 
not be expected since the lowest @p is 310°K), or (b) the 
value of 8 might be different in the normal and super- 


conduc ting states”: (but see reference 24), is expected 


2C. A. Bryant and P. H. Keesom, Phys. Rev. Letters 4, 460 
(1960). 
3H. A. Boorse, A. T 
Letters 5, 246 (1960). 
4B. S. Chandrasekhar and J. A. Rayne, Phys. Rev. Letters 6, 
3 (1961). 


Hirshfe ld, and H. Leupold, Phys. Rev. 
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t =0.0625 
t =0.0650 
f=0.0754 
f=0.0860 | 


T, 
-152(£ 
Ces /7T,=10.5e (+) 


/T 


The reduced superconducting s 
o/yT ec, vs T-/T for « 
f, of Mo 
‘.=3(T/T 


tate electronic specific 

it atomic fractional concentra 

For comp n the once accepted relationship 
is also shown 


to be small. In Fig. 5, logy(C../yT 
function of reduced temperature, T 


is plotted as a 
T. For comparison, 
a curve describing the once accepted relationship 
C../yT-=3(T,/T.)* is also shown. The linearity of the 
curve describing the data points indicates that for each 
of the alloys the apparent C,, is exponential in (1/7) to 
within experimental error, as has been found to be the 
case for many pure element superconductors in this 
same range of reduced temperature, 1.3< (T./T)<2.6."8 
The apparent superconducting state electronic specific 
heats for these alloys obe ya law of ¢ orresponding states 
such that 

yT.=a exp(—bT,./T) (11) 
with a=10.5 and 6=1.52. 


close 


These a and 6 values are 

to those observed for the superconductors Sn, 

V, Ta, and Nb in the same range of reduced tempera- 

ture.** According to the BCS theory of superconduc- 
11) is approximately valid in the region 
T)<6 with a=8.5 and 6= 1.44.7" 

The apparent a and b values as obtained graphically 
(Fig. 5) depend upon the choice of T,., and it can be 
seen from (11 © change in the T, value used 
in plotting the data as in Fig. 5 will result ina -e% 
change in the apparent values of a and b. The T, values 
listed in Table II and used in Fig. 5 were obtained from 


that a te 


25 For a review see M. A. Biondi, A. T. Forrester, M. P. Gar 
funkel, and C. B. Satterthwaite, Revs. Modern Phys. 30, 1109 
1958). 

26 J. Bardeen, L 
108, 1175 (1957 
le | Bardeen 


N. Cooper, and J. R. Schrieffer, Phys. Rev. 


and J. R. Schrieffer (to be published). 
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large scale plots of C vs T, T 
+Tmin)/2 where Tmax and Ty,in are, respectively, the 
temperatures at the maximum and minimum heat 
capacities on the low and high temperature sides of 
the transitions. It is believed that any other reasonable 
convention for picking the transition midpoints would 
result in J, values at most +0.01 K° different from those 
listed in Table I. Thus the uncertainty in @ and 6 values 
due to the arbitrariness of choosing T, ranges from 
+5% for the Ti-0.0625 Mo specimen to +3% for the 
Ti-0.0860 Mo specimen. The transition breadths, AT, 
defined as (Tmax—TZ min) are listed in Table LI. That 
it should be the transition midpoint which is used for 
T. in calculating values of a and 6 appears reasonable 
considering that the observed specific heat in the super- 


being taken as (Tax 


conducting state is probably not significantly different 
from that which would be observed in a strictly 
“homogeneous” alloy of the same nominal composition 
(Sec. HI A). Such an ideal alloy would have a T. very 
close to the observed superconducting transition mid- 
point of the actual alloy. 


IV. DISCUSSION 
A. Solute Concentration Dependence of T 


An interesting feature of the present results is the 
rapid increase in both the electroni sper ific heat coeffi- 
cient, y, and the superconducting transition tempera- 
ture, 7., as Mo concentration is increased. According 
to the Bardeen-Cooper-Schrieffer (BCS 
superconductivity”™ 

kT. = 1,14 hus Av exp{—V,, TA Ey | 


L 


theory of 


or, approximately, following Morel, 
T.=0.850p exp{ —V./LN (Ep)A ]}. 


Here V (Er) is the normal state energy density of elec- 
tronic states at the Fermi level for one spin direction 
per mole, V,,, is the molar volume, and A is the electron- 
theory. Differen- 
tiating (13) with respect to solute concentration, f: 


electron interaction parameter of the 


d\nT, df =d |Inép df-+ [In 0.854,/T 
Xd InA df+d InV(Er)/df—3d Inp df |, 14 


where # is the lattice parameter (p< V, 
urements in this laboratory? indicate 


. X-ray meas- 


d |Inp/d f= —0.064, (15) 


at the mean concentration of Mo for the present alloys, 
f=0.0742. Inserting into (14) this value and values for 
the other quantities appropriate to f=0.0742 from (4 
(8), and (9), we obtain 


d |nA/df=—3.0. (16 


Thus if the calorimetric data are analyzed within the 
framework of the BCS theory, they indicate that the 


1959 


28 P. Morel, J. Phys. Chem. Solids 10, 277 
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electron-electron interaction parameter of that theory is, 
in the present case, a relatively slowly varying function 
of solute concentration. Goodman et al.”® have deduced 
that A is not appreciably dependent upon solute con- 
centration in the case of superconducting bec U-Mo 
alloys via a similar analysis of their calorimetric results. 

In order to explain the Matthias regularities for 
transition metals and alloys on the basis of the BCS 
theory, Pines*® has suggested that in these metals A 
and (Er) are to a large extent decoupled and that 
A is much the same for all of them. The observation of 
maxima in T, at n~3, 5, 7 for transition metals and 
alloys [n is the average number per atom of “valence” 
electrons (i.e., electrons outside closed shells in the free 
atom) | might then be attributed, according to (12), 
to similar maxima in V(r) as a function of n. N(E,F) 
as obtained from electronic specific heat measurements 
on pure transition metals in the 4th, 5th, and 6th 
periods does show (qualitatively speaking) such maxima 
when plotted versus n.4 That N(E,r) for the alloys 
studied by Matthias should vary in approximately 
the same manner with n, regardless of the crystal 
structure is a matter of some conjecture however. 
Direct calorimetric measurements on series of super- 
conducting alloys appear to offer a good means of study- 
ing the Matthias regularities (or any unusual alloying 
dependence of T,'**') in the light of the BCS theory, 
since such measurements provide values not only for 
T. but also for V(Er) and @p. Although the present 
results are in substantial accord with Pines’ suggestion, 
more data of this type over wide concentration ranges 
in different alloy systems are required before meaningful 
generalization can be made. 


B. Band Structure 


If Pines’ interpretation is accepted, then it would ap- 
pear that the 7, vs m regularities observed by Matthias 
imply the existence of a similar d band for all the transi- 
tion metals [it is assumed that contributions to V (Ep) 
from other bands are small ], the only effect of alloying 
them together being to change the position of the Fermi 
level in this band in accordance with the change in the 
valence electron concentration. The recent electronic 
specific heat results of Cheng ef al.” on various bec 3d 
transition metals and alloys are at least not in marked 
disagreement with a rigid-band model, and show peaks 
in the apparent \V(Er) vs » curve at n~4.5-5 and 
n=~6-6.5. The present results (4.125<n<4.172) lend 
some added support to the existence of a peak beyond 
**B. B. Goodman, J. Hillairet, J. J. Veyssié, and L. Weil, 
Proceedings of the Seventh International Conference on Lox 
Temperature Physics, 1960 (University of Toronto Press, Toronto, 
1960 

D. Pines, Phys. Rev. 109, 280 (1958). 

'B. T. Matthias, M. Peter, H. J. Williams, A. M. Clogston, 
E. Corenzwit, and R. C. Sherwood, Phys. Rev. Letters 5, 542 
1960). 

2 C. H. Cheng, ¢ 


’. T. Wei, and P. A. Beck, Phys. Rev. 120, 426 
1960). 
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n=4. If it is assumed that a rigid-band model applies 
in the present case, that each Mo atom contributes two 
excess electrons to the conduction band, and that the 


Sommerfeld relationship, 
v¥=3rkN (Ep), (17) 


is valid, then it can be shown that the observed linear 
dependence of y on f implies that near the Fermi levels 
of the present alloys 
N(E) 
d InN (E)/dE 1 where V(£) is the 
energy density of electronic states for one spin direction 


F exp(GE), (18) 


with G =+8.9(ev 
as in (17).** Due to the various assumptions and approxi- 


mations, (18) can be considered as only suggestive. 
For comparison, a similar analysis of the nearly linear 
y vs f relationship observed by Hoare and Yates™ for 
Pd-rich Pd-Ag alloys yields (18) with G 
Even more energy-dependent \V (/) functions near n=6 
are suggested by the work of Cheng, Wei, and Beck.” 

It has been suggested that apparent y values may not 
be simply related to V(r) as in (17) because of heat 


capacity contributions linear in T which are associated 


—6.9(ev)—. 


with lattice vibrational or magnetic effects. Jones® has 
shown that lattice-electron interactions may give rise 
to such a term due to the effect of thermal excitation of 
the conduction electrons on the elastic shear constants 
and thus on the zero-point lattice vibrational energy. 
This effect is expected to be large when the Fermi 
surface touches a zone boundary. Marshall*® has dis- 
cussed another such linear-in-7 contribution to the heat 
capacity which may occur due to the alignment of the 
moments of paramagnetic ions in dilute metallic solu- 
tion. In the present case, it seems unlikely that either 
relation 
], where V is the number of 


$ Equation (18) is obtained via integration of the 
2NdE=dn=2df =2dN/(0.212(dy/d} 


electronic states of one spin direction at the Fermi level per (ev 


atom), #' is the valence electron concentration per 
the excess valence of the solute, f is the atomic 
concentration, and y is the electroni 
millijoules/mole (K°)? so that from Eq. (17 
dy/df to be constant (see Fig. 4), the integration yields Eq. (18 
with G=0.424 (dy/df)/s= (0.424) (42)/2=8.9 (ev). F in Eq. 
(18) is 1.05 states of one spin direction/(ev) (atom) if the zero 
of energy, E, is taken at the Fermi level of the Ti-0.0625 Mo 
specimen. In this derivation dy/d/ is assumed to be due entirely to 
the change in the valence electron concentration in a completely 
rigid band and lattice expansion due to alloying is not taken into 
account. Taking y to be a function of m and V,,, the molar vol 
ume, the contribution to dy/df from lattice expansion is 
s=(dy/0V dV,,/df)= 8 InVm)ny3(d Inp/df), where p 
is the lattice parameter. Using Eq. (15), 0.70 at f=0.0742 
if (0 Iny/d InV,,), has the free electron gas value of 4; and Eq. 
(18) still holds to a approximation with G=+9.0. If 
8 Iny/d INnVm)n=+4 as indicated for Ta by measurements of 
the pressure dependence of the supe critical field 
[see C. A. Swenson and C. H. Hinrichs, Proceedings of the Seventh 
International Conference on Low-Temperature Physics, 1960 
University of Toronto Press, Toronto, 1960), and J. L. Olsen 
and H. Rohrer, Helv. Phys. Acta 33, 872 (1960) ], then s=—4.2 
at f=0.0742 and Eq. (18) still holds to a good approxiniation 
with G=+9.8 

*F. E. Hoare and B 
42 (1957 

°>H. Jones, Proc. Roy 


6 W. Marshall, Phys. Rev 


atom, ¢ 1S 
fractional solute 
heat coefficient in 
N=0.212y. Taking 


specihc 


] 
0 in) 


good 


rconducting 


Yates, Proc (London) A240, 


Roy. Sor 


A240, 321 (1957). 
1960). 


London 


118, 1519 


Soc 
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of these effects could be important since this would 
most likely produce divergence from the observed cubic 
plus exponential temperature dependence of the specific 


heat in the superconducting state. 


C. Superconducting State Electronic 
Specific Heat 


Although the breadths of the superconducting transi- 
tions observed in these alloys cause a degree of un- 
the interpretation of the observed super- 
conducting state specific heat, the close agreement of 
the data for all the alloys (Fig. 5) strongly suggests 
superconducting state electronic 
specific heat, C../y7T., is very similar in its magnitude 
and exponential temperature dependence to that ob- 
served in several pure element superconductors in the 
same range of reduced temperature (1.3<7./T<2.6). 
According to both theory*® and experiment***" the elec- 
tronic energy gap in superconductors is appreciably 
temperature dependent for (T./T)sS Since the 
electronic specific heat is directly related to the gap 
width, the present results could be taken to indicate 
high-resistivity alloys have a temperature- 


certainty in 


} L, } 
lat the reduced 


5 


that these 
dependent gap rather similar to that of many pure- 
element superconductors. This is in accord with the 
ideas of Anderson** who has suggested that even very 
intense electronic scattering in ‘dirty’? superconductors 


, Phys. Rev. 119, 575 (1960). 
Solids 11, 26 (1959). 


7P. L. Richards and M. Tinkham 


38 P. W. Anderson, J. Phys. Chem 
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should not cause departure from the usual energy-gap 
type behavior. At present detailed comparisons of C, 
with theory are most profitable at higher values of 
T./T than those achieved here, where the gap width 
is expected to be constant. In this region results on 
several pure-element superconductors indicate devia- 
tions of C,,(T) from the BCS expression®” and in 
some cases these have been attributed to anisotropy 
of the energy gap. According to Anderson** no such 
anisotropy should be expected in high-resistivity alloys, 
and thus measurement of their superconducting state 
electronic specific heats to high values of T./T might 
offer a better test of the predictions of the isotropic-gap 
BCS theory than do measurements on pure-element 
superconductors. 
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T. H. K. BArRRon 
Department of Physical and Inorganic Chemistry, The University, Bristol, England 
(Received May 12, 1961) 


This paper resolves some of the difficulties recently pointed out 
by Rosenstock in the theory of the lattice vibrations of ionic 
crystals of NaCl or CsCl structure. Long optical waves in these 
crystals (but not in crystals with only short-range forces) are 
seen to be purely longitudinal and transverse. With the electro- 
static approximation, the Lyddane-Sachs-Teller equation (w;/w;)? 
= €)/€« holds independently of the boundary conditions for modes 
in which the phase of the ionic vibrations is effectively constant 
over distances which are large compared with the lattice spacing; 
such modes must be either curl-free or divergence-free, with respec- 
tive frequencies w; and w;. If both curl and divergence vanish, the 


1. INTRODUCTION 


OSENSTOCK' has recently pointed out some pop- 
ular misconceptions in the theory of the long 
“optical” vibrations in ionic crystals, and in doing so 
has raised some interesting problems. Among his points 
are the following: 

I. Even in the limit as the wave vector k — 0, optical 
modes as well as acoustic modes are in general neither 
purely longitudinal nor transverse, except in directions 
of crystal symmetry. Rosenstock demonstrates this 
using a two-dimensional model with short-range inter- 
atomic forces, and concludes that since waves are 
neither transverse nor longitudinal in this simple ex- 
ample, they will in general be neither transverse nor 
longitudinal in the complicated examples of real ionic 
crystals. 

II. In contrast, the Lyddane-Sachs-Teller? (L.S.T.) 
equation relates longitudinal and transverse frequencies 
for long optical waves in binary ionic crystals with cen- 
tral symmetry : 

(w/a) ) 2 (1) 


where €o and ¢,, are the dielectric constants for low and 
high frequencies, respectively. Furthermore, this rela- 
tion has been derived? using the cyclic boundary condi- 
tion; but with this boundary condition Rosenstock 
claims to show quite generally that at the limit k=0 
all optical modes have the same frequency, whether or 
not we allow for Coulomb retardation. This implies 
that all long-wave frequencies should tend to the same 
limit as k—> 0, in contradiction to (1). 

III. This contradiction may perhaps be due to the 
cyclic boundary condition, which in this application 
may be invalid for two reasons: (i) its validity has been 
established not for individual normal modes but only for 
statistical problems involving the normal mode dis- 
tribution, and (ii) even then, only for crystals with 
short-range forces. The breakdown of the cyclic bound- 
ary condition may mean that the normal modes are 

1H. B. Rosenstock, Phys. Rev. 121, 416 (1961). 


2R. H. Lyddane, R. G. Sachs, and E. Teller, Phys. Rev. 59, 
673 (1941). 


frequency is indeterminate unless boundary conditions are speci 
fied, so that there is a singularity but no inconsistency as the wave 
number k — 0. When Coulomb retardation is taken into account 
this singularity disappears, and the frequency at k=0 is found to 
be w; the range of validity of the Lyddane-Sachs-Teller equation 
is then 10-*>k“™>10-6 cm. 

Reasons are given for believing that the cyclic boundary con- 
dition is valid for the thermodynamic properties of large ionic 
crystals, though this is not proved rigorously ; specific boundary 
conditions may, however, be important in reflection and absorp- 
tion of infrared radiation. 


not simple plane waves, and in particular that modes 
for which k=0 may not exist. Rosenstock accordingly 
concludes that the L.S.T. relation (1), based as it is by 
implication upon cyclic boundary conditions and re- 
stricted to a range of k which is small but not precisely 
defined, cannot be considered quantitatively established. 

The present paper resolves some of these problems. 
It is shown that a short-range force model is not a 
reliable guide for the behavior of long wave motions in 
ionic crystals, which are in fact purely longitudinal or 
transverse for wavelengths which are long compared 
with the lattice spacing ; and that for such waves the de- 
rivation of the L.S.T. relation by the “macroscopic” 
theory of Born and Huang’ does not depend essentially 
upon the cyclic boundary condition, but merely on the 
assumption that long transverse and longitudinal waves 
exist. Furthermore, allowance for Coulomb retardation 
in the macroscopic theory leads to three vibrations at 
k=0 of equal frequency, in agreement with Rosen- 
stock’s general theorem, while in an electrostatic model 
the frequencies for k= 0 are indeterminate—a possibility 
not considered by Rosenstock. The cyclic boundary 
condition thus does not lead to any inconsistencies, 
but its validity has yet to be proved. 


2. POLARIZATION OF LONG OPTICAL MODES 


Let us first consider how the polarization of optical 
modes comes about in a crystal with only short-range 
forces. We shall consider throughout cubic crystals with 
two atoms in a primitive cell, such that each atom is a 
center of symmetry—.e., crystals with either NaCl or 
CsCl structure. For any wave vector k in the direction 
of a cubic axis, the directions of polarization are deter- 
mined by crystal symmetry; there is one longitudinal 
mode of frequency w; and two transverse modes of 
frequency w;. But as k—0 (A— ~), all interacting 
pairs of atoms are vibrating at approximately the same 
phase, so that an individual atom vibrating in the direc- 
tion Oy has only a slight indication from its neighbors 


M. Born and K. Huang, Dynamical Theor, 


of Crystal Lattices 
(Oxford University Press, New York, 1954). 
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as to whether it is taking part in the motion of a trans- 
verse wave with wave vector along Ox or a longitudinal 
wave with wave vector along Oy. It follows that 
w,/w;— 1 as k— 0, and that at k=0 the three modes 
become completely degenerate. This degeneracy is 
lifted when k#0 by the difference in phase between 
neighboring primitive cells, However small this may be; 
along certain symmetry directions there will still be 
degeneracy of the two transverse vibrations, but since 
the crystal structure is not isotropic the degeneracy ir 
most directions will be wholly lifted, and the vibrations 
will be neither purely longitudinal nor purely transverse. 

The situation is quite different in ionic crystals. Here 
for small k the long-range Coulomb forces will feel the 
effect of a finite wavelength much more strongly than 
the short-range forces. The approximation of Born and 
Huang’ is thus justified, in which as k— 0 the effect 
of finite wavelength on the short-range forces (including 
the Coulomb forces between near neighbors) is ne- 
glected, so that they provide merely an isotropic re- 
storing force. The polarizing effect is thus due to the 
Coulomb forces between distant neighbors; and the 
electric field on an ion due to distant neighbors can be 
considered as being a part of the ma roscopic electric 
field, and hence as dependent only on the electrical 
polarization at distant But the macroscopic 
theory of polarization of a cubic crystal is wholly iso- 
tropic, and does not involve the crystal structure. All di- 
rections of k are thus equivalent, and for each the long 


regions. 


optic al 


Such waves must be long compared with interionic dis- 


waves are purely longitudinal and transverse. 
tances, since otherwise the nonisotropic effect of the 
short-range forces cannot be neglected. 

It should be noted that the above argument does not 
apply to acoustic waves, since these do not polarize 
the crystal and consequently Coulomb forces between 
igible. 


distant regions are negli 


3. LYDDANE-SACHS-TELLER RELATION 
W e ne 


1) and in particular whether it depends upon the cy 


yw consider the validity of the L.S.T. relation 
1: 
ile 


boundary condition. Here we shall follow the electro- 
Huang, 


necessary and bringing out expli itly some of the 


static treatment of Born and correcting it 
where 
underlying assumptions. Retardation of the Coulomb 
| be discussed in Sec. 4. 


of Sec. 2 justifies the isotropic ““macro- 


forces V 
The argument 
equations of Born and Huang (p. 82) for all 


motions of the « ry stal whethe r waves or not 


a opi od 
in which 
the phase of the ionic vibrations is effectively constant 
over distances large compared with the ionic spacing. 


These eq 
wtb, E, (2) 
w+bwE, (3) 


where w to the displacement of the 


the negative ions, E and P 


proporti 


positive ions rela 
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are the macroscopic electric field and polarization, and 
b11, be, by2, and bo; are constants; the dimensions and 
amplitude of w are chosen so that 6;.=62;. From (2) 
and (3) Born and Huang derive a dispersion formula, 
the parameters in which can be identified with those in 
the phenomenological dispersion relation : 


€= Exot (€0— Ex) [1—(w Ww 2): (4) 


here €o and ¢,, are the low- and high-frequency dielectric 
constants, and w» can be regarded as defined experiment- 
ally by Eq. (4). Thus 811, d12, and 622 can be expressed 
in terms of the quantities €9, €,, and wo derived from 
experiment. 

In order to solve the equations of motion we need, 
in addition to Eqs. (2) and (3), the electrostatic field 
equations 


div D=div(E+47P)=0, (5) 


curl E=0. (6) 


Born and Huang proceed by splitting w into curl-free 
and divergence-free components, stating that this split- 
ting is unique, and then identify the two parts with 
longitudinal and transverse motion, respectively. It is 
this step that implicitly involves some assumption 
about boundary conditions, since in fact the splitting 
is not unique; any vector of the form grad ¢, where @ 
satisfies Laplace’s equation V°@=0, is both curl-free 
and divergence-free, and this is precisely the kind of 
field vector that will be affected by electrostatic bound- 
ary conditions. 

But the values of w; and w, do not depend on this as- 
sumption. Taking the curl of (2), 
have 


and using (6), we 


(07/0) (curlw) = };; curlw, 


showing at once that any mode for which the curl does 
not vanish identically must have an angular frequency, 
say w,, given by 

i a ee ee (8) 


Similarly, taking the divergence of Eqs. and (3), 
and then eliminating divP and divE with the aid of 


(5), we have 


(d2/0f)(divw) 
[ bi:— (4rd, bo,)/(1+49b 


(divw), (9) 


showing that any mode for which the divergence does 
not vanish identically must have an angular frequency, 
\ 


say w), given by 


w/? —b4+[4rb,.b. (1+42b wo-(€o/e.). (10) 


For any ionic ( rystal €9> €,, SO that w, and @, are neces- 
sarily different. It is impossible therefore to have modes 
in which neither the curl nor the divergence vanishes; 
either the curl or the divergence must vanish identically 

or of course both of them may vanish. Pure longi- 
tudinal waves are curl-free but not divergence-free, and 


pure transverse waves are divergence-free but not curl- 
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free, while waves that have both transverse and longi- 
tudinal components are neither. It follows that the only 
possible wave motions are pure longitudinal waves of 
frequency w;, and pure transverse waves of frequency 
w,;; these two frequencies satisfy the L.S.T. relation 
(1), which has thus been derived without any reference 
to boundary conditions. 

We have still to consider modes for which both C url 
and divergence vanish. For such modes the electrostatic 
Eqs. (5) and (6) are both trivial, and (2) and (3) are 
insufficient to determine the frequency, which can there- 
fore take any values including a, and a. The only 
‘waves’ of this type are those for which k=0; the result 
does not contradict Rosenstock’s general proof that in 
an infinite crystal the optical frequencies for k=0 are 
all equal, since this depends on the implicit assumption 
that the frequencies are determinate. Thus we see that 
mathematically there is a singularity in the frequency 
as k— 0, but physically this is not disquieting for two 
reasons: (i) we have neglected retardation of the Cou- 
lomb forces; (ii) in a finite crystal we cannot let k—> 0 
continuously and, as Rosenstock points out, there may 
be no modes for which k=0. If such modes do exist in 
a finite crystal with electrostatic forces their frequencies 
depend on the physic al boundary conditions.‘ 


4. RETARDATION OF COULOMB FORCES 


We must now determine how far the arguments of 
Sec. 3 depend upon the electrostatic approximation. 
When we drop this approximation, we can still retain 
Eqs. (2), (3), (5), but (6) must be replaced by the re- 
maining Maxwell’s equations: 

curlE= — (1/c)(dH/00), 
curlH= (1 c)[ (a Ot) ( E+ 4rP) |, 


divH=0, (13) 


(11) 


where we neglect the difference between B and H. The 
equations are still isotropic, so that we still have pure 
longitudinal and transverse waves. Since we retain 
Eq. (5) the derivation of w, is unaffected; this is not 
surprising because longitudinal lattice waves do not 
interact with electromagnetic waves. The transverse 
modes however do interact strongly in the range of wave 
vector for which their phase velocities are of the order of 
the velocity of light, and as k passes through this range 
the transverse electromagnetic waves change continu- 
ously into transverse lattice waves, and vice versa 
[see Born and Huang,’ Fig. 18(a) ]. The two transverse 
frequent ies are roots of the equation 


(14) 


(Rc?/w?) = eo + (€o— €.)wo?/ (wo? —w*) ], 


and as k 


to w). 


It is encouraging that the longitudinal and transverse 


> 0 the frequency of the lattice waves tends 


‘See, for example, A. A. Maradudin and G. H. Weiss, Bull. 
\m. Phys. Soc. 6, 22 (1961). 


OPTICAL \V 


IBRATIONS 1997 
waves now have the same frequency as k—> 0, but we 
must still see what happens when k=0. For k=0, we 
can write 


w= woe™?, (15) 


where Wo is a vector independent of position. Substi- 
tuting this in (2) and (3) we find that E and P are also 
of the same form: 


E= Eve“, P= Poe, (16) 


where Ep and Po do not vary with position. Equations 
(11) and (12) then become, respectively, 


oH /dt Q, 


curlH = (iw/c) (Ey +4rPp)e™*, 


(17) 
(18) 


and for w~O0 these are compatible only if the electric 
displacement vanishes : 


(19) 


0 is thus to 
give us an auxiliary equation, (19), which with (2) 


The effect of Coulomb retardation for k 


and (3) is sufficient to determine the frequency uniquely 
as w;. As Born and Huang have shown, this Is also the 
frequency which both longitudinal and transverse lattice 
waves have as k— 0. The singularity at k=0 found in 
approximation is thus removed by 
allowing for Coulomb retardation. 


the electrostatic 


The L.S.T. relationship is therefore valid only over a 
breaks down 
>0 and as k becomes large. The lower limit 


limited range of wave number, since it 
both as k 
of k can be found from Fig. 18(a) of Born and Huang,’ 
which shows that the effect of Coulomb retardation is 
very small for k>10(e for a typical 
ionic crystal. The upper limit is provided by the con- 
dition that the compared with 
interionic spacing, and so the L.S.T. relationship should 


Cc)™ 10° cm 


wavelength is large 


be valid to a very good approximation in the range 


10-*7 X27 10-* cm. 


~ ~ 


5. BOUNDARY CONDITIONS 


A. Size Effects According to the Cyclic 
Boundary Condition 


If the cyclic boundary condition is used, the normal 
modes have the form of waves in an infinite crystal with 
the restriction that k is allowed to have only certain 
discrete values. For a crystal of linear dimensions of 
order /, these permitted values of k form a lattice of 
points in reciprocal space with lattice spacing of order 
-, one of which is the point k=0. 

A complete set of independent modes is given by 
k values within the first Brillouin zone, at the boundaries 
of which k~ a! ~3X 10 cm“ for a typical ionic crystal. 
The optical modes are effectively longitudinal and trans- 
verse for k10-* cm™, and the L.S.T. relation holds 
in the range k210~4 cm", so that in a large crystal 


only one long optical transverse wave in a million 
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disobeys the L.S.T. relation. In small crystals (7 10~ 
cm) the electrostatic approximation is valid for all k 
except k=0, where there are three optical modes each 
of frequency «;; the L.S.T. relation holds for all other 
long waves. In very small crystals (/< 100 A) long waves 
are prohibited by the boundary condition, and we no 
longer have pure longitudinal and transverse waves. 


B. Use of the Cyclic Boundary Condition in 
Statistical Mechanics 


Rosenstock! has pointed out that the standard proofs 
of the validity of the cyclic boundary condition for 
calculating ‘‘bulk”’ thermodynamic properties depend 
upon the assumption that orily short-range forces are 
present, while in fact it has been widely used—together 
with the electrostatic approximation—in ionic crystals. 
This is indeed disquieting, but its validity seems plaus- 
ible on physical grounds. 

In ionic crystals the validity of the cyclic boundary 
condition could break down in two ways: (i) Because of 
the long-range forces the frequencies could become in- 
determinate (as for k=0 in the electrostatic approxima- 
tion); (ii) even if the frequencies are uniquely deter- 
mined, the motion predicted for the ions may differ 
from the motion in crystals with realistic physical 
boundary conditions. We have already seen in Secs. 3 
and 4 that the frequencies of long optical waves are 
uniquely determined, although these waves polarize the 
crystal and give rise to long-range effects ; this being so, 
it is difficult to see why the frequencies should not be 
uniquely defined for other modes. It is also worth noting 
that unique frequencies have been obtained in many 
detailed calculations (see Rosenstock! for references), 
although this cannot be regarded as conclusive without 
careful examination to determine whether these calcu- 
lations do not contain some additional assumption. 

If the frequencies are indeed uniquely determined, 
the cyclic boundary condition predicts a quite definite 
“bulk” frequency distribution as/]—> «. Use of the elec- 
trostatic approximation will make very little difference, 
since it only affects about one mode in every 10° in a 
well-populated frequency range. The cyclic boundary 
condition will be valid if the local motion of ions as 
l— ~ is indistinguishable from the motion of ions in 
the middle of a crystal with physical boundary condi- 
tions. Experimentally it is known that bulk thermody- 
namic properties exist, and hence that the motion of 
ions is similar in different internal regions of a crystal. 
Again it is difficult to see why this motion should be 
different from that predicted by the cyclic boundary 
condition, since those modes which might be expected 
to give the strongest long-distance Coulomb effects 
(i.e., those which in the interior of the crystal polarize 
it over regions which are large compared with the ionic 
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spacing) have frequencies w; and w, independent of the 
boundary conditions. (It should be remembered that 
the results of Sec. 2 were obtained without assuming 
that the normal modes were plane waves.) 

For statistical problems, therefore, the use of the 
cyclic boundary conditions seems plausible, although 
admittedly the foregoing arguments are no substitute 
for a rigorous proof. 


C. Interaction of Ionic Crystals with 
Infrared Radiation 


The three main experimental measurements are those 
of dielectric constant at frequencies well removed from 
resonance, of selective reflection from surfaces, and of 
selective absorption in thin films. Dielectric constant is a 
bulk property, and hence the cyclic boundary condition 
should be adequate; but both the other measurements 
obviously may involve surface effects. We can only agree 
with Rosenstock that the situation here is particularly 
complicated since, even without allowing for surface 
effects, the theory of the fine structure of the infrared 
adsorption spectrum is not simple.® 


6. SOME OUTSTANDING PROBLEMS 


(a) The theory of Born and Huang predicts that trans- 
verse optical waves with wavelength >10~-* cm should 
exist in large crystals with frequency w;. Are these waves 
sufficiently coherent for this to be physically meaningful, 
once we allow for anharmonicity and the imperfections 
present in even the best experimental crystals? If so, 
can the waves be detected by any means experimentally ? 

(b) Can a rigorous proof be found for the validity of 
the cyclic boundary condition for calculating bulk 
thermodynamic properties of ionic crystals? 

(c) To what -extent do surface effects invalidate 
existing theories’® of the interaction of infrared radia- 
tion with ionic crystals? 

Note added in proof. A proof of the validity of the 
cyclic boundary condition for a model representing an 
ionic crystal is given in a very recent paper on the 
lattice dynamics of alkali halide crystals®; it 
pointed out that the “macroscopic” theory given in 
Born and Huang’ is applicable only to optical modes 
whose wavelengths are short compared with the size 
of the crystal. I am grateful to Dr. Hardy for sending 
me a copy of this paper before publication. 
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Symmetry Properties of Warm Electron Effects in Cubic Semiconductors 


K. J. Scumipt-TIEDEMANN 
Philips Research Laboratory Hamburg, Hamburg, Germany 
(Received May 12, 1961) 


The constant 8 which describes the field dependence of the mobility u of warm clectrons according to 
u=po(1+ BE) is found to be anisotropic even for crystals of cubic symmetry. Furthermore, the directions 
of field strength and current density include an angle the tangent of which is given by E*(7y0/2) sing cos¢ 
X (1-3 cos’), where ¢ is the angle between the field situated in the (110) plane and the cubic axis, and yo 


is a constant. For silicon and germanium one finds the following symmetry relations: 


Biro =Bi —\Vo 2), 


B111=B100— (20/3), where the subscripts denote the direction of field strength. The theoretical results have 
been confirmed experimentally with n-type germanium of different impurity content. 


HIS paper is concerned with a group-theoretical 

analysis of the quadratic deviations from Ohm’s 
law in cubic semiconductors, the so-called warm elec- 
tron problem. Two effects have been observed: 


(1) Longitudinal effect. This is a variation of carrier 
mobility according to 


[ui(E) — po | ‘po= £28 (T,e1,€2,€3), (1) 


where yo is the zero-field mobility, E the field strength, 
ui(E) the mobility associated with the current com- 
ponent 7; in field direction, and 8 a function, for a given 
sample, of lattice temperature 7 and the direction 
cosines e; of the electric field? referring to the cubic axes. 
(2) Transverse effect. This is the appearance of a 
current component j; perpendicular to the direction of 

field strength: 
dil i= Ey (Tye1,€2,€3). (2) 


The functions 8 and y can be calculated when the dis- 
tribution function of the carriers in momentum space 
is known, which is obtained in principle by solving a 
Boltzmann equation. This meets, however, tremendous 
difficulties when the real band structure and the various 
kinds of scattering mechanisms are taken into account. 
Even the most elaborate treatments available* yield 8 
values which agree with experiments only in the range 
of pure lattice scattering and give, for y and for 8 of 
more impure samples, only the order of 
magnitude. 


correct 


It seems worthwhile, therefore, to look into the 
symmetry properties of the problem, since these admit 
of considerable simplifications of Eqs. (1) and (2). The 
results of the subsequent calculations which are valid 
for arbitrary types of band structure, scattering mecha- 
nisms, and electron statistics may be summarized as 
follows: 


J. B. Gunn, Progress in Semiconductors (John Wiley & Sons, 
In > New York, 1957), Vol. Z. p. 213; a: Phys. Chem. Solids 8, 
239 (1959). 

2M. I. Nathan, Bull. Am. Phys. Soc. 5, 194 (1960). 

3 W. Sasaki, M. Shibuya, K. Mizuguchi, and G. M. Hatoyama, 
J. Phys. Chem. Solids 8, 250 (1959); S. H. Koenig, Proc. Phys. 
Soc. (London) B73, 959 (1959). 

‘I. Adawi, Phys. Rev. 120, 118 (1960); J. 
K. Inoue, J. Phys. Chem. Solids 12, 1 (1959). 


Yamashita and 


(1) Longitudinal and transverse efiects in cubic 
semiconductors of crystal class 43, 43m, and m3m can 
completely be described, for a given sample, by two 
functions of lattice temperature only: 8 (7) and 
yo(T). 


(2) The angular dependence of 6 is given by 


BI T ,€1,€2,€3) Bot vo(>, e{- 1 )y (3) 


or, in particular cases, 


B100= Bo; Bi10= Bo— (Yo 2 Bin 


Bo— (2y0/3). (4) 


(3) The angular dependence of y turns out to be 


¥ (T,e1,€2,€3) = vo >. €;°— (> e;') }}. (5) 


— 


For the special arrangement used by Sasaki ef al.*: 


é€\>€o= (3)3 sing, €3=cosy¢, we obtain 


v(¢)= (yo/2) sing cosg(1-3 cos’ ¢). (6) 


The functions 8» and yo must still be calculated from a 
Boltzmann equation, but the numerical task has been 
reduced considerably since the field direction need not 
be varied. Furthermore, the function yo(7) can be de- 
rived from .two of the functions 8,;, mentioned in 
Eq. (4). This means that, for example, in the case of 
n-type Ge only a one-valley model (for 890) and a two- 
valley model (for 61:9 or 81:1) need be considered, thus 
avoiding the full treatment of a four-valley model. 

The interconnection of longitudinal and transverse 
effects as embodied in Eq. (4) has been checked experi- 
mentally by direct measurements of 8100, 8110, 8111, and 
y for two samples of different impurity content; see 
Table I. 


TasLe I. Warm electron mobility 


manium at 7=84°K, in units of 10~® cm? y~?. Calculated values 
are obtained from 81;)™*"* and > ‘by means of Eq. (4). The accu- 
racy of measurement is about 20°) and 59% for the low- and high- 
resistivity samples, respectively 


coefficients of n-type ger- 


N,; (cm) By p88 -yo™E*S By 1 :™E2S By P!€ Bp g™eas 


1.87 10% —3 7 — 3,8> 
1.25 <x 10" —69.8 —46 


e the E? region i 


garded timate of the maxi 
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A brief outline of the calculations is as follows. The 
current vector may be expanded into a power series of 


the electric field components: 


ja 


ooE[e +E? X hijeiejerert:--). (7) 


The linear term is Ss alar, and only odd powers occur in 
Warm electron effects are described by the 
whose 81 components 


the series. 
four-dimensional tensor / 
depend on the nature of the sample and the lattice tem- 
perature. The tensor is symmetric with respect to the 
last three subscripts. Crystal symmetry requires that 
the tensor (/) is invariant under the transformations of 
the point group of the lattice. This reduces the number 
of independent components to three or two for the 
cubic crystal classes 23, m3 or 43, 43m, and m3m, 
respec tively. 

The reduction can easily be accomplished by con- 
templating the conditions which are imposed on the 
tensor components by the generating elements of the 
group.’ Invariance under the point group 7 corre- 
sponding to class 23 reduces the tensor to seven inde- 


pendent, non-necessarily vanishing components’: 


1 2 


‘See, for example, H. Jagodzinski, Encyclopedia of Physics 
Springer-Verlag, Berlin, Germany, 1955), Vol. 7, p. 1. 

\ detailed calculation based on tensor transformation rules 
has been given by E. Poindexter, Am. Mineralogist 40, 1032 
1955). 
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The additional symmetry with respect to the last 
three subscripts, which is a consequence not of crystal 
symmetry but of the physical meaning of the tensor, 
makes the constants arranged in the same column equal 
to each other, thus leaving three independent 
components : 


Ayyy, Myy22, and foo}. 


number of constants for the 
crystal classes 23 and m3, since the inversion which is 
additionally present in the group T, corresponding to 
class m3 does not imply further reduction. 

The cubic classes 43, 43m, and m3m of higher sym- 
metry contain a fourfold axis which makes the coordi- 
nate axes completely equivalent. This leads to /yi22 
= hy). For this case, which applies to silicon and ger- 
manium, we define 


8 hii; Yor 
and obtain, by simplifying Eq. (7 
Ji=ook{e +i (8 —Yo)eityoe:® |}. (10) 


From here the calculation of Eqs. (3) to (6) is straight- 


forward. 
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The Fourier equation of heat conduction predicts the paradoxical result that the effect of a thermal 
impulse in an infinite medium will be felt instantaneously in all parts of the medium. In other words, a 
thermal impulse is propagated at infinite velocity. The result is paradoxical because it is incompatible 
with a dynamic interpretation of the mechanism of heat transfer in solids. In order to avoid this apparent 
paradox, Vernotte has proposed a modification of the Fourier hypothesis. This modification results in the 
transformation of the equation of heat conduction from a parabolic to a hyperbolic differential equation 
predicting finite velocity of propagation of thermal impulses. Vernotte’s proposal is shown here to have 
an exact electric analogy. The proposal is equivalent to postulating the existence of a heat transfer quantity 
which is analogous to the electric quantity inductance. The transformed equation of heat transfer is therefore 


analogous to the differential equation of telegraphy. 


INTRODUCTION 


[' it well known that the Fourier equation of heat 
conduction predicts infinite velocity of propagation 
of thermal impulses. This has usually been reconciled by 
reference to the statistical nature of the solutions. This 
paper shows that a recent revision of the Fourier hy- 
pothesis which eliminates this apparent paradox com- 
pletes the analogy between electricity and heat transfer. 


DISCUSSION 


The general partial differential equation of second 
order, 


(1) 


where the subscripts indicate partial derivatives, has 
physical characteristics whose differential equation is 


dt/dx=(B’+(B?—A'C')'/A’, (2) 
where A’, B’, C’, and D’ are, in general, functions of 
¢z, $1, x, and ¢. When one of the independent variables 
represents distance (x) and the other time (¢), Eq. (2) 
has the units of a reciprocal velocity. The velocity in 
question can be shown to be the velocity of propagation 
of an impulse along the characteristics. Designating 
this velocity as , it is found for the Fourier equation 
of heat conduction in one dimension, 


thermal 
conductivity, p heat.) In 
other words, the effect of a thermal impulse in an infinite 
medium is felt instantaneously in all parts of the 


v is infinite. (Here T 
density, and ¢ 


temperature, 


spec iti 


medium. 

This result is well known and has usually been ex- 
plained by attributing a statistical nature to the propa- 
gation of thermal impulses. But a physical interpreta- 
tion requires the mechanism of heat transfer to be of a 
dynamical nature, thus excluding an infinite velocity. 

rhe most recent attempt to eliminate this apparent 


paradox is due to Vernotte.! He argues that the Fourier 
hypothesis incorrectly predicts that the establishment of 
a temperature gradient occurs instantaneously. He con- 
cludes that the gradient should depend on the rate of 
change of heat flux and assumes a linear relationship 
between the two. The resulting differential equation of 
heat conduction predicts finite velocity of propagation 
of thermal impulses. 

This revision of Fourier’s hypothesis has completed 
the analogy between electricity and heat transfer. 
Previously no heat transfer quantity had been proposed 
which would be similar to the electrical quantity in- 
ductance. But Vernotte’s hypothesis completes the 
analogy by introducing a new quantity which makes the 
differential equation of heat conduction of exactly the 
same form as the differential equation of telegraphy. 
To describe this in mathematical terms, it will first be 
shown that when inductance is neglected the equations 
of telegraphy are of exactly the same form as the Fourier 
equations of heat conduction. 

Considering a noninductive transmission line along 
which no leakage occurs, Ohm’s hypothesis can be 
written 

—0V/dx= Ri, (4) 
in terms of properties per unit length of the conductor. 
(R is the uniformly distributed electrical resistance, V 
is the electrical potential and 7 the electric current.) 
This is an exactly analogous form to the Fourier 
hypothesis. The expression of conservation of charge 
for the line is 


where C is the uniformly distributed electrical] capac i- 

tance. This is exactly analogous to the expression of 

conservation of heat energy. Eliminating 7 between these 

two equations, the resulting differential equation of 
telegraphy is 

eV AV 

: (6) 

RC 0x a 
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This is an exactly analogous form to the Fourier equa- 
tion of heat conduction. The equation predicts infinite 
velocity of propagation of electrical impulses. Since this 
prediction is obviously in error the discrepancy must lie 
in Ohm’s hypothesis where the inductance of the line 
has been neglected. If its effect is included, Eq. (4) is 
modified as follows: 

OV Ot 
= Ri+L-, 


Ox 


where L is the uniformly distributed electrical induc- 
tance. Since sources and sinks have been excluded, 
Eq. (5) remains unchanged and elimination of 7 between 
Eqs. (5) and (7) results in the correct differential equa- 
tion of telegraphy ; 


—RC—=0. (8) 
at 

Equation (7) is exactly analogous to Vernotte’s 
hypothesis. Considering, as usual, 7, Q (heat flux), 
1/k, and pc to be analogous to V, 7, R, and C, respec- 
tively, and introducing a new constant 7, analogous to 
the heat transfer 

equation analogous to Eq. (7) would be 


L/R and having the units of time, 


oT P at ) 
-=Q+7r—. (9) 
Ox al 


his is the revised form of the Fourier hypothesis pre- 
sented by Vernotte. When Q is eliminated between Eq. 
9) and the expression of conservation of heat energy 

alogous to Eq. (5), a new differential equation of heat 


onduction arises; 
(10) 


gous to Eq. 8). It is easily shown 

, Satisfies Eq. (8) and, analogously, 
satisfies Eq. (10). Substituting the values of 
', B’, and C’ in Eq. (2), it is found that 


k/rpc)?, (11) 


tion of thermal impulses for 
ase is therefore finite. t this velocity is the maxi- 


num velocity of propagation is most easily shown by 
following example. When the surface temperature 
ni-infinite slab is allowed to vary sinusoidally, 

a solution of Eq. (10) for the temperature distribution 
in the slab is 


(12) 


where @ T- , ing a reference te mperature), 


§6n—Im—T, (T, being the maximum temperature), w 


ULBRICH 


the angular frequency of temperature variation, and 


wec\?}t w?}3 ; 
g — _ : (13) 


> 


k Vo 
k 


wpc\* , wy) 
“ye 


Equation (12) represents a temperature wave moving 
into the slab with the velocity 


1 pe\*}? 1 \ 
2/| +{ — + ' 
Vo! kw 02) 


e( 


n° (14) 


4 
L Loo! 
Ps 
| vot 


Ww 
v=V2-= (15) 

n 
Since all the properties of the material have been as- 
sumed to be independent of temperature, then for a slab 
of given material, v is a function of w only. It therefore 
assumes its minimum value (v=0) when w=0, which 
corresponds to no temperature change at the surface, 
and its maximum value 
corresponds to an impulse. 

The equations presented so far are applicable only to 

one-dimensional heat conduction without internal heat 
generation. However, they are easily extended to the 
three-dimensional case and to include heat sources and 
sinks. When this is done, the general differential equa- 
tion of heat conduction becomes 


which 


(v=v0) when w=, 


k flo: . 
—V-T=r +—-—Q’"—+ 
pc or at al 


ag” 
(16) 


where Q’”’ is the internal heat generation per unit 
volume. When heat losses (or gains) are proportional 
to the temperature such that Q’” can be written 


ed 


then Eq. (16) becomes 


—aT, (17) 


per OT [pc 7 10T a 
4+ +4 4 


Vr a ; (18) 
k ae lk kia k 
which is an exactly analogous form to the general dif- 
ferential equation of telegraphy with a analogous to the 
leakage conductance. 

Although Vernotte’s proposed revision of Fourier’s 
hypothesis adequately circumvents the paradox of in- 
finite velocity, no apparent physical justification can be 
offered for the addition of the second term on the right 
side of Eq. (9). Each of the heat transfer quantities 
k and pc can be shown to have physical justification by 
arguments similar to those which justify the existence 
of the electrical quantities R and C. But no argument 
which justifies the existence of L can be used as a basis 
in explaining the existence of the quantity tr. Whether 
or not 7 actually exists and is of appreciable magnitude 
can be determined only by future experiment and further 
research into the mechanism of heat transfer in solids. 





PHYSICAL REVIEW 


VOLUME 123, 


NUMBER 6 SEPTEMBER 15, 


Thermal Variation of the Pitch of Helical Spin Configurations 


M. J. FREISER 
International Business Machines, Research Center, Yorktown Heights, Nex 
(Received March 7, 1961 


When the method of Luttinger and Tisza for finding the classical ground state of a system of spins with 
Heisenberg interactions is applicable, it yields a configuration with the same periodicity as the ordered state 


existing just below the transition temperature. When the method of Luttinger and Tisza fails to yield the 
classical ground state then there can occur, with decreasing temperature, either additional transitions or a 
gradual change in the periodicity of the stable configuration. An example of the latter is the thermal change 
in pitch of a helical configuration. Such a situation can be described in the internal field approximation 
when the consistency equations admit as solutions helical states with a continuous range of pitches. The 
free energy of the stable state with a temperature-dependent pitch can then be obtained as the envelope of 
the free-energy curves belonging to the family of helical solutions. A one-dimensional diatomic chain whose 
ground state can be found by a generalization of the method of Luttinger and Tisza illustrates this 
possibility. It is also pointed out that anisotropic exchange interaction between nearest neighbors can give 


rise to helically ordered configurations. 


I. INTRODUCTION 


HE internal field approximation as originally 
applied by Néel! to materials in which there 
occurred antiferromagnetic exchange integrals involved 
the a priori decomposition of the system into sublattices, 
the magnetization of each sublattice being assumed to 
be uniform. With the use of a more flexible sublattice 
decomposition” it was found possible to have states in 
which the sublattice magnetizations are not collinear. 
Recent studies*~* of the classical ground states of such 
systems have shown that it is possible to have a helical 
arrangement of the spins, the pitch of the helix being, 
in general, incommensurate with the lattice spacing so 
that it is an ordered state not describable in terms of 
uniformly magnetized sublattices. The systems studied 
all invoived Heisenberg interactions between ions more 
distant than nearest neighbors. Villain* has applied to 
such systems a more general form of the internal field 
approximation and has shown that in Bravais lattices 
the stable state at absolute zero remains stable at all 
temperatures up to the temperature of the transition 
to the disordered In other words, there can 
occur no other transition and no change in pitch of 
the helix. 
Bertaut® has considered the classical ground state 
of lattices having more than one ion per primitive cell 
under the assumption that associated with each ion in 


state. 


the cell is a helix, all of the helices having the same 
pitch. Kaplan,’ treating the spinel, has examined states 
deviating only slightly from the Néel configuration. 

In the works cited, except for that of Villain on the 
Bravais lattice, attention was restricted either to the 
ground state or to the first ordered state to appear 
with decreasing temperature. In general, however, 
when a stable helical configuration occurs, its pitch 

1L. Néel, Ann. Phys. 3, 137 (1948). 

2 Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 

3A. Yoshimori, J. Phys. Soc. (Japan) 14, 807 (1959). 

4 J. Villain, J. Phys. Chem. Solids 11, 303 (1959). 

°’'T. A. Kaplan, Phys. Rev. 116, 888 (1959); 119, 1460 (1960). 

®*F. Bertaut, Compt. rend. 250, 85 (1960). 
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B. R. Cooper, Phys. Rev. 118, 135 (1960). 


will be a function of temperature. The variation with 
temperature of the pitch of the helical order is de- 
scribable within the framework of the classical internal 
field approximation. The occurrence of such a phenom- 
enon will be illustrated here for a one-dimensional 
diatomic lattice containing nearest and next nearest 
neighbor interactions. 

In Sec. II the transition from the disordered state is 
considered on the basis of a general formulation of the 
internal field approximation. In Sec. III the method 
of Luttinger and Tisza® for finding the ground state of 
a spin configuration is generalized to the case of a 
lattice containing nonequivalent ions. In Sec. IV the 
first ordered state and the ground states of the linear 
diatomic chain are discussed in detail. It is found that 
for a wide range of parameters a gradual change in the 
pitch of the helical order can occur with changing 
temperature. For a specific choice of parameters the 
free energy is calculated and the actual occurrence of 
this phenomenon demonstrated. 


II. TRANSITION FROM THE DISORDERED STATE 


A general formulation of the internal field approxi- 
mation is given in the Appendix. For the sake of 
completeness, and the better to contrast this problem 
with that of finding the ground state, we present here 
the derivation of the conditions determining the 
periodic ity of the first ordered state that occurs when 
the temperature decreases. We shall, in the following, 
restrict exchange interaction 
reserving to the end of the section some comments on 
anisotropic exchange. 


attention to isotropic 


We consider a lattice containing f ions per primitive 
cell, the exchange interaction between ion 7 in the 
primitive cell at R and ion 7 in the cell at R’ being 

RR’S R.G R’ 
I F®SF-S%’. (1) 
The f ions in the cell may have different spins, 
SF) =S 
8 J. M. Luttinger and L. Tisza, Phys. Rev. 70, 954 (1946). 
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but in a classical treatment these spin magnitudes may 
be absorbed into the interaction constants, the J's, by 
the replacement of J;;®® by J,,®®'S,S;. With this 
understanding, the expression (1) still holds with S® 
having unit magnitude for all i, R. The translational 
symmetry of the problem is expressed by 


J, RR’ = J ROR” RR” (2) 


where R”’ 
assume periodic 
containing .V ce 

Equations A. 


is any lattice vector. We shall, in addition, 
boundary conditions for a crystal 

lls. 

‘ 


) and (A.8) give us 


7.R 


<exp{—sS,F- Zz J FP’ * }, (all i.R). (3) 


JR 


As noted in the Appendix, (3) can be expressed in 
terms of the Langevin function. A quantum mechanical 
formulation of the internal field approximation leads 
to the same general equations with the Brillouin 
function replacing the Langevin function. This would 
complicate the calculation of the magnetization and 
the free energy without changing the situation quali- 
tatively. At all temperatures, (3) possesses the solution 


o0F®=0 (all 7,R) (4) 
representing the disordered state. At high temperatures 
this will be the only solution whereas at sufficiently 
temperatures (3) may 
each of which approaches (4) as 


low possess many solutions, 
the temperature 
The temperature at which a given solution 
vanishes will be denoted by 7; and will be referred to 
as the branching temperature for that solution, in the 
language of reference 12, since that is the temperature 
at which the free energy of the solution branches off 
from the free energy of the disordered state.) In the 
neighborhood of the temperature the 
(3) can be expanded in powers of the 
In the limit of vanishingly small @,®, one may 


increases. 


branching 
exponentials in 
o*. 


retain only the first nonvanishing term and so obtain 


il] i.R; fea 


J RR’, R do. ® 
R 


12,9), 
where 


—3kT,,. (6) 


The index uw denotes the components of @,®. Equation 
R 


(5) is satisfied by the x, y, and z components of the @, 


separately, this being a consequence of the assumed 
isotropy of the interaction. 

Equation (5) is an eigenvalue problem in a space of 
Nf dimensions, the eigenvalues yielding the possible 
branching temperatures, the eigenvectors yielding the 
limiting ratios of the components of the o,® for a 
given solution as JT approaches the branching temper- 
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ature, 7, for that solution. The translational symmetry 
of the matrix of J;;®®’, Eq. (2), implies that Eq. (5) 
has a complete set of solutions of the form 


o;*,=0 0 ik R. (7) 


the possible propagation vectors k being chosen in 
accord with the periodic boundary conditions. Sub- 
stitution of Eq. (7) into Eq. (5) yields, with the use 
of Eq. (2), 


> (Se J OR’ pik-R lo yu (RK) 4 . (S) 


which is again an eigenvalue problem for the f-rowed 
matrix having as its 7, 7 element 

f(k)= Doe JiR e*®’. (9) 
For each k there will be, in general, f eigenvalues so that 
there are, altogether, three bands of eigenvalues to 
which there correspond, at least for negative \(k), 
three bands of branching temperatures. 

The lowest lying eigenvalue gives the temperature 
of the transition from the disordered state to an ordered 
state. If the k yielding this minimum eigenvalue has 
components 0 or x, then the lattice iated with 
each ion in the primitive cell I] 


asso 
is ferromagnetically or 
antiferromagnetically ordered in the state 
just below the transition temperature. If one or more 
of the components of k is different 

the spins of each sublattice are heli ally 
would be given, for example, by 


s conth- Be 
sin k-R-+4 ¥y 


existing 
from 0 or z, then 
ordered and 


0), 


which is a combination of 
belonging to A(k). 

In the case of a Bravais lattice, f 
single band of branching temperatures given by 


real solutions of Eq. 


Eq. (8 


—3kT,=d(k)=2 Yr: J"®’ cos(k- R’), (11) 


which is Villain’s result, aside from a constant factor 
arising from his use of the Brillouin function in place of 
the Langevin function. 

The point to be noted here is that all real solutions 
of Eq. (5) are acceptable, the o;® being subject to no 
further conditions. R 
significance. The situation will be quite different when 
we consider the ground state. 

We note here, though the point will not be pursued, 
that when the exchange interaction is anisotropic and 
is given by Eq. (A.5), then in place of Eq. (5) one 
gets for the 
temperatures 


Only the ratios of the @,® have 


condition determining the branching 


>, JP?’ -e*’=)o?*. (12) 
j,R’ 


One still has translational symmetry so that there 
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exists a complete set of solutions of the form 


oF =0/°e*'®. 


Substitution of (13) into Eq. (12) yields 


YH (dS Ji°P’e*-®’)-0,°= (ke. 
, a 


Whereas in a Bravais lattice with isotropic exchange 
helical ordering cannot arise unless interactions are 
included between neighbors more widely separated 
than nearest neighbors, Eq. (14) can yield a helically 
ordered state in a Bravais lattice. Consider, for example, 
a one-dimensional lattice with the interaction between 
nearest neighbors given by 


JS; :-8ii4¢S8;-DxX Si, 


term being of the form discussed by 
Moriya.’ One can easily show that the ordered state 
of this system is helical, the angle between successive 
spins being tan“!(D/J). 


(15) 


the second 


III. THE GROUND STATE 


To determine the ground-state configuration we 
want to minimize the energy of the system, 


ae RR’< R.& R’ 
W=4d 2 Ji*S2-S*, 
ij RR’ 


(16) 


subject to the constraints 


S.2\?=1 (all i,R). (17) 


The one general method for solving the problem, due 
to Luttinger and Tisza,* consists of the replacement of 
the conditions of Eq. (17) by a weaker constraint that 
is necessary but not sufficient, namely 
> © |S*|2= fN. (18) 
i R 
The minimum of W with this weaker condition is a 
lower bound on.the energy of the ground state. If a 
configuration satisfying Eq. (17) can be found for 
which W attains this lower bound, then the problem 
is solved. This procedure leads to the eigenvalue 


pre »blem 
DL SiiPPS; =1S,%, 
R’ 


J 


(19) 


where A is two times the energy per ion. This is the 
same problem as Eq. (5). Here, as in Sec. II, we seek 
the lowest lying eigenvalue but the eigenvector belong- 
ing to this eigenvalue yields the ground state con- 
figuration only if it satisfies Eq. (17). If it does not, 
then the method fails. Thus when the method of 
Luttinger and Tisza is successful, the spin configurations 
of the ground state and the first ordered state are the 
same. When the method of Luttinger and Tisza fails 
then the ground state may differ in its symmetry or 


’T. Moriya, Phys. Rev. 120, 91 (1960). 
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periodicity from the first ordered state and additional 
transitions may occur below the highest branching 
temperature, or there may be a gradual change in the 
spin configuration. In particular, there may occur a 
change in the period of a helical configuration. The 
latter possibility will be illustrated in Sec. IV. 

The method of Luttinger and Tisza is successful 
when applied to Bravais lattices since for every eigen- 
value there are real normal mode solutions of the form 
given by Eq. (10). The method will fail, in general, for 
systems containing ions. For such 
systems one can apply the following generalization of 
the method of Luttinger and Tisza.!° For the weak 
constraints one uses, in place of Eq. (18), the stronger, 
though still not sufficient condition 


YelSF|2?=N (i=1,---,/). 


nonequivalent 


(20) 


The procedure is best described with the use of a 
normal mode representation. Let 
S2=>>. Ai(k)e*®, (21) 
the sum extending over the first Brillouin zone, where 
in order that S,¥ be real we require 
A;*(k)=A,(—k). (22) 
The normal modes obey the orthogonality relations 


dR e k-Rp ik’:R 


With the use of Eq. (2) one obtains for the energy, 
expressed in terms of the normal mode amplitudes, 


Voxk e (23) 


W=—> Dd £,;(k)A,*(k)-A;(k) 


k ij 


(24) 


N 
2 


where £,;(k) is given by Eq. (9). The &;;(k) obey the 
relations 
£;,(k) 


*(k)=¢,.(—k). (25) 


Equations (17) and (20) become, respectively, 
> A;(k)-A,*(k’) ef*-*)-2=1 (all R; i=1,---,f), ( 
kk’ 


>. Ai(k)-A,*(k) I. (27) 


Minimization of W, as given by Eq. (24), subject to 
the weak constraints, Eq. (27), yields 


> )(W)A;,.(k)=),4,,, (0), (28) 


where the A; are, except for a factor V, the Lagrange 
multipliers for Eq. (27), and they are independent of &. 
W is given by 

W=31N DA. (29) 
In order that a nontrivial solution of Eq. (28) exist 
for some k we require the vanishing of the f-rowed 
determinant 


det | &(k)—A 0, (30) 


1 This generalization is suggested in a footnote in reference 3. 
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where A is a diagonal matrix whose diagonal elements 
are the A,. Equation (30) gives a relation between the 
\;. The A; will be further restricted by the requirement 
that the corresponding A,(k), the solutions of Eq. (28), 
must satisfy Eq. (27). That the sum of the A; is real 
follows from Eq. (29), since W is a real quantity. To 
prove that each of the A, is real, multiply Eq. (28) by 
A,,,(k) and sum on yu and k. This yields 
D Ex £5 (KAA (kK) As(K) =A; Dy A*(K) A) =A,, 


—_— 


the second result having been obtained with the use of 
Eq. (27). Since complex conjugation of &;(k) and 
A,(k) is equivalent, according to Eqs. (22) and (25), 
to the replacement of k by —k, and since X, is expressed 
here as a sum over all k, we have 


A*=\ x. 


Clearly \, is the average energy of interaction of an ion 
of type i with its neighbors. 

One can think of Eq. (30) as determining a family 
of surfaces, parametrized by k, in an f-dimensional 
space with coordinates Aj, -, Ay. On each such 
surface there will be at least one point at which the 
corresponding solution for the A;(k) will satisfy Eq. (27) 
and therefore Eq. (26) since if the A,(k) are non- 
vanishing for only one value of k, (26) and (27) are 
equivalent. These are the one-mode solutions considered 
by Bertaut.® In addition to these solutions of (30) 
and (27), however, there will in general exist solutions 
corresponding to points of intersection of the surfaces. 
Such solutions can yield lower lying values of W than 
are obtained from the one-mode solutions and if the 
solution yielding the lowest values of W satisfies (26), 
then the method is successful and the ground state 
can be determined. Furthermore, this ground state 
will not have the same symmetry as the first ordered 
state. 

A formally similar generalization of the method of 
Luttinger and Tisza was given by Lyons and Kaplan." 
They introduce, @ priori, a set of parameters, a7, and 
replace the strong constraints by the single weak 
constraint 


ar, a? ar S | t= NV ar, a,’. 


Their procedure leads to a set of homogeneous equa- 
tions, Eq. (14) in their paper, that is the same as Eq. 
(28) in this paper with A; replaced by Aa,?. Thus, in 
effect, they examine the solutions of (28) along a 
single direction in \;, ---Ay space with direction cosines 
proportional to a, and seek the k that minimizes \. 
Their method has the advantage that if this solution 
permits the satisfaction of the strong constraints, then 
it is guaranteed to be the ground state. It has the 
limitation, however, of permitting the examination of 
only one direction at a time in Ay, ---Ay space. 


1 [). H. Lyons and T. A. Kaplan, Phys. Rev. 120, 1580 (1960). 
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IV. ONE-DIMENSIONAL EXAMPLE 
A. Discussion 


As was pointed out in the preceding section, in a 
lattice of nonequivalent spins the internal field approxi- 
mation yields the possibility of a helical spin con- 
figuration whose pitch is a function of temperature. 
The simplest situation giving rise to a variation in 
pitch occurs when the consistency equations, Eq. (3), 
have normal mode solutions at all temperatures below 
the highest branching temperature. If the family of 
free energy curves, corresponding to the solutions 
characterized by different values of k, successively 
intersect each other, as shown in Fig. 1, then the free 
energy of the system will be the envelope of the family 
and k will be a function of temperature. The remainder 
of this section will be devoted to illustrating this 
possibility with a simple one-dimensional example. 

We shall consider a system made up of two dissimilar 
ions alternating in a linear chain, as shown in Fig. 2. 
Each ion interacts with its nearest and next-nearest 
neighbors, the exchange energy of the system being 


W=J,>,8,'- (S,'+S,)4+J, © S,'- 8,7 
+J,>°,8,'-S,'", (31) 


where the upper index, /, denotes the cell and the 
subscripts a and 6 denote the type of ion. The matrix 


TA Kg) TIKs) TYKq) TK) * Te 
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Fic. 1. Free energies of the normal mode solutions of the 
consistency equations. As illustrated this family of curves 
possesses an envelope giving the free energy of the system. 
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&(k), given by Eq. (9), is then 


| 2Jq cosk poiiati, 
Ji(ite*) 2), cosk 


where & is in units of inverse lattice spacing. 


B. The First Ordered State 


The first ordered state according to Eq. (8) is given 
by the lowest lying eigenvalue of £(k). The eigenvalues 
are 


A\(k) = (Ja tJ) cosk 
+[ (J,—Ja)* cos*k+2J 7(1-+cosk) }}. 


Since we are concerned only with the lowest lying 
eigenvalue we need consider only the negative root of 
33). The relations between the J; describing the 
regions in which the various modes yield the highest 
branching temperature [or the lowest A(&) ], are most 
simply expressed in terms of the parameters 


(33) 


P= (Jvt+Ja)/|Ji|, Q=(Jo—Ja)/|Ji| >0. 


| (34) 
The choice of Q as a positive quantity involves nothing 
more than the labeling of the sublattices. One finds the 
possible minima of A() are as follows: 


P>1/0-Q, Q>1/P—P (II and III in Fig. 4) 
k=n, \=—3kT,=—2Jp. 
sublattice @ is 


Sublattice 6 is antiferromagnetic, 


paramagnetic. 

QO<1/P—P, P<(1+Q*)/(44+0Q")! (IV, V, VI in Fig. 4) 
int Andie (Jo+Ja)—L(Jo— Ja)? +417 ]}}. 
Both sublattices are ferromagnetically ordered and are 
parallel or antiparallel to each other as J; is less than 


or greater than zero. The ratio of the magnitudes of 
the spins on the two sublattices is, from Eq. (8), 


1/21 (Js—Ja) —L(Jo— Sa)? +41? }}}. 


0 0 
0b /Ca 


(1+07)/(4+07) <P<1/Q0—0Q (J in Fig. 4) 
1 1—207}3 

cosk= | - | at 
ol Lege 


| 


|J| 
A= —3kTs=——{[(P*- 0) (1-20) P}. 
V? 


i. 
a b a »b 
Wag a 


Fic. 2. The example treated in Sec. IV: 
a linear chain of two dissimilar ions. 
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Both sublattices are helically ordered, a single k 
characterizing both helices. A real solution of Eq. (8) 
for which all of the spins on each sublattice have the 
same magnitude are 


Oa,'s= 0a COSA, v°.=0 


o»,'-= 0p cosk(/+3), 


Oa,'y= Ga Sink, E 


op,'y=ansink(Il+3), o»,',=0, 
where 
op A(k)—2Jqcosk 


Ta 2]; coskk 
C. The Ground State 


With &(k) given by Eq. (32), the Eqs. (28) for the 
determination of the ground state are 


(2J, cosk—Xa)Aa(k)+J 1 (1+6-*)A,(k) =0, 
(35) 
Ji(1 +e% )A,(k)+ (2], cosk—)»)Az(k) =(), 


There is such a set of equations for each . Let us first 
find the solutions for which the ground state contains 
a single mode, k&. In this case the weak constraints, 
Eq. (27) become identical with the strong constraints, 
Eq. (26), namely, 


A,(k)-A;*(k)=1 (i=a,6). (36) 


From (35) it then follows that 


ay. cosk— Na = 2) cosk— Ap. (37) 


The secular equation is 


(27, coskk—Xa) (2J, cosk—Xz) — 27 72(1+cosk)=0, (38) 


which, with (37), yields 


\i=2J; cosk—2|J;| coskh, 
(39) 
W/N=3(AatAs)= (JatJs) cosk—2|J;| cossk. 


The possible minima of W/N and the corresponding 
spin configurations are as follows: 


k=0; W/N=J.tJ,—2 


TA 
The ordering is ferromagnetic or ferrimagnetic, re- 
spectively, as J; is less than or greater than zero. 


p>} 


This yields a helically ordered state. Note that even 
for a range of parameters yielding both a helical 
ground state and a helical first ordered state, the two 
helices have different pitches. 
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Fic. 3. Curves on which the secular determinant of Eq. (35) 
vanishes. Curve ABC is the locus of points yielding one-mode 
solutions. Only intersections within region BCD can 


two-mode solutions. 


yield 


Thus far we have considered those solutions cor- 
responding to the occurrence of a single mode. The 
secular Eq. (38), if plotted in a Ag, A» space, yields a 
family of hyperbolas parametrized by cosk. There are 
intersections between these hyperbolas and so there 
the with the 
linear combination of two 


remains the possibility that 
lowest value of W/V is a 


solution 


modes. (Except for the case where one of the second- 
neighbor interactions vanishes, one cannot have more 
than two hyperbolas intersecting.) Not every inter- 
section, however, allows the weak constraints to be 
satisfied. Suppose the lower sheets of the hyperbolas 
associated with &; and &» intersect. (We need consider 
only the lower sheets since every point on the lower 
sheet, and in particular that point yielding a one-mode 
solution, has a lower value of \.+A, than any point 
on the upper sheet.) We then have 


£.n(k)|*, (k=Ri,k2). (40) 


and therefore 


A; (k) ‘= 


FREISER 


The weak constraints then require that either 


£aa(Re) aay Na 
>i> 
£55 (Ro) —Ap 


£aa(hi1)—Ya ( ) 
43 
Eun(Ri) —Ao 


£aa(R1)—Aa £aa(R2)—Ya 
7 <1. (44) 
£5n(Ri) —Ap £nn(Ro) —Ap 


Thus the region of intersections that allow the weak 
constraints to be satisfied is bounded in part by the 
curve 

Eaa(k)—Ya 

(45) 

Enn(Rk)—Ap 
which is just the locus of points that yield one-mode 
solutions. The situation is illustrated in Fig. 3 which 
has been drawn for the case 2J/,>/J,|, Ja<0. The 
curves for the various values of k have been drawn 
with solid lines where £oa(#)—Aa> £ss(k)—As, and with 
dashed lines where £aa(k)—Aa<£os(k)—Av. The only 
relevant intersections are those between a dashed line 
and a solid line, the intersections in the region BCD in 
the figure. Curve ABC is the locus of one-mode solu- 
tions. Point D has the coordinates 


Ir 
Aa= 2 a— 
J, 


while the coordinates of point C are 


Na= 2Ja—2!Ji| 


’ 


Thus in this case, 2/,>J; and J,<0, the lowest value 
of W/N is given by the linear combination of the k= 
mode and the k=0 mode. This is, in fact, the only 
case in which the two-mode solution lies below the 








Fic. 4. Regions in parameter space in which different spin 
configurations occur as first ordered states and ground states, as 
described in Table I. The solid lines separate the domains for the 
first ordered state; the dashed lines separate the domains for the 
ground state. 





PITCH OF HELICAL 
lowest one-mode solution. A similar analysis shows 
that for all other ranges of the parameters the ground 
state is a single mode. In both cases the strong con- 
straints can be satisfied. We give below the possible 
ground state energies and the corresponding solutions 
for the S; (except for the degeneracy associated with 
the uniform rotation of all the spins). 


P>Q, P=} (U, IT, VI in Fig. 4) 


costk 


(cosk/, sink/,0), 


Ji 
(—cosk(/+ i ) —sink(/ +) ),0). 
J; 


The system is helically ordered, the two sublattice 
helices have the same pitch, the relative phases of the 
helices being dependent on the sign of J;. 
P<1-Q, P<} (V in Fig. 4) 
k=, Na =—2|J,/+2Ja, Ap 
W/N=—2|J1|+JatJs, 
S,'= (1,0,0), 
Z 


1 
S,! (—1,0.0). 
TA 


= —2|Ji| +2), 


The spin orientations are collinear. The ordering is 
ferromagnetic if J;<0, and ferrimagnetic if J;>0. 


P<Q, P>1-—O (UII and IV in Fig. 4) 


In this case the ground state is a linear combination of 
the k=O and k 


7 modes, 


ae tit 0), 


This is the triangular arrangement of Yafet and Kittel. 


SPIN 


CONFIGURATIONS 2009 


TABLE I. Types of ordered states occurring in the 
numbered regions of Fig. 4. 


Region First ordered state Ground state 

I Helix 

II Antiferromagnetic 6 lattice, 
disordered a lattice. 

Antiferromagnetic 6 lattice, 

disordered a lattice. 
Collinear configuration 
Collinear configuration 
Collinear configuration 


Helix 
Helix 


Triangular configuration 


Triangular configuration 
Collinear configuration 
Helix 


Lyons and Kaplan" treat a linear chain with a less 
general set of than is used here. The 
parameter yw as defined in Eq. (1.8) of their paper is 
equal to 1/2P in our notation. It may be seen that for 
the range of parameters they consider, their criterion 
for the stability of helical antiferromagnetic 
configurations is the same as that given here. 


interactions 


and 


The results of this section are summarized in Fig. 4. 
Table I gives a comparison of the first ordered states 
and the ground states for the various areas in the figure. 

One point that should be noticed is that in region I 
where both the first ordered state and the ground state 
are helical the helices do not have the same pitch. A 
further point of interest is that in region VI the first 
ordered state has a net magnetic moment whereas the 
ground state does not. In region III, on the other 
hand, the ground state has a net moment while the 
first ordered state does not. 


D. Free Energies of the 
One-Mode Solutions 


An examination of Fig. 4 and Table I indicates that 
it is conceivable that a variation of pitch occurs in 
II, and VI. In 


order to show that a variation of pitch does in fact 


several regions, namely in regions I, 


occur, it is necessary to calculate the free energies of 
the various ordered states. We shall first show that the 
normal modes discussed in the preceding sections 
provide solutions of Eq. (3) at all temperatures. This 
being so, the free energies of the various modes can 
be calculated and the occurrence of a variation of pitch 
demonstrated. The point for which the numerical 
calculations were carried out is in region II for which 
the first ordered state is the k= mode and the ground 
state is helical. Only the free energies of the one-mode 
solutions were calculated since it appeared unlikely 
that any of the two-mode solutions, e.g., the triangular 
solution (a combination of k=0 and k=7) or a conical 
of k=0 or k 


k+0 or 7), would intervene as a stable state between 


solution (a combination x with a 


the first ordered and the ground states. 


Let us assume a solution of Eq. (3) of the form 


aX (cos(kl+ ¢;), sin(k/+ ¢,), 0), a,b). (46) 
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’e are free : : TABLE II. Branching temperatures and calculated values of 
aoe See ne tn ene (47) (1/T)(F/N)+2T In4x of three modes of the linear chain. 
/ 


this being nothing more than a determination of the cosk T> T=0.2 4 0.6 1.0 


phase of the helix. The effective field acting on the spin ~ _1 ~— 11,333 2061 —0.835 —0.103 
of type a in cell / —0.96 1.289 7.285 —2.108 —0.795 —0.082 

; —0.92 1.245 —7.313 -—2.077 -0.752 —0.063 
(48) rt. 


, 


H,!= — D5 Lv Jaj'"o;" 


2.1 - 


as . I nts ‘ — : . ‘ . 
has the component By solving (56) for v in terms of u and substituting the 


Ha 2= —2J aaa cosk coskl result into (57), one obtains 
—2J 0, coskk cos (kl—3k+ ¢), 2 2 
; ae I _«. cosk sinkl u=——J, coskL(u)——J, cos}kX 
a, y “ala ‘ - T 


—2J 0; cos3k sin(kl—3k+ gp), (49) : 
a Jy cosk JJ» cos*k 
5 feat L( ——u——| J; cos}k——— L(w)). 


. P ™ , » . i on | 
Equation (3) requires that this field be parallel to o,' J; coszk Ji} coszk 


- . ¢ 58) 
which can be true for all / only of (ve 
o,=k/2. (50) For specific values of J;, Ja, J», T, and k, Eq. (48) can 
be solved straightforwardly, though tediously, by 

Newton’s method. 
The free energy was calculated for three modes at 


This is consistent with the form found for the ground- 
state helix in Sec. IV. Thus 
g,,! : . ‘ : ; 
H,'= —(2J 04 cosk+2J 0, costk)—. (51) several temperatures for the following point in 
nr ge region II: 
Similarly one finds ; J;:=1, J.=0.5, J,=2.0, P=2.5, Q=1.5. (59) 
Ut) 
H,'= — (2) 194 cos;k+2J yon cosk)—. (52) The first ordered state for this point is the mode k=x 
% having a branching temperature of 1.333. The ground 
state is the k=cos~!(—0.92) mode having a branching 
temperature of 1.245. The third mode selected for the 
calculation has a branching temperature that is 
ga= L (BL —2J ac cosk—2J 04 cos3h }), approximately midway between these two, namely 
T,= 1.289. This is the mode k=cos~!(—0.96). Table I 
o5= L(8L— 2,0, coss}k—2J 404 cosk }). gives the results of the calculation. It can be seen that 
at T=0.6 the free energy of the first ordered state still 
lies below that of the other two modes, at 7=0.4 the 
mode with cosk= —0.96 lies lowest and at 7=0.2 the 
sinhL—!(¢;) | ground-state mode has the lowest free energy of the 
-o;L" (oe; -in( - ) 


The consistency equations, (3), then reduce to the two 
coupled equations 


The free energy per cell for this solution of the con- 
sistency equations is 


three. Thus the free energy curves for these modes 

successively cross each other as illustrated in Fig. 1. 

1 We shall next show that the variation of pitch continues 

—-2|n4r. (54) down to T=0, and is initiated at finite temperature 
interval below 7... 


I (a,;) 


To facilitate the numerical solution of Eqs. (53) we E. Near T=0 
set Boltzmann’s constant equal to one and define : : oe = : 
For the point specified by (59) and for & values near 

2 that of the ground state the solutions of the consistency 

u=L-(o,)=— pee cosk+J 0» cosyk), equations, (55), have o, approaching minus one as T 


approaches zero and o, approaching plus one. To 


) i examine the free energies of these modes near zero 
I= 7 l(g,)= — (J 104 ( osik + J icy, ( osk). temperature we put 


’ a= 1—e, o1=1—6, (60) 


T —J,u cosk+J,v costk and use the approximations 
o,.= L(#)= ; (56) 
2 JaJ, cos*k—J 7 cos?(4k) I (¢,)=1/e,, L"(o; 
(61) 
We can write the first of Eqs. (55) in the form 1 
F/N+2T |In4r=T ———lIne;+]n2—4}, 
u=—(2/T)J_coskL(u)—(2/T)J; costkL(v). (57) . x, 2€; ‘} 
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The solution of Eq. (55) is then 


SPIN 


CONFIGURATIONS 


z 4J Jy coek—8JaJ 1 cosk costk+4J 2 cos?(Zk) 


éa= 


with a similar expression for e, except that J, replaces 
J,. This yields, to terms of order 7°, 


F/N+2T \n4r 
= (Jgt+J,) cosk— 2), cos$k+T In(2J; cos3k—Jacosk) 
+T |In(2J,costk—J, cosk)—2T InT+2T In2. (63) 


The first term in (63) is W/N which, for the point 
(59) has a minimum at cosk= —0.92. By setting the 
derivative of (63) with respect to & equal to zero, one 
obtains the envelope of the free-energy curves, which 
is found to exist and, to lowest order in 7, is given by 


cosk= —0.92—0.49T. (64) 


Thus the variation of pitch persists down to absolute 
zero. 
F. Near T, 

To examine the initiation of the variation of pitch 
we consider temperatures near 7, and use the 
approximations 

L-(6;)=30;+ (9/5)o7+--- 
F 9 


+2 |In4r=— >. 
NT 20 i=a,b 


gine, 


The first ordered state for the system with the parame- 
ters (59) is the k=a mode. In order to examine the 
modes near this one we put 


k=n—kx. 
Then the consistency equations become 


1 


2. 


on = 3T (o,+30,') 
4 


1 
— («- «oot (A 2x*)oo=3T (04+ 304°). 
) 


The branching temperature for the r—x« mode is an 
even function of x, o, is also an even function of x, 
while o, is an odd function of x. Through terms of 
order x? the branching temperature is 

T,(mr—x)= (4/3)— (5/9)x?. (68) 
Elimination of T in Eqs. (67) yields 
li 4K(ao+ 405°) (69) 


which, when substituted back into one of Eqs. (67) 


la Pn 2 ' sil r 
—2J,cosk+2J,coskk (—2Jq cosk+2J; cos}k)*(—2J, cosk+2J, costk) 


gives us, to first order in 7,(4—x)—T, 


5 7 19 
P= [Tile—s)—T (14 e), 
; 4 36 


5 


e[T,(x—«)—T], 


and from Eq. (65) we then get for the free energy 


F 45 19 a 
—-+2 |In4r= — (1 +  \ETae K)—-TFP, (71) 
NT 64 18 


through terms in « and [7,(r1—x)—T . By setting 
the derivative of (71) with respect to x equal to zero 
one obtains 

n= (16—57T)/95, 


which cannot be satisfied unless 7<16/57. Hence 
there must be a finite temperature interval below 7, in 
which the first ordered state remains stable. No good 
estimate of the temperature at which the variation of 
pitch begins can be deduced from the result above 
since the approximations used are valid only very 
close to the branching temperature. 
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APPENDIX 
The Internal-Field Approximation 


The general formulation of the internal-field approxi- 
mation that the same as that 
used by James and Keenan” in their treatment of 
rotational melting in methane. The equations we shall 
arrive at are equivalent to Villain’s Eq. (1). 

We consider a lattice of classical spins. The orienta- 
tion of spin 7 will be denoted by w,, representing the 
polar and azimuthal angles of the spin direction, and 
the energy of interaction between spins 7 and 7 will 
be denoted by £;;(w;,w;). Suppose the orientational 
distribution function for spin i is p;(w;) where p; is 
normalized over all solid angle, 


J rloode ;. 


Then the internal energy and entropy of the system 


follows is essentially 


(A.1) 


2H. M. Jamesand T. A. Keenan, J. Chem. Phys. 31, 12 (1959). 
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are given by 


(A.3) 


Minimization of the free energy with respect to all the 


p; subject (A.1), 


vields 


to the normalization condition, Eq. 


fu. exp{ —6 ys da Pp: (Ww ) Ej ;(w;,0;)}, (A.4) 


Suppose interaction energy 


-J-S,, (A.5 
anisotropic, a is a three- 

rowed sq exchange interaction is 
isotropic J;;, is a constant matrix, that is, it has the 
form of a constant, J,;, times the unit matrix. Equation 
\.4) is most simply 1 in terms of the 


expressed 
C;= fe S pi @W,;). 


mean 


spins 


(A.6) 


Use of the right-hand side of Eq. (A.4) for p;(w,) in 
Eq. (A.6) then yields 


a= f dos S.exp(a8-Hy / fd exp{8S;-H.}, (A.7) 


where 


H;=—)>;; Ji;-¢;. 


— 


(A.8) 


From Eq. (A.7) it follows that @; is parallel to H,. 
Thus the magnitude of @; is given by 


o S-L(8S-H;) (A.9) 


where LZ is the Langevin function and S; is the 
magnitude of spin 7. 
A convenient expression for the free energy of a 


solution of Eqs. (A.7) and (A.8) is obtained by sub- 


stitution of (A.7)-(A.9) and the corresponding expres- 
sion for p; into Eqs. (A.2) and (A.3). One then obtains 


1 1 o; O; 
ele® 
Bi ZS, S; 


sinhL~'(¢,/S;) 
—> In ) —In4r }. 
i s (os/9¢) } 


(A.10) 


Since the quantity in the square brackets is negative 


for o, different from zero, the ordered states, at temper- 
energies 


atures where they exist, free 


lying below that of the disordered state. 


always have 
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Infrared stimulation and quenching of ZnS:Cu phosphors are studied as a function of trap population 
It is found that stimulation at low temperature increases linearly with the concentration of ionized activators 
and disappears when the shallowest traps are emptied. Quenching increases as the product of the concentra 
tions of ionized activators and trapped electrons. From these results it is concluded that the main action 
of infrared on these phosphors is a shifting of holes to levels of higher recombination rate. This model 
accounts quantitatively for the dependence of stimulation and quenching on the state of excitation. It is 
strongly supported by infrared effects on the glow and photoconductivity and the similarity of the wave 
length dependence of stimulation and quenching. Thus the light stimulation observed under infrared irra 
diation is not due to the usual assumption of a direct release of trapped electrons by infrared, but rather to 
a shifting of holes to levels of higher recombination rate. 


INTRODUCTION 


HIS investigation is based on the early observa- 
tion that stimulation of light by infrared irradia- 
tion at the temperature of liquid nitrogen shows two 
ranges of strong effects when measured as a function 
of the ir wavelength. One is found at about 7000 A and 
the other at about 13 000 A, with a minimum at about 
10 000 A.' The wavelengths of these two ranges are not 
too strongly dependent upon the composition and acti- 
vation of the phosphors. At the same time ir of a wave- 
length of about 7000 A induces nonradiative transitions 
(quenching) at low temperature. Quenching at room 
temperature exhibits the same wavelength dependence 
as light stimulation at low temperature. This similarity 
between the stimulation and quenching spectra leads to 
the idea that quenching is brought about by the same 
primary process as stimulation. If the stimulation pro- 
cess were a release of trapped electrons into the conduc- 
tion band, it would be rather difficult to understand 
the quenching process and account for the similarity 
of the spectra. 

The idea that stimulation in ZnS:Cu phosphors is 
not due to a release of trapped electrons into the conduc- 
tion band, is further strengthened by the general obser- 
vation that under both long- and short-wavelength ir 
irradiation (A=13 000 A and 7000 A, respectively) at 
room and liquid nitrogen temperatures, light stimulation 
during the phosphorescence period does not set in 
simultaneously with the ir radiation but is delayed con- 
siderably.?* This delay is particularly large when the 
phosphor has been allowed to decay for days or months 
in the dark at room temperature prior to ir application. 
Delays of more than 20 minutes were found. This delay 
would be difficult to account for if the process of 


* Grateful acknowledgment is made of the support of this 
investigation by the Office of Ordnance Research. 

7 On leave from Laboratorium fiir Technische Physik, Tech 
nische Hochschule, Munich, Germany. 

1S. Shionoya, H. Kallmann, and B. Kramer, Phys. Rev 
1607 (1961). See this article for additional references. 

2M. Sidran, Doctoral thesis, New York University, 
(unpublished). 

>H. Kallmann, J. phys. radium 17, 787 (1956). 
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stimulation would consist of a direct release of electrons 
from traps into the conduction band. 

It was also observed that the photoconductivity of 
various phosphors is decreased by ir irradiation after 
a transient increase and that this decrease exhibits the 
same wavelength dependence as light stimulation.‘ 
If the stimulation consists mainly of a release of trapped 
electrons, it cannot be seen why the photoconductivity 
during ir irradiation finally reaches a lower value than 
in the absence of ir, whereas the luminescence in some 
cases reaches an equilibrium value which is the same, 
or slightly larger, than in the absence of ir (see Ap- 
pendix A). 

These observations make it advisable to investigate 
the influence of ir at low temperature in more detail 
and to attempt to find a correlation between trap popu- 
lation, glow emission, and photoconductivity, and to 
determine the rate of radiative and nonradiative re- 
combinations induced by ir. 


2. EXPERIMENTAL METHODS AND RESULTS 


The experiments described were performed on a 
ZnS:Cu (MS 17) and ona highly stimulable ZnS: Cu,Pb 
(2150) phosphor, both powdered. Excitation in all cases 
was light with 435 my which produces activator-band 
excitation in Cu-activated phosphors. The intensity was 
of the order of 1-10 (uW/cm?). The ir radiation used 
was 760 mu, denoted as s-ir and 1300 my, denoted as 


l-ir. The ir intensity is discussed below. The equipment 
used was previously described.! 


A. Relation between Stimulation Peak Heights and 
Trap Population 


The stimulation peak height observed during excita- 
tion is a measure of the ir-induced radiative recombina- 
tions and is characteristic of the trap population at 
which ir is applied. Different trap populations are at- 
tained by exciting the de-excited phosphor for different 

4H. Kallmann, B. Kramer, 
391 (1955). 

Broser and R. Broser-Warminsky, Z. Elektrochem. 61, 209 


1957). 


and A. Perlmutter, Phys. Rev. 99, 


2013 
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Fic. 1. Stimulation peaks of MS17 as a function of missing 
glow area: Subscript I means obtained by method I; subscript I 
means obtained by method II; curves A obtained with s-ir; 
curves B obtained by |-ir 


lengths of time. The glow area measured after a par- 
ticular duration of excitation is a measure of the number 
of trapped electrons. Therefore the relationship between 
the height of the stimulation peak and the total glow 
area obtained at this state of excitation was studied.® 
Nonradiative transitions during the glow-curve may 
be neglected as a first approximation, since the phos- 
phors used show a high efficiency during excitation 
and since their glow has an even higher efficiency as 
shown by Shionoya et al. 

The (ir) stimulation peaks, obtained after exciting in 
this manner, are plotted in Fig. 1, curves Ay and By.’ 
The abscissa gives not the glow area, but the difference 
between the glow area obtained after excitation to 
equilibrium and that obtained after that degree of 
excitation at which the stimulation is measured. This 
difference is called the missing glow area. If the phos- 
phor is excited to equilibrium, the glow area is 3000 
(arbitrary units) and the missing glow area is 0. If the 
phosphor is not excited at all, the glow area is 0 and 
the missing glow area is 3000. The ordinate gives the 
height of the stimulation peaks in a logarithmic scale. 
The solid curves Ay and B; were obtained by using 
s-ir and |-ir, respectively, both while the exciting light 
remained on. (The glow areas had been measured pre- 
viously.) The broken curve A; was obtained by using 
s-ir shortly after the excitation was turned off. The 
excitation method used in these experiments, namely 
that which starts with a de-excited phosphor which is 
excited for different periods of time, is called method I. 

® Under only partial excitation, the light emitted under one 
glow peak may not be ascribed unambiguously to the number of 
electrons trapped in the more or less well-defined groups of traps 
of different depths. This is because electrons, originally in shallow 
traps, are released and retrapped by deeper traps during the heat- 
ing period. Thus, starting with a de-excited phosphor and exciting 
for various periods of time, only the total glow area obtained after 
each excitation period can be used as a measure of the number of 
electrons trapped during this excitation period. 

7 In all cases the s-ir intensity was approximately 500 (uw/cm?) 
and the l-ir intensity was approximately 2000 (uw/cm?). These 
intensities were chosen to give equal stimulation peaks at full 
excitation. 
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There is another method, which may be used to 
obtain the same glow areas as obtained with method I. 
This latter method, used by Hoogenstraaten,® we call 
method IT. In this method one begins with the phosphor 
excited to equilibrium. Then the excitation is turned off 
and the temperature raised. One does not however, take 
a full glow curve, but stops after a certain fraction of 
the glow curve has been taken. Then the phosphor is 
recooled to the temperature of liquid nitrogen. In this 
case the glow area observed is identical to the missing 
glow area as defined above. After reaching again the 
temperature of liquid nitrogen, either s-ir or |-ir is 
applied. The stimulation peaks obtained are presented 
in Fig. 1, curves Ay and Br, respectively. The area 
under the first glow maximum after full excitation is 
about 800, that under the first plus second glow maxi- 
mum is about 2200. Since the phosphor was fully ex- 
cited at the start, in method II, the area under the first 
glow maximum can be ascribed to the electrons trapped 
in the shallowest traps and so on for the succeeding glow 
peaks. Curve Ar shows that s-ir stimulation disappears 
as soon as the shallowest and medium deep traps are 
emptied. Curve By; shows that |-ir stimulation disap- 
pears as soon as only the shallowest traps are emptied. 
This means that |-ir stimulation is dependent either 
directly or indirectly on the presence of only the 
shallowest trapped electrons. It is not clear however, 
why |-ir stimulation disappears as soon as the shallowest 
traps are empty, whereas s-ir stimulation seems to de- 
crease much more slowly with trap population (curve 
Arr). It will be shown in the next section that s-ir 
stimulation also decays rather :apidly with trap popula- 
tion if the influence of quenching on these curves is 
taken into account (curve An’). 

The upper group of curves obtained by method I 
shows quite a different behavior from those obtained 
with method II. In the former, the stimulation shows 
only a moderate decrease throughout the curve although 
at large missing glow areas (=small excitation), the 
number of trapped electrons is small. This must mean, 
especially for the case shown in curve By, that shallow 
traps are occupied almost throughout the whole curve 
since it was shown in method II that large stimulation 
does not occur when the shallower traps are unpopu- 
lated. Thus a comparison of stimulation peaks obtained 
from phosphors excited by methods I and IT shows that 
the shallower traps are filled first when excitation is 
applied to a de-excited phosphor. Since the number of 
conduction electrons is chiefly determined by the elec- 
trons occupying the shallow traps and not so much by 
those in deep traps, it can be concluded from these ob- 
servations that the conduction electrons will almost 
reach equilibrium in the early part of the rise curve. 

At a state of excitation corresponding to about half 
the total number of traps being filled, it is observed 
that in the glow curves the intensities at low tempera- 


5 W. Hoogenstraaten, Doctoral thesis, University of Amste1 
dam, 1958 (unpublished). 
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tures are much smaller than after full excitation. This 
difference does not occur in the later parts of the glow 
curves. This would indicate that the shallow traps are 
not filled at partial excitation, contradicting the 
results found above. This apparent contradiction can 
be explained however, with the following simple picture. 
The electrons evaporating from the shallow traps which 
are occupied first are retrapped by deeper traps (which 
are not fully occupied at partial excitation) before they 
recombine. Thus a glow maximum corresponding to 
shallow traps is not seen until the excitation is extended 
long enough to fill deep traps as well. 


B. Rate of Infrared-Induced Nonradiative 
and Radiative Recombinations 


Up to now, only the height of the stimulation peak 
was discussed. In the case of stimulation with ]-ir, which 
produces no quenching at low temperature, the height 
of the stimulation peak is indeed a measure of the rate 
of stimulated radiative transitions. In the case of 
stimulation with s-ir the picture is more complicated 
because quenching occurs concomitant with stimulation 
and therefore the whole stimulation area has to be in- 
vestigated in order to determine the rate of stimulation. 
This is done in this section where quenching and stimula- 
tion are studied simultaneously for various states of 
excitation. The experiments give the rate of ir-induced 
nonradiative and radiative transitions respectively. The 
procedure is the following: 

First the relationship between the excitation period 
t; and the respective total glow areas At; (proportional 
to the total number of trapped electrons mzt,;) is estab- 
lished experimentally. Then ne;= f(t;) is known. After 
excitation for time /;, the excitation is removed and 
s-ir applied for a period T. The light area emitted during 
T, which is due to both phosphorescence and stimula- 
tion, is called A.tim. Thereafter s-ir is removed, the 
sample is heated, and the glow curve of area Ar is 
measured. The expression At;—(Astim+Ar) gives the 
total number JV,, of nonradiative transitions, integrated 
over the s-ir irradiation time T. 


eB 
Nos -f Qdt= At;— (Asim+A7). (1) 


Here Q is the rate of nonradiative transitions induced 
by s-ir. A plot of Vy, as a function of T can be obtained 
by repeating this procedure for various periods of time 
T. The derivative of this function with respect to T 
gives Q as a function of the time elapsed after the be- 
ginning of stimulation. The derivative for T—0 
gives Q for the very first instant of s-ir action. The first 
instant is characterized by the state of excitation given 
by At; or nt;.® Thus the rate of nonradiative transitions 


® One could take the derivative at different T, but this would 
complicate the discussion because the state of excitation changes 
during the application of ir. 
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Fic. 2. Rate of s-ir- 
induced radiative (S) 
and nonradiative (Q) 
transitions, as function 
of trap population. 
MS 17. 
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Q induced by s-ir at certain trap populations mz; is 
found experimentally. This function Q(nz;) at the be- 
ginning of s-ir action is given in Fig. 2 and it is a good 
approach to a parabola. The errors chiefly arise from the 
subtraction in (1) and from taking the derivative. It 
may be emphasized again that each value of Q is ob- 
tained by a whole series of measurements of N,, for 
various stimulation periods. 

By a similar procedure the dependence of the rate of 
s-ir-induced radiative transitions upon the trap popula- 
tion mt; is obtained. Excitation is applied for a period 
t; and phosphorescence observed for a period T. The 
area under the phosphorescence curve is called A pn. 
The expression A gtim— A pn gives the number of radiative 
transitions integrated over T (Axtim Was previously 
measured for the same period 7 when finding Q). 


r 
f Sdt= Astim— A pn. 


Here S is the rate of radiative transitions induced by 
s-ir. This is done for different periods T and the integral 
in (2) is plotted as a function of T. The derivative of 
this function at T—> 0 gives S at the instant when the 
excitation ceases, and for the specific trap-population 
nt;. S is given in Fig. 2 as a function of mz;. It isa straight 
line. Thus 


In discussing the physical meaning of (3) and (4) 
it must be remembered that, charge 
neutrality, 


because of 


Neer pr (5) 


(p:=number of trapped holes), because the number of 
free electrons m and holes p is small compared to the 
localized charges n, and p,;. Inserting (5) in (3) gives 
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Qe«n,p; Assuming that after an excitation period ¢; 
equilibrium exists between trapped holes in activators 
and free holes in the valence band, one can write ~;:& p, 
and therefore Q«,p. This form, and therefore the 
experimental result (3), strongly supports the idea that 
the net quenching is a nonradiative recombination be- 
tween free electrons and holes. 

The difference between curves Ay, and Br (Fig. 1), 
mentioned above, comes from the fact that the amount 
of quenching which accompanies s-ir stimulation is 
different for different trap populations, while ]-ir stimu- 
lation is not accompanied by quenching at low tempera- 
ture. It can be seen from Fig. 2 that s-ir stimulation at 
low excitation is of the same order of magnitude as 

I full excitation is 


quenching, whereas the latter at 


e 
factor Of 10 higher than stimulation. This 


almost a 
means that the stimulation peaks represented by curve 
Ai, Fig. 1 at low excitation (large missing glow area), 
are almost unaffected by the quenching superimposed 
onto stimulation, whereas at full excitation (small miss- 
ing glow area) the peaks are diminished by almost a 
factor of 10. The stimulation peaks corrected to zero 
quenching are represented as a function of the missing 
glow area by the normalized curve Ay’. After this nor- 


malization both |-ir and s-ir stimulation decrease by 


about a factor of 100 in going from full excitation to that 
state of excitation in which only the shallow traps are 
empty (curves By and Aj;’). Therefore to a first ap- 
proximation, it can be assumed that strong stimulation 
only appears when the shallow traps are populated. 
This seems to contradict the results shown in curve S of 
Fig. 2, or Eq. (4), in which S increases linearly with 
total trap population. 
tion, as shown below. 

If ir stimulation were due to a release of electrons from 


This however is no real ¢ ontradic - 


traps and their subsequent recombination with activa- 
tors, a dependence of S upon n,p; would be expected. 
This dependence however is not found. This can be 
understood with_the following assumption: The effect 
of infrared is to shift holes from certain ionized activator 
levels to other levels which have a higher recombination 
probability than those originally occupied. If this were 
correct, 
tionally to pw. As soon as the shallow traps are occupied, 


the stimulation rate S would increase propor- 


n, the number of conduction electrons, does not change 
very much anymore as mentioned above. To @ first 
approximation, can be considered constant as soon 
as a large percentage of shallow traps are filled, say 
above 75% or n,=600. Therefore, above this region, = 
should only depend on p; or m, (the total number of 
trapped charges). At very low population densities one 
should find deviation from linearity, because # is in- 
but in this region the total 
easily determined. The 


creasing as well as py, 
amount of stimulation is not 
linear increase of S is another indirect support of the 
finding that stimulation can occur only when shallow 
traps are filled and that when they are filled, the amount 
of stimulation only depends on the number of ionized 


AND K. 


LUCHNER 


Fic. 3. Glow curve of 
WS 17 and height of I-ir 
induced stimulation 
peaks (broken line) 
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activators available. This model not only explains the 
described properties of stimulation but also accounts for 
those found for quenching: Some ofthese ionized, more 
efficient activators may lose their charges thermally 
to the valence band, and these delocalized holes may 
recombine nonradiatively with trapped electrons [see 
Eq. (3) ]. The equivalence of stimulation and quenching 
spectra strongly supports this. 

The effects of ir on glow and photoconductivity give 
further direct evidence for a faster recombination rate 
caused by ir. If the suggested model is valid, stimulation 
peaks obtained during the glow should occur even after 
the shallowest traps have been emptied because conduc- 
tion electrons are provided thermally from deeper traps. 
Under continuous infrared irradiation during the glow, 
a shift of the glow maxima to lower temperatures would 
be expected since the model predicts a faster recombina- 
tion rate under ir. 


C. Infrared-Induced Transitions During Glow 


If during the measurement of a glow curve, short 
pulses of ir are applied to the sample, the emission rises 
after the l-ir is switched on, goes through a maximum, 
and decreases again. The |-ir is turned off after this 
maximum is reached. If this is done approximately 
every two minutes, an ordinary glow curve is obtained 
with stimulation peaks superimposed on it. Pulses of 
l-ir are used so that the long-time kinetics of the glow 
curve is not disturbed too much. In Fig. 3 the regular 
glow curve is shown as a solid curve. Only the heights 
of the stimulation peaks which actually appear atop 
the glow curve are given by the dashed curve. It can be 
seen that except for the first peak the height of the 
stimulation peaks is proportional to the glow intensity 
and not to the number of trapped electrons. This is 
another strong indication that ir does not act directly 
on trapped electrons. As seen in Fig. 1, the stimulation 
peak at liquid nitrogen temperature disappears as soon 
as the first glow peak is gone. During the glow curve 
however, stimulation is observed even in the later 
parts of the glow, after the shallow trapped electrons 
have disappeared or have certainly been greatly reduced 
in number. Since the rate, /, of radiative recombinations 
during the glow curve can be described by 7 « pn, and 
since the stimulation peaks are roughly proportional to 
the glow intensity as shown by Fig. 3, the rate of ir- 
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induced radiative transitions S can also be described 
by the formula S« pw. This is in agreement with the 
results of Sec. B, which proposes that S« p, during 
excitation when # is almost constant. (m cannot be 
considered constant during the glow.) 

The glow curve may also be investigated under con- 
tinuous ir irradiation. At higher temperatures however 
l-ir begins to cause quenching as well as stimulation. 
This makes an interpretation of the glow curve more 
difficult. 


D. Investigation of a Highly Stimulable Phosphor 


This last type of experiment was however very suc- 
cessful with a ZnS(CuPb) phosphor (2150), which is 
highly stimulable and does exhibit less quenching than 
MS 17. The experiments performed are similar to those 
performed on MS 17 and the results are shown in Fig. 4. 
Curve A is the regular glow curve. The dotted curves 
E and D represent experiments similar to those in Fig. 
1, method If. The ordinates of E and D are the height 
of the stimulation peaks obtained at liquid nitrogen 
temperature under s-ir and |-ir respectively. The ab- 
scissa for curves E and D gives the temperature to 
which the fully excited sample was heated before it 
was recooled and the stimulation peak measured. As 
soon as the first and second glow peaks were heated 
out, both |-ir and s-ir stimulation at low temperatures 
disappear. Considerable stimulation peaks were ob- 
tained during the glow. These are given by the broken 
curve F (Fig. 4) which shows the height of the stimula- 
tion peaks (reduced by a factor of 20) obtained at 
each point along the glow curve. It is similar to the 
analogous curve of Fig. 3, obtained from phosphor 
MS 17. 

Curve B shows the glow curve under continuous I-ir 
irradiation. In order to compare glow curves A and B it 
is necessary to correlate the maximum in curve B, 
which occurs at about —85°C, to one of the maxima in 
curve A. This may possibly be done by determining the 
corresponding energy level using the method of varying 
the heating rate given by Schén.'° As the heating rate 
is changed from gq; to ge, the position of the maximum 
shifts from 7; to T:. The corresponding energy level is 


kTiT> gi fl2\'? 
R= In ) 5 (7) 
T,-T> g2\T 


given by 


If this is done for the glow curve with continuous |-ir 
irradiation, and then for the glow curve without ir, 
E;,=0.27 ev is obtained for the maximum of curve B, 
which appears in Fig. 4 at —85°C, and Eno ir-=0.25 ev 
for the middle maximum of curve A which appears at 
about —45°C. Because of the similarity in energy levels 
of these two maxima, they may be correlated to each 
other, and it may be assumed that the middle maximum 


1 M. Schin, Tech. Wiss. Abhandl. Osram-Ges. 7, 175 (1958). 


2017 





( +100 
TEMPERATURE °C 


Fic. 4. Glow curves and stimulation peaks of 2150. A: Normal 
glow curve; B: under continuous |-ir; C: under continuous s-ir; F: 
l-ir-induced stimulation peaks (reduced twenty fold). 


of curve A is shifted towards lower temperatures by ir 
irradiation. All. glow curves represented in Fig. 4 are 
measured with the same heating rate. The last maxi- 
mum in A does not appear in B, since even with 
phosphor 2150, l-ir produces quenching above 0°C. The 
first maximum in A does not appear in B because the 
shallowest traps are emptied by the large drain on 
conduction electrons, the temperature 
sufficiently. 


before rises 


E. Evaluation of the Infrared-Induced Increase in 
Recombination Rate 


It has been shown above that ir does not act directly 
on trapped electrons, thereby increasing the number of 
free electrons, but rather leads to an increased rate of 
recombination. This increased rate of recombination 
can be described by an increase of the coefficient 6 of 
recombination defined by /=8np;, where J denotes the 
instantaneous glow intensity. For the glow intensity 
under ir action, /,i;;-=S,irrp:. The ratio 8,;,/8 can be 
determined using the theory of glow curves developed 
by Schén'® in which T is the temperature of the re- 
spective glow maximum, g the heating rate, mt the 
trap population at the beginning of the glow, H the 
number of available traps, and S, «7? exp(—£/kT). 


g(E/RT?)=B8 (nto/H)Sn. (7a) 


The same equation can be used when the values of 
8, T, and s, are changed by ir. Using the subscript +ir 
for these values under ir irradiation, equation (7a) 
becomes 

H)s 


Q(E/RT six?) = By ir (me (7b) 


(7a) by (7b) yields 


Bs ir le ie ET s—T 
( ep(- )} ® 
B Tits R Tint 


This ratio is independent both of the heating rate and 
of the number of traps because these are not changed 
by ir. Inserting - determined from (7) and the glow 


Dividing 
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1G. 5. Relative capacitance change of MS 17 during 
glow curve with and without I|-ir application. 


peak temperatures of the two cases, it is found from 
8) that 6,;,/8=15.0 for the pair of glow curves (A 
and B) depicted in Fig. + (heating rate g,). When the 
second pair of glow curves (heating rate g2) is used to 
find 8,i,/8, a value of 14.5 is obtained. This is in good 
agreement with the first value. 

The increase of 8 under the action of ir can also be 
measured directly by applying l-ir when the middle 
maximum occurs in glow curve (A). This should increase 
the intensity by a factor of about 15. This is indeed 
the case. The broken line in Fig, 4 shows the increase 
of the glow intensity when I-ir is applied; it is found 
to be 16.5.4 

If |-ir is applied during excitation at low temperature 
after the excitation time giving the glow curves shown, 
the intensity increases by a factor of 2.2. Since this 
factor is much smaller than 15 it must be assumed 
that the value of 8 is larger during excitation than during 
the middle of the glow curve. Using the model of the 
more efficient activator term, this means that a number 
of these more efficient activators must be ionized during 
excitation and therefore the additional effect of ir is 
not as large as during the glow. During the glow however, 
the more efficient activators disappear first and ir is 
required to produce them again and thus bring about a 
large enhancement. In the beginning of the glow curve 
(around the first maximum) however, some of the more 
efficient activators still remain ionized from the pre- 
ceding excitation, so that the effect of ir pulses cannot 
be as large as in the later part of the glow. (See the 
broken curve in Fig. 3 and curve F in Fig. 4.) 

If s-ir, which simultaneously causes stimulation and 
quenching, is continuously applied, glow curve C is 
obtained. The maximum is shifted to a lower tempera- 
ture and appears only as a shoulder because quenching 


1! The stimulation peaks of phosphor MS 17 during glow (Fig. 
3) show 8,;,/8=1.2. This small increase of 8 produced by ir is 
not sufficient to produce a measurable shift in the glow peak under 
continuous ir as with 2150. 
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Fic. 6. Relative capacitance change of 2150 during glow 
curve with and without |-ir application. 


becomes prevalent at higher temperatures when s-ir 
is used. 


F. Comparison with Conductivity 


From the hypothesis described above it would be 
expected that stimulation be accompanied by a de- 
crease of conductivity, since ir stimulation makes con- 
duction electrons disappear more rapidly (see Appendix 
B). The opposite (increased conductivity) should be 
observed if ir directly released electrons from traps (see 
Appendix A). The latter is not the case, as is shown by 
the following experiments. 

Figures 5 and 6 present the results of the electric 
analogs of glow measurements of phosphors MS 17 and 
2150 using the method of Kallmann e/ al." The values 
of the relative capacitance change AC/C, a measure of 
conductivity, are used. For MS 17 (Fig. 5) the conduc- 
tivity decreases under pulsed |-ir, and decreases even 
more under continuous |-ir. The conductivity of 2150 
also decreases under |-ir action (Fig. 6), and the maxi- 
mum (which does not appear clearly, because the dark 
conductivity also rises) is shifted to lower temperatures, 
as previously seen in the luminescence measurements. 
These results confirm the idea that ir decreases the 
number of free electrons by producing a faster recombi- 
nation rate. 


SUMMARY 


ir stimulation at low temperature only occurs as long 
as shallow traps are occupied, but its rate is proportional 
to the total number of filled traps or available ionized 
activators. As the temperature is raised, stimulation 
also occurs when only deep traps are occupied. This 
together with the observations that stimulation occurs 
at room temperature, that the wavelength dependence 
of ir stimulation and quenching are the same, and that 
stimulation often does not set in instantaneously when 
ir is applied, leads to the conclusion that the effect of 
ir is not a direct freeing of electrons from traps but rather 
a shifting of holes from activator levels of a smaller to 


2H. Kallmann, B. Kramer, and A. Perlmutter, Phys. Rev. 89, 
700 (1953). 
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those of a larger recombination rate. This assumption 
accounts for all the observed results. 

Photoconductivity measurements, which show that 
ir irradiation during the glow decreases the conductivity, 
are in agreement with this assumption. For a strongly 
stimulable phosphor these effects are very pronounced. 
The ratio of recombination rates for the two activator 
levels is about 15. 
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APPENDIX 


The luminescence intensity J, described as a bimo- 
lecular recombination between free electrons and ionized 
activators, is 


I=Bnpi, 


(8=recombination coefficient, m= concentration of con- 
duction electrons, p,=concentration of ionized acti- 
vators, and m=concentration of trapped electrons). 
Under activator-band excitation at low temperature 
(no free holes), one has p,~ mn, after reaching equilibrium 
(n<<n,), and therefore 


I=Bnn,. (A1) 


A. Release of Electrons from Traps by Infrared 


Assume that ir of wavelength 13000A_ releases 
trapped electrons directly during activator-band excita- 
tion. This ir radiation causes the following effects in 
the steady state at low temperature. Light intensity 
is unchanged (or slightly increased), conductivity is 
decreased. Giving J, m, and nm; the subscript ir for the 
case when ir is applied: 


(A2) 
(A3) 
(A4) 


primary assumption ; Ntir< M1, 


from photoconductivity; mir<n, 
from luminescence ; Tie. 
Equation (Al) becomes 


I jr=BniNtir, 
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since there are still no free holes (no quenching and 
therefore ptir=mtir). Since the primary assumption is 
expressed by (A2), the comparison of (Al) and (AS) 
under the condition of (A4) would require n,;,>vn. All 
experimental evidence is against this increase in the 
steady-state conductivity under ir irradiation. There- 
fore the assumption of a direct release of trapped elec- 
trons by ir is wrong. 


B. Increase of 6 by Infrared Action 


Assume that ir shifts electrons from activators with 
smaller to those with larger 8. Then 


Tip=Birn irMUtir. 


Since J;,-~J, and since it is assumed that §;,> 8, it 
becomes 


(A6) 


NjyNtiy MN t. 


In the equilibrium state not too close 
from the thermal equilibrium 


to saturation, 


n,/n= const = Ntjr/ Nix, 


NN tir = NixNt. 
Dividing (A6) by (A8), one gets 
Nir < ft, 


which is found experimentally, and from the condition 
of thermal equilibrium (A7), 


Ntir< Ny. 


Thus under the assumption of an increase in 6 produced 
by ir, the number of conduction electrons is decreased, 
which corresponds to the known decrease of the con- 
ductivity. Trapped electrons are released only indirectly 
via the thermal equilibrium between traps and conduc- 
tion band. From this point of view it also becomes clear 
that no stimulation is observed at low temperature as 
soon as the shallowest traps are emptied because n 
decreases strongly at this point. It also becomes clear 
why a considerable delay of stimulation has been ob- 
served after a long dark period: At room temperature 
electrons can escape only very slowly from the deepest 
traps left filled after a long decay at room temperature. 
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Fast-Neutron Irradiated SiO, Glass* 
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Ultrasonic attenuation measurements were made in normal and 
fast-neutron-irradiated fused silica from 7 to 50 Mc/sec and from 
1.5° to 200°K. A broad attenuation curve, attributed to a struc- 
tural relaxation with a distribution of activation energies, occurs 
at low temperatures. The shape of the loss curve is dependent upon 
the distribution of activation energies and the amplitude is propor- 
tional to the number of structural units which contribute to the 
relaxation process. Heavy fast-neutron irradiation produced no 


INTRODUCTION 


HEN either thermally fused silica, i.e., the glassy 
form of SiO2, or any of the three crystalline 
forms of SiO2 are bombarded by fast neutrons in excess 
of about 10°° neutrons/cm*, a single glassy modification 
results.' The physical properties of this neutron dis- 
ordered silica differ somewhat from those of thermally 
fused silica. Properties which have been found to change 
are the density,? the low-temperature thermal conduc- 
tivity,’ x-ray diffraction,‘ refractive index,® infrared 
reflectivity,’ optical center absorption,’:* and electron 
spin resonance.* The present study is concerned with 
determining the change of another structure sensitive 
property, the low-temperature anelasticity, as a result 
of heavy fast-neutron irradiation. A structural relaxa- 
tion mechanism is suggested which is consistent with the 
change of attenuation as a function of temperature and 
frequency and with the change due to fast neutron 
irradiation. The result of a quantitative study of this 
mechanism, namely, an elongated Si—O—Si bond with 
two equilibrium positions for the bridging oxygen atom, 
suggests a new concept of glass structure. It appears 
that there are two distinct Si—O—Si bond lengths in 
equilibrium—one centered about the normal Si—O—Si 
distance (~3.2 A) and the other at about 3.8 A. A dis- 
cussion of two possible mechanisms of fast neutron 
damage in fused silica leads to the conclusion that 
thermal spikes are most likely responsible for the irradia- 
tion-induced change. 
Measurements of the low-temperature ultrasonic 
attenuation in fused silica have been made by several 


* This article is based on a thesis submitted to the Graduate 
School of the University of Connecticut in partial fulfillment of 
the requirements for the degree of Doctor of Philosophy in Physics. 
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change in the shape of the curve while the amplitude decreased 
markedly. A loss associated with a specific defect, an elongated 
Si—O-—Si bond with two equilibrium positions for the bridging 
oxygen atom, is consistent with the results of this study. The 
presence of a large number of these defects suggests a new concept 
of the structure of glass. Evidence is presented to show that 
thermal spikes, rather than displacement collisions alone, are 
responsible for the fast-neutron damage in SiOz. 


investigators.*-" A comprehensive analysis of the data 
was made by Anderson and Bémmel,” who reported a 
maximum in the attenuation at a temperature which is 
dependent upon the frequency of the ultrasonic signal. 
From the shift of the peak with frequency, an average 
activation energy of about 1300 cal/mole was calculated. 
From the broadness of the attenuation curve, it ap- 
peared that a multiple relaxation time is involved. That 
is, the internal friction, 


WT; 


t 


1/0=>5 A 


1+ (wr,)? 


7 


where 7;=1/w;, w= woe 4 */®7, and A;=the relaxation 
strength, w=the angular frequency of the ultrasonic 
signal, w;= the relaxation frequency, wo;= the character- 
istic frequency, 7;= the relaxation time, H;= the activa- 
tion energy, R=the gas constant, and 7=the absolute 
temperature. wo; was assumed constant for all the 
processes and the different relaxation frequencies, w;, 
were assumed due to different values of the activation 
energy. Taking H; in steps of 100 cal/mole, a distribu- 
tion of activation energies was calculated.” This dis- 
tribution extended from 0 to 4000 cal/mole with the 
greatest weight from 0 to 1000 cal/mole. In addition, 
wo was found to be of the order of 10" cps and the loss 
mechanism was found to be sensitive to a shear rather 
than a compressional disturbance. Using this informa- 
tion, the general nature of the loss mechanism was con- 
sidered by Anderson and Bémmel and they concluded 
that a structural relaxation was probably responsible 
for the loss. 

In the present study, the following four characteristics 
of the low temperature attenuation were determined: 

1. The average activation energy and frequency factor 
of the relaxation process before and after irradiation. To 
measure the average activation energy and frequency 
factor, the shift of the temperature at which the maxi- 

9 J. W. Marx and J. M. Silvertsen, J. Appl. Phys. 24, 81 (1953). 

10H. S. McSkimmin, J. Appl. Phys. 24, 988 (1953 

11M. E. Fine, H. Van Duyne, 3 
25, 402 (1954). 


20. L. Anderson and H. E. Bommel, J. 
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mum attenuation occurs as a function of frequency was 
determined. This was done at four frequencies from 7.1 
to 50 Mc/sec using longitudinal waves. 

2. The irradiation induced change in the relaxation 
strength and in the distribution of activation energy. The 
shape and amplitude of the attenuation curves at 21.5 
Mc/sec using shear waves were compared before and 
after irradiation. 

3. The relative amplitude and shape of shear and longi- 
tudinal attenuation curves before and after irradiation. 
Since the internal friction, 1/Q, is the imaginary part of 
the elastic moduli divided by the real part, then 
1/O=p'/u for shear waves and (A’+2y’)/(A+2u) for 
longitudinal waves, where ’ and y’ are the imaginary 
parts of the Lame moduli, A and uw. By comparing™ the 
loss curves due to longitudinal and shear waves, most 
of the loss was found to be due to the yw’ part. If \’ con- 
tributes at all, then a distortion of a region containing 
a relaxing unit by the irradiation could increase the 
relative effect of the X’ loss. 

4. Recovery of the original level of attenuation by step- 
annealing the sample. The heavily irradiated samples 
are about 2.5%° more dense than before irradiation. 
This density change anneals out gradually as the irradi- 
ated sample is heated from room temperature to about 
1000°C. A comparative study of the attenuation and 
density recovery as a function of annealing temperature 
was made. 


FAST NEUTRON DAMAGE IN FUSED SILICA 


When fused silica is bombarded by fast neutrons, 
elastic collisions are the most probable types of inter- 
actions since the capture cross section of oxygen and 
silicon is relatively small at these energies. Such an 
elastic collision between a neutron and a lattice atom 
usually results in the displacement of this atom. It is 
this energetic charged particle which is responsible for 
the extensive damage caused by the neutron bombard- 
ment. Because of the long mean free path of the fast 
neutrons, this type of irradiation can produce knock-on 
atoms anywhere within the solid with almost equal 
probability and consequently can cause homogeneous 
damaging in a large sample. 

An atom which is struck by a neutron travels through 
the lattice and loses energy both by excitation and 
ionization of the lattice atoms and by elastic collisions 
with them. Excitation and ionization are the principal 
loss mechanisms at energies above a certain region 
determined by the mass of the bombarding atoms and 
the lowest excitation energy level of the target atoms. 
Below this region elastic collisions are the principal 
means of energy transfer. It is of interest to determine 
whether, in addition to the displacement of lattice 
atoms, thermal spikes of sufficiently high temperature 


>W. P. Mason, Physical Acoustics and the Properties of Solids 
(D. Van Nostrand Company, Princeton, New Jersey, 1958), 
pp. 297-298. 
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and duration, capable of causing structural changes, can 
occur as a result of fast-neutron irradiation of fused 
silica. 

A deviation of the properties of thermal spikes in 
fused silica was made! following the general method 
outlined by Seitz and Koehler!®;and by Dienes and 
Vineyard.’* In this computation it was assumed that in 
order to be capable of causing even a minor structural 
rearrangement, the spike must have a “temperature” 
higher than the softening point of SiO. (~1600°C) for 
times greater than a period of lattice atom vibrations 
(~10-' to 10-* sec). According to this derivation, small 
effective thermal spikes (<10-A radius) of short dura- 
tion (<10~-” sec) could be involved in the fast-neutron 


damage. 


EXPERIMENTAL APPARATUS AND PROCEDURE 


ultrasonic 
and from 
measuring 


An apparatus was assembled to measure 
attenuation in solids from 1.5° to 373°K 
5 Mc/sec to 150 Mc/sec. The details of the 
procedure have been described previously."” 

A copper sample holder was designed to provide a 
constant low temperature environment for a solid 
sample, as shown in Fig. 1. The sample is seated so that 
most of its bottom surface is a solid-to-gas boundary. 
It is held in place by a spring-loaded electrode pressing 
on the bonded quartz crystal transducer on its top sur- 
face. Electrical contact is made by the center conductor 
of the coaxial cable which fits into a hole drilled axially 
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Fic. 1. Diagram of sample holder. 
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Seitz and D. Turnbull (Academic Press, New York, 1956), Vol. 2, 
pp. 305-448. 

16 G. J. Dienes and G. H. Vineyard, Radiation Effects in Solids 
(Interscience Publishers, Inc., New York, 1957). 

17 See reference 13, Chapter 4. 
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in the electrode. This provides a nonrigid connection 
between the sample holder and this conductor which is 
helpful in assembling the unit. The holder is vacuum 
sealed by means of a lead O-ring seated in a groove in 
the holder. These O-rings were punched out of ;’g-in. 
lead sheets. 

Two fused silica samples were used in this work. Both 
were Amersil optical grade which had been polished flat 
to within } wavelength of sodium light and parallel to 
within 5 sec of arc. One end of each sample was chrome- 
gold plated to serve as one of the transducer electrodes. 
Irradiated sample No. 2 was the one used by Anderson 
and Bémmel in their work on unirradiated silica using 
shear waves at 20 Mc/sec. Most of the runs on irradiated 
silica were made on this sample which had been exposed 
to fast-neutron irradiation in the Chalk River facility, 
at an integrated flux density apparently in excess of 
10° neutrons/cm?. This was indicated by a saturation 
density of about 2.26 g/cm*. The attenuation measure- 
ments in this sample were taken about four years after 
irradiation. Sample No. 1 was exposed to fast-neutron 
bombardment in excess of 5X 10'* neutrons/cm? at the 
Oak Ridge National Laboratory and a measurement was 
taken about one year after exposure. These samples had 
to be resurfaced after irradiation, since the irradiation 
somewhat distorted the surface. For example, in sample 
No. 1 the parallelism was off by more than one minute 
of arc as compared to less than five seconds before 
irradiation. During the annealing studies, sample No. 2 
had to be resurfaced because the surface parallelism and 
flatness were affected as it reverted to normal fused 
silica. 

A 7-Mc X-cut longitudinal or an AC-cut shear crystal- 
line quartz transducer was bonded to the specimen with 
a thin layer of DC-200 series, 1000 centistoke silicone 
oil. A surface roughness of about 10 microinches was 
used on both the sample and transducer. Excellent 
exponential echo decay patterns were obtained using the 
following simple transducer-mounting technique. A 
small drop of silicone oil was spread on the sample sur- 
face and the transducer placed upon it. The flat spring 
loaded electrode was then placed on top, spreading the 
bonding agent uniformly between the two surfaces. The 
best bonding occurred by quickly cooling the sample 
(several minutes) from room temperature to liquid 
nitrogen temperature. Temperatures from 77° to 45°K 
were attained by pumping on liquid and solid nitrogen. 
For lower temperatures liquid helium was used. The 
warm-up time of the sample holder was long enough so 
that, effectively, thermal equilibrium was established 
at any intermediate temperature between helium and 
nitrogen. 

It is possible to measure the absolute attenuation in 
fused silica in the lower megacycle frequency range be- 
cause an accurate background loss determination can be 
made. The attenuation near room temperature is so low 
that the entire loss measured at that temperature is the 
background Joss. An attenuation range of from 30 to 
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60 db is utilized in this study with a probable error of 
about +1.5 db (5%—2.5%). Both the velocity and 
frequency of the signal easily can be measured to better 
than 0.5% so that the accuracy of the determination of 
the value of 1/Q at any temperature is determined pri- 
marily by the accuracy of the attenuation measurement. 


RESULTS 


Longitudinal attenuation measurements were made in 
unirradiated sample No. 1 at 7.1, 21.5, 35.8, and 50.0 
Mc/sec and in irradiated sample No. 2 at 21.5, 35.8, and 
50.0 Mc/sec. Using the relationship 1/0= Av/mf, where 
A=the attenuation in nepers/cm, v=the velocity (as- 
sumed constant in these computations), and f=the 
frequency, the internal friction curves of Fig. 2 were 
plotted. The justification for comparing data from two 
different samples is derived from the good agreement 
between the attenuation in samples 1 and 2 before 
irradiation as seen in Fig. 4. 

Figure 3 is a plot of the logarithm of the frequency 
vs the reciprocal of the temperature at which the maxi- 
mum attenuation occurs for longitudinal waves in 
sample No. 1. A line drawn through these points and 
two others approximated from the low-frequency study 
of Fine et al.," satisfies the rate equation shown on the 
diagram. Here w is the relaxation frequency correspond- 
ing to the temperature 7, wo is the characteristic fre- 
quency of the process found by the intercept of this 
curve with the vertical axis, and H is the average activa- 
tion energy, determined from the slope. The values of H 
and wo are essentially the same as found in the earlier 
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Fic. 2. Internal friction with longitudinal waves in unirradiated 
sample No. 1 and irradiated sample No. 2. 
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study.” As seen in Fig. 2, there is no detectable change 
in the temperature at which the maximum at each fre- 
quency occurs, so that wo and H,, have not changed as 
a result of the irradiation. 

In Fig. 4 a comparison of the internal friction before 
and after irradiation of both samples 1 and 2 is made 
using shear waves. If the attenuation curve of sample 2 
is multiplied by a constant, it is found that its shape is 
the same as that taken before irradiation. Also, the 
attenuation of sample 1 shows no marked deviation from 
this shape as seen from curve (d) multiplied by a factor 
of 4. Since both of the samples were irradiated close to a 
saturation density, it appears that whatever damaging 
process is responsible for the decrease in attenuation 
continues after the density has reached a constant value. 

By comparing the 21.5-Mc/sec attenuation curves in 
Figs. 2 and 4, it can be seen that the irradiation has no 
detectable effect upon the relative amplitude of the 
attenuation of the longitudinal and shear waves. 


Figure 5 shows the recovery of the internal friction in 
sample 2 by step annealing at several temperatures. The 
sample was heated to the indicated temperature, held at 
this temperature for one-half hour, and then slowly 
cooled to room temperature. Also, a comparison was 
made of the recovery of the density including data from 
Primak’s® study where the annealing procedure was 


similar to that used here. As seen in this figure, the 
density recovers at a lower temperature than the attenu- 
ation. At 980°C the density has completely recovered 
while the attenuation has recovered only about 45% of 
its original value. After heating at 1150°C for one-half 
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discussed in reference 12, while the last four were derived 
from the present study. 


1. An atomic rearrangement mechanism is indicated 
by the frequency factor of about 10” cps. 

2. There is a distribution of activation energies (0 to 
about 4000 cal/mole) with the highest density at the 
lower energies in normal fused silica. 

3. The relaxation mechanism is much more sensitive 
to a shear disturbance than to a compressional one. 

4. The distribution of activation energy is unchanged 
by the fast neutron irradiation. 

5. The relaxation strength is decreased by the irradia- 
tion (about 20% in sample 2 and 80% in sample 1). 

6. The relative amplitude of the shear and longi- 
tudinal attenuation is unchanged by the irradiation. 

7. The temperature dependence of the recovery of the 
original density differs from that of the attenuation. 


DISCUSSION 


A relaxation process with a high-frequency factor 
) and a low-activation energy (~0.05 ev) 
was found from the attenuation measurements. This 
high-frequency factor excludes the possibility of a large 
section of the structure relaxing. The shifting of an atom 
between equilibrium positions separated by a small 
potential barrier is indicated. Such a relaxation mecha- 
nism was suggested by Anderson and Bémmel” who 
base their analysis on the Zachariasen-Warren random 
model of glass where the silicon-oxygen tetrahedra are 
assumed to be bonded to each other with a common 
oxygen lying in a straight line between the silicon atoms. 
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They assumed that while most of the Si-O—Si bonds 
are straight, some deviate slightly from 180°. These 
slightly displaced oxygen atoms can assume positions 
of almost equal energy on opposite sides of the Si-O—Si 
bonds. The stress due to the ultrasonic signal biases one 
position with respect to the other and alters the dis- 
tribution of atoms. If the period of the signal is com- 
parable to the relaxation time of the readjustment to the 
equilibrium distribution, the signal is attenuated. The 
distribution of bond angles was assumed to be responsi- 
ble for the distribution of activation energy of the 
mechanism. 

Since, in the present study, no detectable change in 
the activation energy with irradiation occurs while the 
relaxation strength decreases, the damaging mechanism 
appears either to eliminate a relaxing unit or leave it 
unchanged. This irradiation damage of the silica struc- 
ture may occur in two ways—by thermal spikes or by 
displacement collisions. If thermal spikes are responsi- 
ble, the structure may become compacted due to the 
heating and rearrangement of many small regions. If the 
damage occurs only by displacement collisions, resulting 
in interstitials and vacancies, the structure must be 
strongly affected since a significant compacting does 
occur. In either type of damage, a change in the relative 
orientation of many tetrahedra seems likely. An inter- 
pretation given by Weeks and Nelson'* of their electron 
spin resonance studies of fused silica before and after 
heavy fast irradiation indicates a distortion of the struc- 
ture. These authors found that @ quartz and fused silica 
appear to have a similar short-range order which, upon 
irradiation, is markedly changed. If such a distortion of 
the structure does occur, it is difficult to explain the 
absence of a change in the distribution of activation 
energy consistent with a mechanism connected to a 
slight distortion of the structure. 

From the good agreement in the amplitude of the 
attenuation curves of the different samples as seen, for 
example, in Fig. 4, impurities do not seem to be a deter- 


TABLE I. Activation energy ar 
distances as a function of Si 
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18 R. A. Weeks and C. M. Nelson, Oak Ridge National Labora 
tory Report 2829, 1959 (unpublished), pp. 162-165. 
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Fic. 7. X-ray electron density distribution of SiO» as a function 
of radial distance from a given atom. (Curve was redrawn from 
Fig. 1 of reference 22.) 


mining factor in the attenuation. That is, if the attenua- 
tion were due to an impurity, the amplitude of the 
attenuation curve would be dependent upon the 1m- 
purity concentration; this has not been observed. 

Since neither a slight distortion of the structure nor 
impurity defects appear to be responsible for the loss, a 
nonimpurity defect may be involved. Possible non- 
impurity defects in glassy SiO, are (1) free oxygen inter- 
stitials, (2) nonbridging oxygen ions, (3) free silicon 
interstitials, (4) oxygen vacancies, (5) silicon vacancies, 
(6) an association of two nonbridging oxygens (desig- 
nated as a ( center by Kats and Stevels)'® and (7) an 
increased Si—Si distance resulting in a nonbridging 
oxygen and an unsaturated silicon. It will be shown 
that a loss mechanism associated with the elongated 
Si—O-—Si bond with two equilibrium positions for the 
bridging oxygen atom is consistent with the results of 
this study. 

For sufficiently large values of Si—Si separation, the 
single energy minimum for the bridging oxygen atom is 
replaced by two equilibrium positions. The relaxation 
time of the loss mechanism is dependent upon the barrier 
height between alternate oxygen positions. A calculation 
of this barrier height as a function of Si—Si separation 
was made. The interaction of the bridging oxygen atom 
with the two silicons is represented by the sum of two 
Morse potentials where the potential energy of the 
oxygen atom at position R from a silicon atom is given by 


fe 8(R—Ro) >—2.4(R—R 
of e-4-8(R—-Ro) — Je R-I 


+e 4.8(R’—R—Ro —e 2.4(R’—R—Ry l, 
where Uy is the Si—O bond energy (~ 9X 10* cal/mole), 
Ry is the normal Si—O distance (~ 1.6 A), and R’ is the 
Si—Si distance. The resulting activation energy and 
“anomalous” Si—O bond distances as a function of 
Si—Si separation are listed in Table I. 

The relaxation strength of a given range of activation 
energies, A//, is proportional to the number of Si—O— Si 


A. Kats and J. M. Stevels, Philips Research Repts. 11, 115 
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ric. 8. X-ray electron density distribution of fused silica and 
irradiated quartz as a function of radial distance from a given 
atom. (Curve was redrawn from Fig. 3 of reference 5.) 


bonds having an energy barrier in this range. Assuming 
an equal probability for all Si—Si separations, the rela- 
tive number of bonds per unit H, dR’ dH, was calcu- 
lated. The relative distribution of activation energies, 
V(H) (calculated by Mason*’ from the attenuation 
study of Anderson and Bémmel!) should be equal to 
dR’ dH multiplied by the actual Si—Si spatial distribu- 
tion function, .V(R’). By separating the distribution of 
activation energies, .V(//), into two parts designated by 
Vi(H) and \2(H) in Fig. 6, a strikingly symmetrical 
spatial distribution function, .V,(R’) with a maximum 
at 3.89 A (~1300 cal/mole) is found corresponding to 
Vi(H). See insert in Fig. 6. Points corresponding to 
V2(H) are also plotted on the spatial distribution dia- 
gram and these strongly indicate a second symmetrical 
peak at 3.83 A (~300 cal/ mole). In this calculation no 
parameters were adjusted to obtain this distribution. 
The only available adjustable parameter is the constant 
in the exponential of the Morse potential and this was 
assigned the value 2.4 A based on an average value of 
the constant calculated for a diatomic 
molecules.*! 


number of 


According to the relationship listed in Table I, an 
Si—Si separation centered at about 3.86 A will result in 
two “anomalous”? Si-O distances—one peaked at 
1.74 A and the other at 2.12 A. If this defect occurs in 
at least a few percent of the total number of Si—O—Si 
bonds, then an x-ray radial distribution curve with 
sufficient resolution should show peaks at 3.86, 1.74, 


and 2.12 A. Figure 7 shows an x-ray radial distribution 
curve of SiO, taken from a study by Richter et al.” 
Notice that peaks appear approximately where pre- 
dicted in Table I with the exception of the 1.74-A peak 
which apparently isn’t resolved from the large normal 
Si—O peak at 1.6 A. In Fig. 8, which is part of a radial 
distribution curve reported by Simon? in a comparative 
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study of fast neutron irradiated quartz and normal fused 
silica, the change with irradiation is as expected from the 
attenuation study and the elongated bond model. The 
anomalous Si—O peak (at 2.25 A) in the unirradiated 
sample decreases with irradiation with a corresponding 
gain in the normal Si—O peak. Also the Si—Si peak 
increases as expected. 

An estimation of the relative population of anomalous 
to normal Si—O—Si bonds can be found by comparing 
the areas of the respective peaks on the x-ray distribu- 
tion curve of Fig. 6. According to this comparison, an 
exceptionally large proportion, 20% to 30% of the total 
number of Si—O—Si bonds, are elongated. 

The ratio of elongated bonds to normal bonds in 
thermally fused silica is characteristic of the equilibrium 
concentration of these bonds at the annealing tempera- 
ture. The attenuation study indicates that this ratio 
decreases with irradiation. A consistent explanation of 
the change is that a metastable structure, characteristic 
of a high temperature and probably an increased pres- 
sure, is quenched in during the very rapid cooling of 
thermal spikes. The frozen-in structure is thermaliy 
unstable and anneals gut gradually from about 300° to 
1150°C, the normal annealing temperature. An alternate 
explanation of the decrease of contributing units with 
irradiation is that bridging oxygen atoms are knocked 
into interstitial positions. However, this is not consistent 
with the findings of this study for several reasons. First, 
according to Fig. 8, the irradiation causes a decrease in 
the number of elongated Si—O bonds with a comparable 
increase in the number of normal Si—O bonds. Secondly, 
if the percentage of elongated bonds is as large as esti- 
mated from Fig. 7, then the vacancies created by dis- 
placing the oxygen atoms would be traps for other 
knock-on oxygens, thus making it unreasonable to ex- 
pect an 80% decrease in elongated bonds. Also, the 
densification of silica follows naturally from a decrease 
of the relative number of elongated bonds while it is 
difficult to explain on the basis of a rearrangement re- 
sulting from an increase in point defects alone. On the 
basis of these arguments, it appears that thermal spikes, 
resulting in small superheated regions which are rapidly 
quenched in, cause metastable regions in which the 
ratio of elongated to normal Si—O-—Si bonds is 
decreased. 

The low-temperature relaxation loss in other silicates 
is very likely caused by the same mechanism as in fused 
silica. In Fig. 10.13 of reference 13, the distribution of 
activation energies of the loss mechanism in synthetic 
quartz is given. Using the method utilized here for 
determining the spatial distribution of bond lengths 
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corresponding to the distribution of activation energies, 
a symmetrical distribution with a half width of 0.01 A 
(compared to 0.1 A in fused silica) is found at about 
1300 cal/mole while the 300-cal/mole peak is absent. 
Also, the very small 1300-cal/mole peak found in natural 
crystalline quartz would result in a very narrow spatial 
distribution since it closely represents a loss with a 
single relaxation time. 


SUMMARY 


Heavy fast-neutron irradiation of fused silica de- 
creases the relaxation strength of the low-temperature 
loss mechanism but does not affect the distribution of 
activation energies. A specific defect relaxation mecha- 
nism, the elongated Si—O—Si bond with two potential 
minima for the bridging oxygen atom is consistent with 
the results of this study. A model of glass structure with 
two distinct and widely separated Si—O—Si distances 
(or their equivalent in other glasses) is indicated. The 
mechanism of fast-neutron damage in fused silica ap- 
pears to be.a rearrangement due to thermal spikes rather 
than simply the result of many displacement collisions. 

Note added in proof. X-ray diffraction studies on 
amorphous solids are influenced by diffraction errors 
which can result in false subsidiary peaks in the radial 
electron density curves. Consequently, the possibility 
of coincidental agreement of the predicted peaks and 
those found in Fig. 7 as well as in the variation of 
peak heights in Fig. 8 should be mentioned. In any 
event, the defect model is derived solely on the basis of 
the ultrasonic studies and reference to the x-ray work 
is important only in that it permits one to roughly 
estimate the relative number of extended to normal 
Si-O-Si bands. An independent means of determining 
this ratio is needed in order to resolve this point 
satisfactorily. 
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The origin of the effective magnetic fields at the nuclei of mag- 
netic materials which have been determined by Méssbauer, nuclear 
magnetic resonance, electron paramagnetic resonance, specific 
heat, and nuclear polarization methods is investigated theoreti- 
cally by means of the exchange polarization mechanism. Exchange- 
polarized iron series Hartree-Fock calculations were carried out for 
(a) free ions and neutral atoms, (b) ions in a (crude) crystalline 
field (as in a salt), and (c) spin densities and configurations which 
conform with energy band and neutron magnetic scattering obser- 
vations for the ferromagnetic metals. The effective field data for 
metals, ferrites, rare-earth garnets, and salts are then discussed 
and it is shown that the dominant contribution to the effective 
field (in almost every case) arises from the (exchange) polarization 
of the core electrons by the spin density of the unpaired outer 
electrons. For the transition metals, the role of the conduction 
electrons is analyzed including some new contributions not previ- 
ously considered. The data for ions like Fe*+ and Mn++ may be 


I. INTRODUCTION 


HE Moéssbauer,! specific heat,’ electron paramag- 

netic resonance (EPR)*~* and nuclear magnetic 
resonance (NMR)®8 measurements have now been 
made on a great variety of magnetic solids, revealing the 
presence of large internal effective magnetic fields acting 
on the nuclei of these materials. These fields, when 
properly interpreted, can give important information 
about the distribution of the magnetic electrons and 
may yield valuable insights into the mechanism re- 
sponsible for the magnetic behavior of solids. 


* Part of the work done by one of the authors (R.E.W.) was 
supported by the Ordnance Materials Research Office. 

t Guests of the Solid-State and Molecular Theory Group, 
Massachusetts Institute of Technology, Cambridge, Massa- 
chusetts. 
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understood mainly on the basis of the core polarization term but 
such factors as covalent bonding, charge transfer, crystal field 
effects (such as distortions from cuhic symmetry) must also be 
included. For ions like Fe++ and Co** the (large) field due to 
unquenched orbital angular momentum must also be considered 
and several cases in which the orbital] field dominates are discussed. 
The exchange polarization method and the accuracy of the analytic 
spin-polarized Hartree-Fock functions are discussed with regard to 
the sensitivity of the internal field to orbital descriptions, the effect 
of crystalline environments, and to expansion and contraction of 
the spin density. Each factor is investigated in detail by means of 
accurate exchange-polarized calculations. In conjunction with 
these studies a restricted Hartree-Fock calculation for Mn** was 
carried out (and is reported as an Appendix) which is more accu- 
rate than existing calculations and indicates the accuracy of 
earlier analytic Hartree-Fock calculations. 


In a large number of magnetic materials, the internal 
effective field is found to be negative, contrary to origi- 
nal expectations.’ The origin of this negative field in 
ferromagnets is still not fully understood and it is the 
purpose of this paper to present some theoretical in- 
formation and a description of some phenomena relating 
to this problem. Since the physical situation is less com- 
plex for free atoms and ions than for magnetic solids, we 
shall first discuss the former before the latter. We shall 
show that the overwhelming evidence indicates that the 
dominant term in all these cases is the contribution of 
the exchange polarization of the core electrons via the 
Fermi contact term.” 

Fermi” and Fermi and Segré" showed that atomic 
hyperfine fields could be understood to arise from the 
interaction of the magnetic moment of the nucleus with 
the electronic spin and orbital moments. Starting with 
the Dirac theory for the electron, Fermi found that the 
form of the Hamiltonian for the interaction of a nucleus 
with a single electron could be written as 


H=—gegmoun{ (8r/3)5(r)1-S+rI-(L—S) 
+3r-5(I-r)(S-r)}, (1) 


where L, S, and I represent, respectively, electron 
orbital, electron spin, and nuclear-spin angular mo- 
mentum operators; uo and wy are the Bohr and nuclear 
magnetons; and g and g; are the electronic and nuclear 


9W. Marshall, Phys. Rev. 110, 1280 (1958). 

1 E. Fermi, Z. Phys. 60, 320 (1930) and for a more recent 
coverage see H. Kopfermann, Nuclear Moments (Academic Press, 
Inc., New York, 1958). 

1! FE. Fermi and E. Segré, Rend. reale accad. nazl. Lincei 4, 18 
(1933); E. Fermi and E. Segré, Z. Physik 82, 729 (1933). 
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2028 WATSON 
spectroscopic splitting factors. The delta-function term, 
which is called the Fermi contact term, is nonzero only 
for s electrons, for which case the last two terms, which 
are dipolar interaction terms, are zero. 

The energy shift resulting from the hyperfine inter- 
action Hamiltonian of Eq. (1) may be interpreted as 
arising from the interaction of an effective magnetic 
field, H., with the nuclear-spin magnetic moment. For 
the contact part of the Hamiltonian the field is of the 
form 


H.= (ar 3 gus (0) > (2) 


where p(0)= (0) 
nucleus. 
Historically, 


> is the s electron’s density at the 
the Fermi contact term has _ been 
generally accepted as providing the explanation of the 
origin of the hfs observed in free atom spectra and 
molecular beam measurements and more recently has 
been used to explain the observed Knight shifts in 
metals."* In all these systems the density at the nucleus 
of an outer un paired s electron is considered to be re- 
sponsible for the observed effective magnetic field. For 
systems such as those considered in this investigation 
like Mn** *S configuration 
paired s electrons but with a 


} 


in the 3d°, with no un- 
net spin, no hyperfine fields 
are expected to exist. The origin of the large hyperfine 
fields actually observed for these cases remained a puzzle 

ntil recently, when it was suggested by Sternheimer™ 
that the polarization of the core electrons by the spin 
of the outer electrons would produce a net unpaired 
spin density at the nucleus and hence an H, via the 
Fermi contact term. Wood and Pratt" and -Heine," 


2 See e.g. W <night, Solid-Sta 

ind D. Turnbull ac c Press, New York, 1956), Vol. 2, p. 93. 
Fermi and Segre!" first considered the contact term associated 
vith a closed elli i nfiguration-interaction estimate of 
H.for the 6s sh have been other estimates of the //7, 
vith an out shell such as that of Koster [G. F. 
Koster, Phys. Rev. 86, 148 (1952)] for Ga and of Abragam, 
Horowitz, and Pryce’ for Mn**. Sternheimer [R. M. Sternheimer, 
Phys. Rev. 86, 316 (1952) ] was the first to investigate the //, as- 
sociated with all core s shells in his perturbation treatment of Cl. 
e there have been perturbation theory estimates of 
IH. for N by Das and Mukherjee [T. P. Das and A. Mukherjee, J. 
Phys. 33, 1808 (1960) ] and Blinder [S. M. Blinder, Bull. 
Phys. Soc. 5, 14 (1960)], and for Li and Na by Cohen, 
ngs, and Heine [M. Cohen, D. A. Goodings, and V. Heine, 
Phys. Soc. (London) 73, 811 (1959) ]. Nesbet [R. K. Nesbet, 
118, 681 (1960) ] has studied the Li hyperfine structure 
extensive configurati interaction investigation. By 
i 1) improving the wave function in the immediate 
nucleus he obtained the best 7, (but not the best 
to date. As Nesbet has emphasized, “singly substi- 
mn interaction is just another way to build the 
ito the wave function. Heine! and Wood 
und Pr: cle vates of the effect of spin polarization in the 
Hartree-Fock formalism. Computational considerations kept them 
from rigorously solving the spin-polarized Hartree-Fock equations. 
rhe first spin-polarized Hartree-Fock solutions were those of 
Sachs [L. M. Sachs, Phys. Rev. 117, 1504 (1960) ] and Nesbet and 
Watson [R. K. Nesbet and R. E. Watson, Ann. Phys. 9, 260 
1960); hyperfine effects were not considered in this paper ] for Li. 
The ibsequent spin-polarized Hartree-Fock investigations are 

listed, where ippropriate, in wnat follows 
J. H. Wood and G. W. Pratt, Jr., Phys. Rev. 107, 995 (1957); 
V. Heine, ibid. 107, 1002 (1957). 
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in independent investigations, estimated the magnitude 
of the effect and showed that reasonable agreement 
with experiment could be achieved by this mechanism. 

We have been investigating the contribution of 
“paired” electrons to the magnetic properties of solids 
utilizing the spin or exchange polarization mechanism 
in the Hartree-Fock (H-F) formalism.'®-'’ Several 
effects have been studied. (1) Computations for the 
contribution of the “paired” electron spin density to an 
ion’s neutron magnetic form factor suggest that the 
contribution is observable,!* a suggestion which has been 
supported by a recent neutron diffraction investigation 
for NiO.'§ Further, in these calculations the H, arising 
from the “paired” spin density of the core s electrons 
was found to be in good agreement with experiment but 
sensitive to the ion’s environment.!? These results con- 
firmed, by means of accurate H-F calculations, the 
importance of the exchange polarization mechanism as 
the origin of the observed H,. (2) The contribution of 
exchange polarization to an ion’s magnetic interaction 
with neighboring ions and with its own conduction 
electrons in a solid was found to have important con- 
sequences for the magnetic behavior of rare-earth ions.!® 
It was found that these ions carry a negative spin 
density in their outer reaches and it was shown that 
these rare-earth ions may appear to their neighbors as 
having negative spins (i.e., antiparallel to the 4/-spin 
direction). (3) A preliminary report was given,” based 
on extensive exchange polarized Hartree-Fock calcula- 
tions, which showed that the dominant contribution to 
the observed negative 7, in ferromagnets was due to the 
polarization of the core s electrons. In this paper we are 
reporting in detail our investigations of the effective 
fields for the iron transition elements and the role of 
this contribution in explaining H 
materials. 

In the sections which follow we will first discuss the 


in a variety of 


spin or exchange polarized Hartree-Fock formalism, 
Sec. II, and the method of carrying out the calculations. 
Application is then made in Sec. III to the case of free 
divalent ions and the results of these calculations will be 
presented. Due to the lack of experimental data for the 
free ions we will make comparisons with some data for 
these ions in salts. Following the section on the divalent 


1° R. E. Watson and A. J. Freeman, Phys. Rev. 120, 1125 (1960). 

16 Tn addition to the discussion appearing in reference 15 various 
aspects of the problem are discussed in J. C. Slater, Phys. Rev. 82, 
538 (1951); P.-O. Léwdin, ibid. 97, 1474, 1490. and 1509 (1955): 
R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955); G. W. 
Pratt, Jr., Phys. Rev. 102, 1303 (1956); B. H. Chirgwin, ibid. 107, 
1013 (1957); P.-O. Léwdin, Revs. Modern Phys. 32, 328 (1960); 
R. McWeeny, ibid. 32, 335 (1960); R. K. Nesbet, ibid. 33, 28 
1961); W. Marshall (to be published); P.-O. Léwdin, Technical 
Note No. 48, Quantum Chemistry Group, Uppsala U1 
1960 (unpublished). 

17 R. E. Watson and A. J. Freeman, Phys. Rev 

18H. Alperin, Phys. Rev. Letters 6, 55 (1961 

9 R. E. Watson and A. J. Freeman, Phys. Rev 
388(E) (1961). 

” A. J. Freeman and R. E. Watson, Phys. Rev. Letters 5, 498 
(1960); R. E. Watson and A. J. Freeman, J. Appl. Phys. 32, 1185 
(1961). 
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ORIGIN OF EFFECTIVE 
ions we will report, in Sec. IV, H., as calculated for the 
neutral iron series atoms, for which experimental data 
exist. From this section we go on in Sec. V to discuss in 
detail the case of an Fe atom in the metal, and consider- 
ing the various sources to an effective magnetic field 
seen by the nucleus, we make comparisons with the 
results observed by NMR, Méssbauer, and other experi- 
ments for the ferromagnetic metals. In Sec. VI we 
analyze and discuss some of the remaining experimental 
data for magnetic atoms in salts in the light of an 
exchange-polarized H-F calculation for Fe*+ and the 
theoretical ideas reported in the earlier sections, and in 
Sec. VII we present some conclusions. In Appendix I 
we calculate the expectation value of S* (S=total spin 
angular momentum) for some of the single-determinant 
wave functions and discuss the dependence of the hyper- 
fine fields on these quantities. The sensitivity of H, to 
the accuracy of our solutions is discussed in Appendix IT 
and we report in Appendix III the results of a conven- 
tional H-F calculation for Mn** which is more accurate 
than any reported previously, and indicates the accuracy 
of an earlier series” of conventional Hartree-Fock calcu- 
lations for the iron series ions. 


Il. EXCHANGE POLARIZATION IN THE 
HARTREE-FOCK METHOD 


In the usual applications of the H-F method one 
assumes a single Slater determinant with one-electron 
functions which are solved for variationally by following 
a self-consistent field (SCF) procedure which minimizes 
the total energy of the system with respect to small 
variations of the one-electron functions.” There are 
several restrictions*® which are associated with the con- 
ventional application of the method; the one that con- 
cerns us here involves the requirement that electrons 
in the same atomic shell but differing in spin (m, quan- 
tum number) have the same radial wave functions. For 
systems with a net spin (say ¢) this restriction is no 
longer valid since the electrons of ¢ spin experience 
different exchange interactions than do the electrons 
of | spin. Relaxing this restriction in the H-F ‘calcula- 
tions leads to different charge distributions for the orbi- 
tals in the same shell but differing in spin and hence to a 
spin density, |W+(0)\?— |W: (0) |*, for the closed s-elec- 
tron shells which is now nonvanishing. This difference 
is the origin of the nonzero Fermi contact interaction 
for ‘‘paired”’ s-electron systems and a convenient meas- 
ure of this is given by*® 


dor 
-— * 


Ss shells 


{p1(O)—pi(0)}, (3) 


21 R. E. Watson, Phys. Rev. 118, 1036 (1960) ; 119, 1934 (1960) ; 
Technical Report No. 12, Solid-State and Molecular Theory 
Group, Massachusetts Institute of Technology, 1959 (unpub 
lished). 

2 See, e.g., D. R. Hartree, The Calculation of Atomic Structure 
(John Wiley & Sons, Inc., New York, 1957). 

*3 See our discussion in reference 15 and that of Léwdin, Nesbet, 
and Pratt, in reference 16. 
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where § denotes the number of unpaired electrons. With 
x given in atomic units (a.u.), HW, is found in gauss by 
using the conversion factor 1 a.u.=4.21X 10' gauss. 

The calculations which we are reporting have been 
done using SCF analytic techniques.** Normalized ana- 
lytic radial functions, U ;(r)’s, are obtained as solutions 
of the Hartree-Fock radial equations. The U;(r)’s have 
have the form: 


U(r)=X; CR; (1). 


Their normalization condition is 


f U ,(r) | *dr=1, 


and the basis functions, R;, are of the form: 


R;(r)= Nr“ 4ime-4i (6) 


where / is the one-electron angular momentum quantum 
number appropriate for the one-electron orbital of which 
U(r) is the radial part. The .V; is a normalization con- 
stant and is expressible in terms of the other parame- 
ters, 1.€., 


( (22 
| (+24 


(7) 
2)!) 
U ;(r)’s of common / value are constructed from a com- 
mon set of R;(r)’s. Except when otherwise noted, the 
basis sets [i.e., the R;(r)’s ] used here are those used in 
previous conventional Hartree-Fock calculations.*! In 
the interest of conserving space we will, for the most 
part, supply neither the basis sets used nor the resultant 
eigenvectors (i.e., the C;;’s). 
Given the basis sets, i.e., the R 
reduced to solving the Hartree-Fock integro-differential 
equations for the eigenvectors (the Cj,;’s) and their 
eigenvalues. This is done by straightforward matrix 
diagonalization and manipulation and avoids the prob- 


(r)’s, the problem is 


lems of numerical accuracy inherent in the integrations 
of the numerical H-F method. The problem of basis sets 
is however always associated with the analytic Hartree- 
Fock method. First there is the question of the size of the 


* The analytic approach to solving Hartree-l’ock equations has 
been developed by many workers. C. A. Coulson (Proc. Cambridge 
Phil. Soc. 34, 204 (1938) ] appears to have been the first to have 
used an expansion technique in a molecular problem, while C. C. J. 
Roothaan [Revs. Modern Phys. 23, 69 (1951) ] presented the 
approach in a particularly desirable form for closed-shell molecules. 
Nesbet, with his symmetry and equivalence restrictions, extended 
the method to nonclosed shells and emphasized its use for atomic 
cases [see reference 16 and also Quarterly Progress Reports No. 15, 
January, 1955, p. 10; No. 16, April, 1955, p. 38 and p. 41; No. 18, 
October, 1955, p. 4, Solid-State and Molecular Theory Group, 
Massachusetts Institute of Technology, Cambridge, Massa 
chusetts (unpublished) ]. Nesbet’s approach was modified in the 
course of calculations by L. C. Allen, R. E. Watson, and R. K. 
Nesbet. Recently C. C. J. Roothaan | Revs. Modern Phys. 32,179 

1960) ] has extended his formalism to cover the nonclosed shell 
case for the conventional restricted Hartree-Fock method where 
nonzero off-diagonal Lagrange multipliers occur. S. Huzinaga 
[Phys. Rev. 120, 866 (1960); 122, 131 (1961 ] has extended 
Roothaan’s formalism further. 
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set. A small set is desirable because of economy in com- 
puter time and retains the advantages of wave functions 
of analytic form. These advantages come from the ease, 
accuracy, and convenience with which matrix elements 
can be obtained if the functions are in analytic form. 
Large basis sets allow greater accuracy of solution 
(providing that we do not have too many basis functions 
which are too much alike, for then one finds it difficult 
to obtain accurate matrix diagonalization). With the 
basis sets used here we have a situation which is a com- 
promise between the two extremes. 

In practice, a spin or exchange polarized Hartree-Fock 
calculation consists of starting with a conventional (or 
restricted) single-determinant®> H-F function and doing 
an SCF variational calculation in which the restraint, 
that one-electron orbitals differing only in m, value be 
the same, has been relaxed. The resultant many-electron 
function is an approximate but mot exact spin (.S*) eigen- 
function, a matter which is discussed in Appendix I. 
This is so because the filled electron shells are no longer 
“closed,” i.e., because of different one-electron radial 
functions for differing m, values, the filled shells no 
longer make pure singlet contributions to the ion’s spin 
behavior. Calculations for properly (spin) symmetrized, 
m, unrestricted, H-F functions*® for iron series atoms 
are well beyond current computational capabilities. An 
alternate, and inferior, procedure would be to symme- 
trize (e.g., through the use of projection operators*’) the 
spin-polarized function after the SCF variational calcu- 
lation. This also presents difficulties for many-electron 
systems the size of the iron series atoms and has there- 
fore not been included here. Despite this, we should 
consider qualitatively what happens to x when such 
symmetrization is done. The effect of applying a spin 
projection operator to our one-determinant wave func- 
tion is to mix in determinants where one or more pairs 
of (opposing) orbital spins are flipped. Calculations for 
low-Z ions** show a reduction in |x with symmetriza- 
tion and we would expect a similar reduction in the 
x’s given later in the paper. 

Two other features of these calculations should be 
noted. (1) They are nonrelativistic Hartree-Fock calcu- 
lations. Relativistic corrections to our wave functions 
would increase our x by approximately 6 or 7%.** This 
is in the opposite direction to, and we believe smaller 
than, the above-mentioned symmetrization corrections. 


28 On occasion the conventional Hartree-Fock function is con- 
structed from a linear combination of several determinants in 
order to have a function which is an eigenfunction of Z? and S*. All 
the atomic states, for which calculations will be reported in this 
paper, are single-determinant cases. 

26 For an indication of what is involved for the much simpler case 
of atomic Li see Nesbet and Watson.* 

27 P.-O. Léwdin, Proceedings of the Paris Symposium on 
Molecular Quantum Mechanics 1958 (unpublished), p. 23. Tech- 
nical Note No. 12, Quantum Chemistry Group, Uppsala Uni- 
versity, 1958 (unpublished); Phys. Rev. 97, 1509 (1955). 

28 This is based on Sach’s experience" with Li and our own (to be 
published) with spin-polarized N. 

% See Kopfermann, reference 10. 
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(2) It is well known that the Hartree-Fock formalism 
suffers from a serious imbalance. While it accurately 
treats the interelectronic interaction between electrons 
of parallel spin (via exchange), it inadequately handles 
“correlation” between electrons of antiparallel spin. 
Léwdin® and Herring * have stressed the importance of 
including correlation effects when treating the magnetic 
properties of many-electron systems. By virtue of 
having different orbitals for different spins some correla- 
tion has been built® into the spin-polarized functions 
but it is only a small fraction of the total effect. This 
lack may be serious when one uses the spin-polarized 
Hartree-Fock method to obtain effective fields and 
should be further investigated. It is perhaps the most 
important reason why detailed agreement between com- 
putation and experiment cannot be expected. 


III. CONTACT TERM FOR DIVALENT 
IRON SERIES IONS 


Before discussing the internal fields in magnetic solids, 
it is instructive to first discuss the available theoretical 
and experimental data for hyperfine fields in free atoms 
and ions since these offer a simpler system upon which 
to focus one’s ideas and make comparisons. In this 
section we wish to compare the calculated spin-polarized 
Hartree-Fock x’s calculated for free divalent ions with 
experiment. Due to the lack of experimental data for 
the free ions, we will consider some of the data available 
for the ions in salts. 

Abragam et al.,° reported values of x for the divalent 
iron series ions based on an analysis of experimental 
hyperfine data for the ions in hydrated salts.* Their x’s 
are tabulated in Table I along with the contact term 
effective field, H., (where H.=Syox) and also H,/S 
which is the field per unpaired spin. As suggested by 
AHP we see that x has a roughly constant value of 
~—3 a.u., equivalent to an H,/S of ~—125 kgauss. 
The negative sign indicates that H, is antiparallel to the 
net spin of the ion. The rough constancy of x suggests 
that we are dealing with a polarizability which is linear 
in spin and this has important consequences in later 
discussions.** 

Theoretical x’s resulting from our free-ion spin-polar- 


* P.-O. Léwdin (private communications and to be published). 

31 C. Herring (private discussion). 

® The method of “different orbitals for different spins” [e.g., see 
P.-O. Léwdin, Proceedings of the Nikko Symp on Molecular 
Physics (Maruzen, Tokyo, 1954), p. 13] when used with properly 
symmetrized many-electron wave functions has yielded as muchas 
eighty-five percent of the “correlation energy” for simple applica 
tions (for example T. Itoh and H. Yoshizumi, J. Phys. Soc. Japan 
10, 201 (1955); J. Chem. Phys. 23, 412 (1955)). Less than 1% of 
the ‘correlation energy’”’ has been obtained for the larger (and 
unsymmetrized) systems considered in this paper. 

3% Paramagnetic resonance and optical absorption data of many 
workers (see AHP, reference 3, for these references). Some of these 
data are discussed in Sec. VI. 

% The rough constancy of x is based on a complicated theoretical 
analysis of the experimental data. For the present we accept this 
constancy but shall discuss it at length in Sec. VI where compari- 
son with more recent data is made and correlated with theory. 
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ORIGIN OF EFFECTIVE FIEL 
TABLE I. Values of experimental hyperfine interaction x, /,, and 
H./8 for the divalent iron series ions in hydrated salts.* 


Ion V+*(3d3) Mn**(3d5) Cot*t*(3d7) Cutt (3d?) 


2.8 TS ~29 
—118 — 130 — {9 


—105 
—354 — 650 —315 —122 


x (a.u.) 
H./S (kgauss) 
H, (kgauss) 


* Obtained from x's reported by Abragam ef al.* 


ized Hartree-Fock calculations for Mn*+*, Fet+*, and*® 
Ni** are listed in Table II. In addition, H,’s and indi- 
vidual shell contributions to the x’s are given. While 
being consistently more negative than the hydrated ion 
results of Table I, the computed x’s show the same 
degree of constancy as observed by AHP. 

Inspection of the individual shell contributions to x 
shows that the resultant H, arises from a competition of 
terms of opposing sign. The 1s and 2s shells, which lie 
inside the 3d, have their majority spin electrons 
“attracted” outwards, leaving a region of negative spin 
density near the nucleus which in turn gives a negative 
contribution to H,. Due to its close proximity to the 
3d electrons one might expect the 3s-shell contribution 
to dominate, but this shell lies neither “inside” nor 
“outside” the 3d. The overlapping of the shells leads to 
competing tendencies and a contact contribution which 
is smaller than that of the 2s and is positive, i.e., the 
3s shell acts as if it lies ‘‘outside”’ of the 3d insofar as x is 
concerned. We also see that while the x’s may show a 
rough constancy, the individual shell contributions show 
a definite tendency to increase in magnitude with in- 
creasing Z. The fact that the individual electron shell 
contributions are not constant suggests that it is an 
oversimplification to describe the s electron polariza- 
bility as linear in the ion’s spin. The makeup of the con- 
tact term is perhaps better seen in Table III where we 
list individual s-electron contributions to H.. for Mn**. 
We see that an H, of ~—700 kgauss is made up of 
individual terms which are many times larger. 

The competition of the terms contributing to x and 
IT, suggests that these quantities are extremely sensitive 
to environment and over-all wave function behavior. 
Testing this we have obtained spin-polarized Hartree- 
Fock results for Ni+* in a crude cubic crystalline en- 
vironment.'’? The environment produced a contraction 
in the unpaired 3d orbitals relative to free ion behavior. 


rape II. Theoretical contact-term y’s, //,’s, and individual s-shell 
contributions to x as obtained for Mn*+, Fe**, and Ni* 


*(3d°) 


x (a.u.) — 3.94 
1s-shell contribution to x —0.27 
2s-shell contribution to x — 6.7: rp —9.62 
4s-shell contribution to x +5.95 
H, (kgauss) —330 


Ion Mn**(3d5) Fet*(3d*) Ni* 


3.34 3.29 


The Ni** results have appeared previously in reference 15. 
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TABLE III. Individual s-electron contributions (in kgauss) to 
H, as computed for Mn**. will denote electrons with spin 
parallel (and J antiparallel) to the 3d-shell spin. 


nsf+ns] 


502 840 ~~ —30 


502 870 
226 670 
— 228 080 
31 210 
— 30 470 


WwwnNend — 
<>< >< > 


— 1400 


+740 


Total ~—690 


The results for the free and cubic field Ni** ions are 
given in Table IV. We see that the individual shell 
contributions have increased for the cubic field case but 
that x has decreased and that it is still larger in magni- 
tude than the experimental value given by Abragam, 
Horowitz, and Pryce. These variations in total x, as 
well as those in its separate contributions, are due to 
small variations in the 3d orbitals. 

We have just seen that H, is sensitive to the ion’s 
environment. Of equal interest is the question of sensi- 
tivity of x to the accuracy of our Hartree-Fock solutions. 
Given our basis sets, our solutions are accurate to the 
digits reported here but there is the question of the 
limitations imposed by the basis sets. We have investi- 
gated this with a pair of spin polarized calculations for 
Mn*+ where we have augmented the basis set (hence- 
forth called set I) used in the computation reported 
above. These investigations, which are discussed in 
Appendix II, show that whereas the ion’s total energy 
is insensitive, the contact field, H., is extremely sensitive 
(1) to greater variational freedom for the s functions 
near the nucleus and (2) to small improvements in the 
behavior of all the orbitals. This shows the importance 
of using a set of calculations of consistent accuracy so 
that comparisons will be meaningful. In the text we 
report results of calculations which consistently used 
basis sets equivalent to set I. In conjunction with these 
studies we did a conventional H-F calculation which is 
superior to existing calculations** for Mn** and because 
of their usefulness the eigenvalues and eigenvectors are 
reported in Appendix ITI. 


TABLE IV. Contact-term x’s (in a.u.) and individual s-shell 
contributions to x as computed for the free Ni** ion* and Ni** in 
a cubic field. 


Free Ni** Nit* 


0.27 - 
9.62 —1 


Contribution to x ina cubic fieid 


from the 1s shell 
from the 2s shell 
from the 3s shell 


( 
( 


3 
1 


) 
).10 


1.5.95 n 


r & | 
Total x — 3.94 —3.2 


361). R. Hartree, Proc. Cambridge Phil. Soc. 51, 126 (1955); 
R, E, Watson, reference 21; D. F. Mayers (unpublished). 
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TABLE V. Values of experimental hyperfine interaction x, H., and 
H./S for the neutral iron series atoms.* 


Atom 


Sc(3d'4s*) V(3d%4s?) Mn(3d%4s2) Co(3d74s*) Cu(3d%4s*)> 


—5.0 
—210 
—210 


x (a.u.) 0 —2.5 0 
He/§ (kgauss) 0 —105 0 
He (kgauss) 0 —315 0 


—1.8 
—70 
—210 


® Obtained from x's reported by Abragam ef al. 
> See reference 39a. 


IV. CONTACT TERM FOR NEUTRAL 
IRON SERIES ATOMS 


Abragam ef al.,> have also extracted experimental 
contact terms for the 3d"4s* states of the free neutral 
iron series atoms. Their x, H., and H,/S values are 
given in Table V. We see that the x’s do not show the 
constancy (~—3 a.u.) observed for the divalent ions 
but instead fluctuate with values ranging between zero 
and ~ —5a.u. Spin-polarized Hartree-Fock calculations 
have been done for neutral Sc, V, Mn, Fe, Co, and Cu.*” 
The resulting contact terms appear in Table VI. In- 
cluded are the terms associated with the inner three s 
shells (called X; and H;) and with all four s shells (X, 
and #,) and this should be compared with Table V. The 
computed X,’s do not show the fluctuations seen in 
experiment (Table V) but they, and the X;’s, do show a 
tendency to increase with increasing Z. This will be 
discussed later. 

Inspection of the neutral and divalent ion cases 
suggests that the experimentally observed fluctuations 
are associated with the 4s shells for which configuration 
interaction (i.e., wave-function descriptions beyond the 
one-electron Hartree-Fock formalism) is known to be 
important. Unfortunately, our spin-polarized Hartree- 
Fock functions are, for several reasons, inappropriate 
starting points for configuration interaction calcula- 
tions. One reason is that erroneous and misleading re- 
sults can be obtained from using improperly or inexactly 
symmetrized configurations (our functions are of course 
not exact spin states). While we are not prepared to do 
configuration interaction calculations, we can see under 
which conditions we would expect such calculations to 
be important. Listed in Table VII are those neutral and 
divalent ion “excited” configurations which differ by 
two one-electron orbitals from the “ground” configura- 
tion and hence are available** for configuration inter- 
action. This list was obtained by inspection of Moore’s® 


37 Note that the 3d°4s*, 2D state is not the neutral Cu ground 
state. Otherwise the calculations are for the ground states. 

38—In the case of configuration interaction where restricted 
Hartree-Fock functions are used, “‘excited’’ configurations have 
zero or small valued matrix elements with the “ground” configura- 
tion unless (1) they are of the same symmetry and (2) they differ 
in the assignment of two and only two one-electron orbitals [L. 
Brillouin, Actualités sci. industr. No. 71 (1933) and No. 159 

1934) ]. We would expect this latter rule to hold, at least approxi 
mately, for the configuration interaction at hand and thus we have 
listed just doubly substituted configurations in Table VIII. 

® Atomic Energy Levels, edited by C. E. Moore, National Bureau 
of Standards Circular No. 467 (U. S. Government Printing Office, 
Washington D. C., 1949 and 1952), Vol. I and Vol. II 
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tables of atomic spectra. Note that no doubly substi- 
tuted configurations occur for the divalent ions or for 
the two neutral atoms (Sc and Mn) which have zero 
valued experimental X,’s. Sc and Mn are the two neutral 
atom cases where the computed X,’s (of —0.5 a.u.) are 
roughly in agreement with experiment (allowing for the 
overestimation we have previously seen for X;’s). For V 
and Co, for which there are one or two excited configura- 
tions, we see that the experimental x’s lie between the 
X;’s and X,4’s. Configuration mixing would consist of 
replacing the 4s by other orbitals (hence reducing the 
4s shell contribution), thus giving a x which would be 
nearer to X; the greater the configuration mixing. While 
the above effect of configuration mixing appears to 
cover V and Co it clearly does not cover the case of Cu 
where x is larger®™ (i.e., more negative) than the ob- 
served divalent ion value and our computed X;. Also, to 
obtain quantitative agreement with the observed V and 
Co X’s (using our X3’s and X,4’s) one must demand that 
the excited configurations are as important as (or more 
than) the ground configuration. This requirement seems 
unreasonable. In the above discussion we have con- 
sidered the effect of mixing “excited” configurations 
with a given “ground” configuration and have not con- 
sidered the possibility of perturbations on the one-elec- 
tron orbitals of the ground configuration. Investiga- 
tions” of small ions, involving few configurations, have 
shown that the predictions of many observables are 
more profoundly affected by obtaining self-consistent 
solutions of the “ground” configuration one-electron 
orbitals when the orbitals ‘see’ the presence of the 
“excited” configurations in the many-electron wave 
function than by the actual mixing (given the ground 
configuration) of excited configurations.*! 

The mixing of the V, Co, and Cu excited configura- 
tions will produce a radial expansion in the spin densities 
of the atoms. Now the spin densities are the source of 
the spin polarization (actually this is something of an 
oversimplification of the mechanism) and such expan- 
sions cause increases in X;’s. We have observed this to 
be the case when comparing the free ion and cubic field 
results for Ni**+ and we shall see it again in the next 
section. Necessary (and perhaps sufficient) to pre- 
dicting the observed V, Co, and Cu hyperfine fields in 
terms of limited configuration interaction (i.e., to con- 
figurations listed in Table VII) is the inclusion of the 
repercussions of these excited configurations on the 


398 Note added in proof. D. A. Goodings (private communication 
and to be published) has kindly informed us that the AHP value 
of x for Cu has an error in sign. It is difficult to understand how 
such a large positive contact term can occur for such an atom 
Perhaps further experimental work is called for to help resolve 
this anomaly. 

 R. E. Watson, Ann. Phys. (to be published); R. E 
and A. J. Freeman (to be published). 

| If one used a complete set of one-electron orbitals and a large 
scale configuration interaction investigation (which would involve 
substitution of inner shell orbitals) one could, of course, achieve 
the same effect as improving the ground configuration orbitals 
(i.e., letting them ‘‘see’’ the excited configurations 


Watson 
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TABLE VI. Computed neutral iron series atom contact term x’s and //’s for the three inner s shells (x3 and /7;) and for all four s 
shells (x, and H,). Also included are individual s-shell contributions to x and the 3d—ns radial exchange integrals* [G?(3d,ns) ]. x’s are 
in a.u., H’s in kgauss, and G*(3d,ns)’s in ry. 


Cu( 3d45?) 


Mn (3d*4s?) 


V(3d?45?) Fe (3d°4 5?) Co( 3d74s?) 


—3.19 
—400 
—0.45 


—57 


—3.43 
—715 

—0.54 
—114 


—3.78 
— 158 

—().69 
= 2p 


—3.51 
— 585 


—0.59 


— 3.62 
— 453 
—0.61 
—76 
£ 
contribution : 
to x from 
1s shell 
2s shell 
3s shell 
4s shell 


+0.05 
—4.85 
+1.61 
+2.74 


—0.03 
— 6.63 
+3.23 
+2.89 


—0.15 
-8.77 
1.3 30 


+3.01 


—0.28 
—11.15 
+7.65 


+3.09 


—3.01 
—0.06 
+2.73 


2(3d.1s)* 
3d,2s)* 
2(3d.3s)" 


3d,4s)* 


0.001 
0.143 
0.590 


0.002 
0.201 
0.698 
0.068 


* Obtained from restricted Hartree-Fock calculations.” 


ground configuration orbitals. The difficulties associated 
with accurate estimates of these repercussions provide a 
second good reason for not doing the configuration 
interaction computations. 

Let us now consider the individual shell contributions 
to the neutral atom x’s. These have also been listed in 
Table VI. In addition we have listed the Slater exchange 
integrals” [G?(ns,3d)] between the s and 3d orbitals 
which were obtained from restricted Hartree-Fock calcu- 
lations.” The contribution from any one shell increases 
in magnitude with increasing Z. The G?(ns,3d)’s show 
the same trend [except for the 4s shell where the 
G?(3d,4s) and X contributions are roughly constant ]. 
The trends in X3; and X, seen in Table VI are due to a 
competition in effects, with the tendency of the 1s and 
2s shells to become more negative (with increasing Z) 
dominating. Note that the 3s contribution in Sc is 
negative (and small). This is the only case in which this 
has been observed, whereas Marshall® suggested that 
in metals this would always be the case. The 1s, 2s, and 
4s shell contributions are very roughly proportional in 
magnitude to the G?(ns,3d)’s. Inspection of the 
G*(3s,3d)’s would suggest that the 3s shell contribution 
should dominate. It does not. As discussed earlier this is 
due to the close overlapping of the 3s and 3d shells and 
the resulting competition between a negative and a 
positive contribution to x. 

The individual 4s-electron contributions to H, appear 
in Table VIII (along with the H;’s for comparison). 
These give some measure of the possible behavior of the 
4s conduction bands in the metals and for this reason 
they have been tabulated. (The Fe data appearing here 


4 See E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1953), Chap. VI. 

‘48 W. Marshall, Proceedings of the Méssbauer Effect Conference, 
University of Illinois, 1960, edited by H. Frauenfelder and H. 
Lustig [University of Illinois Report AFOSR TN 60-698 (un- 
published), p. 44]. 


0.003 
0.265 
0.802 
0.063 


0.003 
0.293 
0.844 
0.063 


0.004 
0.322 
0.888 
0.062 


0.005 
0.380 
0.972 
0.061 


will be made use of in the next section.) It is generally 
thought that something under one electron (per atom) 
is associated with the 4s band in the metals. Most of 
this is in paired orbitals. With this in mind, the tabulated 
data suggest that the core electron’s contact term will be 
very able to compete with that of the metal’s 4s con- 
duction band. The individual 4s-electron contributions 
increase with increasing Z. This is, of course, not due to 
the exchange interaction with the 3d shells but is due 
to the variation in nuclear charge. 

We have seen that X3 (and for that matter X,) becomes 
increasingly negative with increasing Z. A similar trend 
has been observed“ in experimental Knight shift data 
in which there is a tendency towards positive Knight 


TABLE VII. Excited configurations of the same symmetry and 
differing by two one-electron orbitals from the ground configura- 
tion as listed in Moore’s tables* of atomic spectra for divalent and 
neutral iron series ions. 


Divalent ion L ‘ o F) Cut**@D) 
Ground configuration 3 1 3 3a? 
<xcited configurations 


Neutral atom Sc (2D) ] Mn(6S) (4) CuC@D 

3d'4s2 309452 

None 3d'4d 
3d'°Sd 
3d'6d 
3d'°7d 
3d'9°8d 
3d'°0d 
3d! 0d 
3d'11d 


Ground configuration 
Excited configurations 


® See reference 39. 
b Note that this is not the ground state of this atom. 

44 A.M. Clogston (private communication) has informed us that 
workers at the Bell Telephone Laboratories have observed this 
trend. Some of the data on which this observation rests have 
appeared in: W. E. Blumberg, J. Eisinger, V. Jaccarino, and B. T. 
Matthias, Phys. Rev. Letters 5, 52 (1960); V. Jaccarino, M. Peter, 
and J. H. Wernick, ibid. 5, 53 (1960); and W. E. Blumberg, J. 
Eisinger, V. Jaccarino, and B. T. Matthias, ibid. 5, 149 (1960). We 
are indebted to Dr. Clogston for pointing this out and for helpful 
discussions. 
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TABLE VIII. H/; and the individuals 4s contributions to H, for the neutral iron series atoms (in kgauss). 


V (3d945?) 


Sc (3d'4s?) 


Atom 


Mn (3d*4s?) 





Fe(3d*4s?) Co (374s?) 


Cu (3d*45?) 





4s (i.e., parallel to +1328 
the 3d-shell spin) 
4s} antiparallel —985 


H; — 400 


4.937 


+1750 “+1850 +1951 
~1149 


—715 


— 1361 — 1574 


— 453 





shifts for the elements of lower Z with an increasing 
tendency toward negative Knight shifts for higher Z. 
The parallel is not exact since Knight shift measure- 
ments are made in nonzero magnetic fields and the 
magnetic field contributes a polarization term missing 
from our discussions. Investigations concerning the 
Knight shifts in transition metals have been carried 
out and these will be reported on in a forthcoming 
publication.*® 

Before leaving this section we wish to indicate what 
we think may be the two most important features o* the 
results reported here. First, we have seen a trend to 
more negative X;’s with increasing Z, a trend which 
parallels experimental observations. Secondly, we have 
seen the spin-polarized Hartree-Fock formalism fail in 
its predictions of x for three of the neutral atoms. We 
believe that substantial improvements can be made by 
using limited configuration interaction providing that 
the ground-configuration orbitals ‘“‘see’” the excited 
configurations. 


V. EFFECTIVE MAGNETIC FIELD IN 
FERROMAGNETS 


In the previous sections we have observed the role of 
the core polarization on the hyperfine fields in divalent 
ions and atoms. Let us now examine the situation in the 
more involved case of effective fields in magnetic solids. 
In Table [IX we summarize some of the data currently 
available for a number of these materials. The striking 
features of this table are (1) the internal fields are large 
(300 to 750 kgauss) and (2) for the ferromagnets (and 
antiferromagnets) some of these fields are negative (i.e., 
antiparallel to the direction of magnetization). We shall 
discuss the origin of these fields in ferromagnets in this 
section with particular regard to metallic iron and the 
remaining cases in the one that follows. 

In the case of the iron series ferromagnetic metals the 
core polarization is only one of a number of contribu- 
tions to the effective field (47,) which interacts with the 
nuclear-spin magnetic moment. Marshall’ first discussed 
these terms in an investigation of the problem of nuclear 
alignment. Aside from the core polarization contribution 
to the effective field and the local magnetic field (which 
is composed of the external plus demagnetizing fields 
and the Lorentz field) these terms included the contribu- 
tion from the outer electrons as follows: 


‘6 R. E. Watson and A. J. Freeman, Bull. Am. Phys. Soc. 6, 166 
(1961); A. J and R. E. Watson (to be published). 


Freemat 


(1) the field from the contact interaction with the 
4s electrons, polarized by the 3d’s, 

(2) the field from the contact interaction with the 4s 
electrons partly admixed into the 3d band, 

(3) a contribution from the dipolar field of the 3d 
electrons (zero for cubic symmetry), 

(4) an orbital contribution from any unquenched 
angular momentum of the 3d electrons. 


(As we shall see there may be other contributions and 
these are discussed later in this section.) In his pioneer- 
ing paper Marshall made the following estimates for the 
various contributions to H, in Co: +40 kgauss for 
term (1), +81 kgauss for term (3) (for hexagonal Co), 
and +83 kgauss for term (4). Then assuming a core 
polarization contribution of —128 kgauss*® and the 
measured H, from specific heat data to be +219 kgauss 
he determined (2) to be +137 kgauss. 


A. Effective Field at a Nucleus in Iron 


Recent Méssbauer experiments by Hanna ef al.," 
showed however that the effective field at the nucleus 
in Fe*’ was in fact negative, i.e., directed opposite to the 
direction of magnetization. These workers’ concluded 
that the dominant contribution to H, must come from 


the core contribution since the other sources are (or are 
generally presumed to be) positive. We now wish to see 
whether a computed core polarization will, in competi- 
tion with the other terms, yield an H, which is in agree- 
ment with experiment. 

In an effort to estimate some of these positive terms, 
let us see what we can glean from Wood’s augmented 
plane wave** and Stern’s modified tight binding® calcu- 
lations for metallic iron. Wood** has recently obtained a 
density of states curve which shows 0.4 electron in the 


46 Since Marshall used the x appropriate to neutral Co he was in 
part counting the 4s polarization twice. Actually the x for Co** 
is the correct value to use. 

‘7S. S. Hanna, J. Heberle, C. Littlejohn, G. J. Perlow, R. S. 
Preston and D. H. Vincent, Phys. Rev. Letters 4, 177 (1960) and 
S. S. Hanna, J. Heberle, G. J. Perlow, R. S. Preston, and D. H. 
Vincent, ibid. 4, 513 (1960) first measured the effective field and 
its sign in Fe. See also D. E. Nagle, H. Frauenfelder, R. D. Taylor, 
D. R. F. Cochran and B. T. Matthias, Phys. Rev. Letters 5, 364 
(1960) for the temperature dependence of the internal field as 
determined by Méssbauer measurements. 

48J. H. Wood, Phys. Rev. 117, 714 (1960) and Quarterly 
Progress Report, Solid State and Molecular Theory Group, 
Massachusetts Institute of Technology, January 15, 1961 (un 
published), p. 79; and private communications for which we are 
grateful. 

F. Stern, Phys. Rev. 116, 1399 (1959). 
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TABLE IX. Effective fields, H., in units of 10° gauss at nuclei in various hosts. T (°K) is the temperature (in degrees Kelvin) at which 


the measurements were made, and symbolically, 


M=Méossbauer, NMR= 


nuclear magnetic resonance, EPR=electron paramagnetic 


resonance, C,=specific heat, and NP=nuclear polarization. Where the symmetry of the ion site has been given by the author this 
information has been included (e.g., tet =tetrahedral, oct = octahedral). Where a sign has been given for H, it is the one which has been 


determined; no sign (+ or 





Refer- 


Nucleus Host H- (in 105 gauss) Method T (°K) ence 


Fe M 0 47 

0 NMR 295 . 

2+0.05 M 0 7 

0 +0.05 M 0 7 
M 88 


42 
3 
1 

& 
# 


3.92 +0.05 M room 
3.90 M room 
3.9 NMR room 
3.90 +0.07 M room 
4.6 M liquid air 
4.74 +0.06 M room 
4.85 M room 
4.7 NMR 

4.90 +0.07 M 
5.4 M 


room 
room 
liquid air 


: M room 
6 M liquid air 


85 M room 
5.4 M liquid air 


0 and 4.9 NMR 


room 


M room 

7¢ 0.20 

. 0:20 M room 
0+0.20 
+0.20 

+0.20 (tet 

+0.20 (oct) 


M room 


ue Nee 


M 85 


» A. C. Gossard, A. M. Portis, and J. W. Sandle’?; C. Robert and J.- 
Winter’ and J. I. Budnick, L. J. Brunner, R. J. Blume, ‘and E. L. ty 
Appl. Phys. 32, 120S (1961). See the last named authors for the temperature 
de pendence of the NMR freque ney, and G. B. Benedek and J. Armstror 
Y Appl. Phys. 32, 106S (1961) ] for the pressure and temperature dep 
nice of the resonance frequency. 
D. E. Nagle et al.47 and R. D. Taylor, D. E 
D. R. F. Cochran (to be published). 
eC. Alf and G. K. Wertheim, Bull. Am. 
rel erence 75 
1E. L. Boyd, L. J. Brunner, J. I. Budnick, and R. J. 
Phys. Soc. 6, 159 (1961). 
O. C. Kistner and A, W. Sunyar, Phys. Rev. 
'W. H. Kelly, M. Hass, W. N. Schreiner, 
Phys. Soc. 6, 135 (1961), and to be published. 
« FE. S. Rosenvasser and G. Feher, Bull. Am. Phys. Soc. 
’G. K. Wertheim, Phys. Rev. 121, 63 (1961). 


. Nagle, H. Frauenfelder, anc 
Phys. Soc. 5, 428 (1960) and 
Blume, Bull. Am. 


Letters 4, 412 (1960). 
and G. B. Beard, Bull. Am. 


6, 117 (1960 


4s band for energies lying beneath the onset of the 3d 
bands. If one considers the nonmagnetic state and fills 
the energy levels until there are eight electrons per atom 
in them, one has put approximately one electron in the 
4s band (i.e., 0.6 electron in the region overlapping the 
partially filled 3d bands). This estimate is of necessity 
crude. Stern also predicted approximately one electron 
in the 4s band, as did Walker ef al.,® from an interpreta- 
tion of the Fe®’ isomer shift.*! Let us now go to the mag- 
netic state by depopulating states of one spin (and filling 
the other) until there are 2.2 unpaired electrons per 
atom. Let us assume that the exchange interactions 
causing the creation of the net spin are of the same sign 
and magnitude for both the 4s and 3d shells (naive 
arguments based on the overlap of wave functions would 

8 T.. R. Walker, G. K. Wertheim, and V. Jaccarino, Phys. Rev. 
Letters 6, 98 (1961). 

51 We shall have only a brief opportunity to refer to the im- 
portant data obtained from the isomer shift (see reference e in 
Table IX). This gives a measure of the total charge density at the 
nucleus whereas the contact part of the hyperfine field measures 
the total spin density: at the nucleus. 


—) means no such determination has been made. 


Nucleu 
57 e3 


3.20 
0.80 
3.0+0.2 
4.10+10 


1.70 
1.70 


0.81 40.04 100 
0.205 +0.015 100 
+0.185 +0.01 100 
0.45 0 
00 0 

0.015 

0.015 

0.015 


i See V. Arp, D. 
and effectiv 


Edmonds, and R. Petersen (reference 2) for 
e field data for Co in ( oNi and CoFe alloys 
Appl. Phys.) for a discussion 
’R.D. Taylor, D. E. le, P. P. Craig, 
Piva. Soc. 6, 136 ( 1961), and to be pt iblished 
" heen r, J. I. Budnick, and R. J. Blume, Phys. Rev. 121, 83 (1961). 
.F Wegener and F. E. Obenshain, Phys Rev. (to be published). 
: Boyle, D. St. P. Bunbury, and C. Edwards, Phys, Rev. Letters 
1960) and Boyle ef al. and H. E. Hall, Proc. Phys. Soc. 77, 129 


_for these data 
and G. K. Wertheim 


and W. M. Visscher, 


Meyer-Schiitzmeister, 
to be published). 

B. N. Samoilov, V. V. Sklyarevskil, and E. P. Stepanov, J. Exptl. 
Theoret. Phys. (U.S'S.R.) 36, 644 (1959) ; 36, 1944 (1959) ; 38, 359 (1960). 
Ihe values quoted in Table IX are those obtained by applyi ng the correction 
suggested by these authors as a Note Added in Proof 


R. S. Preston, and S. S. Hanna, Phys. Rev. 


suggest that the 4s exchange parameter is smaller). 
Then there would be roughly 0.05 to 0.1 unpaired elec- 
trons in the 4s band. In order to use these observations 
in an estimate of contributions to the effective field one 
must remember that while the bottom of the 4s band 
may be of almost pure 4s character, it is dangerous to 
assume that this is the case for states halfway up in the 
band. Thus, 0.05 to 0.1 unpaired 4s-band electrons does 
not necessarily imply this much unpaired 4s character. 
Bearing this (and the possibilities of overestimating the 
4s-band exchange parameter) in mind let us assume that 
there are 0.8 paired and 0.05 unpaired (with spin parallel 
with the 3d) 4s electrons in the “4s band.” Using the 
Table VIII these yield contributions to Bs of 
+105 and +90 kgauss respectively. These are, we be- 
lieve, overestimates of the effects but they provide us 


data of 


with a framework for our discussions. If we estimate the 
using the ‘‘ob- 
of about —3 a.u., then the effec- 
tive field for the metal (with 2.2 unpaired 3d spins, i.e., 


contribution of the core electrons by 


served” divalent ion x 
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>. 1. One-electron 3d spin and charge densities for 
Fe 3d°4s? and Fe 3d, 


we assume” that the spin moment in the metal is 
entirely due to the 3d band) from the core contact inter- 
actions, H,, is — 275 kgauss. This by itself is not as large 
as the measured field of —333 kgauss. Using the com- 
puted neutral Fe atom X; (which we believe is over- 
estimated by ~ —30 kgauss) H, becomes —320 kgauss, 
still too small to overcome the positive contributions. 
Assuming that the estimates of the positive terms are at 
least reasonable, either the neutral atom (and divalent 
ion) X3; is inappropriate for the metal or there are other 
negative terms. We will: concentrate on the former 
possibility in this section but will discuss the latter 
briefly. 

In investigating possible sources of a large difference 
between core polarizations in metals and ions, several 
factors have been considered. It is generally assumed 
that in metallic iron there are between 7 and 8 electrons 
in the 3d band (as against 6 for the neutral atom or 
divalent ion). Furthermore, energy band calculations 
by Wood* and Stern* indicate that the 3d electrons in 
the metal are more expanded than in the free (3d°4s*) 
atom. We have therefore done full spin-polarized Har- 
tree-Fock calculations for Fe in both the 3d*4s* and the 
3d* configurations. As shown in Fig. 1, even though the 
3d* one-electron 3d-charge density is expanded relative 
to the 3d°4s*, the resultant one-electron 3d-spin density 
(which to the first approximation is the relevant factor 
determining H,) is not significantly changed. This spin 
density which is actually slightly contracted relative to 
the free 3d°4s? atom agrees well with neutron measure- 
ments® and observations from energy band calcula- 
tions.**? For'? Ni** in a cubic crystalline field, such a 
contraction in spin density was shown to reduce H,. 

A calculated H, of —350 kgauss was obtained for the 
3d* state. This is 30 kgauss lower than the 3d*4s? value 
(and is also overestimated by about 30 kgauss). This 


* We neglect here the 0.05 unpaired 4s electron in the 4s band. 

SR. J. Weiss and A. J. Freeman, J. Phys. Chem. Solids 10, 147 
(1959) and R. Nathans, C. G. Shull, A. Andreson, and G. Shirane, 
ibid. 10, 138 (1959). 


AND A. 


FREEMAN 


improvement is however too small to overcome the 
positive contribution and so cannot account for the 
experimental result. 

Goodings and Heine™ did a 3d°4s? free atom spin 
polarized calculation for Fe and obtained a x of —3.8 
a.u. (—355 kgauss) from the core. The difference be- 
tween this value and our own arises from the computa- 
tional sensitivity of the calculations (thus the best one 
can hope to do is to provide a consistent set of computa- 
tions). Their x (and ours) shows the overestimation 
discussed above. To estimate the effect in a metal, they 
repeated the calculation with fixed ‘3d functions arti- 
ficially expanded by about 5% at the maxima and 10% 
over the tail regions.”’ This lowered H, (by 65 kgauss) to 
—420 kgauss. This, they felt, sufficiently balanced the 
positive contribution at their lower limit (taken to be 
+120 kgauss) to make the calculated H, explain the 
experimental H,. 

We do not agree. If their free atom overestimate of 
H,. is corrected (from —355 to ~—300 kgauss), then 
their expanded 3d value of H, would be changed from 
—420 kgauss approximately back to their quoted free 
atem value. Furthermore, their ‘‘artificial 3d expansion” 
gives a spin density in direct disagreement with the 
neutron diffraction and energy band results cited above. 

An investigation of H, as a function of the position 
of 3d density in the atom helps to clarify the theoretical 
picture. For a series of fixed 3d functions (which for 
computational simplicity we took as a single Slater 
atomic orbital), we determined H, via spin-polarized 
H-F calculations. The results are shown in Fig. 2 as a 
function of the maxima of the 3d orbitals. We see that 
a large, but unrealistic, expansion or contraction of the 
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Fic. 2. Core effective field, H., as a function of the maximum of 
the 3d orbital for Fe 3d’. 


4D. A. Goodings and V. Heine, Phys. Rev. Letters 5, 370 
(1960). 
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3d-shell spin density will yield an H,, which is more than 
sufficient to ‘“‘explain” the metal results. Simple scaling 
does not appear to be the answer to the problem.» On 
the other hand, Fig. 2 suggests that any (other) ad hoc 
small change of shape in the 3d functions which re- 
moves spin density from the region roughly between 
0.5 and 0.75 a.u. will yield a substantial lowering of H.. 
This can be devised while maintaining reasonable com- 
patibility with the neutron measurements. Unfortu- 
nately the ability to devise one or a number of ‘‘reason- 
ably compatible” 3d-electron distributions which yield 
H,’s of —500 kgauss or better does not constitute proof 
that the core electron polarization in the metal takes on 
such a value. What is needed is a theoretical treatment 
which gives a more realistic, hence more difficult to 
handle, description of the atom’s environment. 

The individual 2s- and 3s-shell contributions to the 
H, of Fig. 2 appear in Fig. 3. We believe they supply 
some insight into the spin-polarization mechanism. In 
viewing Fig. 3 note that the bulk of the 2s-charge density 
lies between 0.1 and 0.4 a.u. and that the 3s is concen- 
trated between 0.5 and 1.0 a.u. The behavior of the 
curves can be understood in the crude terms used 
earlier, namely, that when the 3d shell lies ‘‘outside”’ < 
given s shell the shell’s contribution to H, is negative 
(since that s electron of majority spin has been ‘“at- 
tracted” outwards) and when the 3d shell lies “‘inside”’ 
the reverse occurs. One would expect that further com- 
putations for more contracted 3d shells would show the 
H,. of Fig. 2 turning positive due to the 2s-shell con- 
tribution turning positive and then turning negative 
again as the 1s shell becomes most important. Since 
such contracted d shells are well outside of reason such 
computations have not been done. 

We have seen that there is some uncertainty as to 
whether the core contact term alone can overcome the 
positive contributions to H, in order to yield the experi- 
mentally observed effective field of —333 kgauss in Fe. 
In fact there is some: doubt as to whether the 4s ‘‘con- 
duction” electron contributions are always positive. 
Carr®® and Anderson and Clogston*’ have suggested 
that aside from the positive contribution from the s-d 
admixture there is a negative contribution (antiferro- 
magnetic polarization) which also comes from the co- 
valent mixing of the s and d functions. They suggested, 
on the basis of perturbation theory, that these contribu- 
tions would cancel. We will mention four ways in which 
this will affect H,. All of these tend to bring the com- 
puted H, into better agreement with experiment. First 
and most obviously if the positive (estimated earlier 
to be +0.05-electron spin) and negative tendencies 
approximately cancelled each other, the computed H, 


56 Tt is apparently always the case that shape and not scaling is 
the important feature.'®!7 

56 W. J. Carr, Jr., Winter Institute in Quantum Chemistry and 
Solid State Physics, Sanibel Island, Florida, January 1-13, 1961 
(unpublished). 

57 P. W. Anderson and A. M. Clogston, Bull. Am. Phys. Soc. 6, 
124 (1961). 
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Fic. 3. Individual 2s and 3s contributions to /7, as a function of 
the position of the 3d maximum for Fe 3d®. 


would be modified by — 90 kgauss. Secondly, in order to 
preserve the given net spin per atom there will have to 
be a small increase in the number of unpaired 3d orbitals 
and this will increase the polarization of both core and 
paired 4s electrons. Thirdly, the unpaired 4s electrons 
will also contribute to the polarization of the core elec- 
trons (an affect hitherto neglected). Investigations* 
show that a x of approximately +4 a.u. can be associ- 
ated with the core polarization due to a single unpaired 
4s electron. A 4s-net spin which is antiparallel to the 3d 
will thus contribute a core polarization of the same sign 
as the 3d’s. The combined effect of a change in net 3d 
and 4s spin will yield a change in H, which is of the 
same sign and approximately fifteen percent of the size 
of the first effect. Finally, the 4s-band wave functions 
are expanded (radially) relative to the unpaired 3d 
functions. If there is an antiparallel 4s net spin, the 
combined spin density will appear contracted relative to 
the actual 3d-spin density. Now the experimental neu- 
tron form factor is based on the combined spin density 
and we have relied on this for evidence of 3d-spin density 
behavior. This may mean that the “true” 3d-spin 
density is more expanded than we have presumed and 
this would very likely increase (make more negative) 
any estimate of H, and thus bring about better agree- 
ment with experiment. One should note that the counter- 
parts of the last three effects were not considered in any 
of our earlier discussions; they should be included in 
any detailed treatment of this problem. 


B. Effective Field at Other 
Ferromagnetic Metals 


Let us now turn to some of the remaining data in 
Table IX for H, in ferromagnetic metals. The Méssbauer 
data for Fe*? as an impurity in CoPd gave an H, of 

330, kgauss in precise agreement with the Fe*’ in Fe 
value, as we assume the sign to be negative. This plus 
the data for Fe’ in Co and Ni (which show a small 
decrease in H,), and Fe as impurity in the Cu— Ni alloy 
system indicate that the field at the iron nucleus is 
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predominantly due to its own electrons and depends 
only to a small degree on the magnetization of the host. 
Indeed one is tempted to make much of the observation 
(by way of a semiempirical rule of thumb) that if one 
wants an estimate of H, he should calculate H, and 
neglect all the remaining terms. We have seen that this 
“works” for metallic Fe ; for metallic cobalt using a x of 
— 3.0 and 1.7 unpaired spins one obtains an H, of —215 
kgauss in remarkable agreement with experiment (see 
Table [X). For ferromagnetic Ni with 0.6 unpaired spins 
and a x of —3.0 this simple procedure fails completely 
in that it predicts an H, of —75 kgauss whereas the 
measured value is —170 kgauss. (The calculated x, 
— 3.94, listed in Table II, gives a iarger field and hence 
better agreement, but this value is surely overesti- 
mated.) This can be taken to mean that it is not enough 
to merely take the conduction electron contributions as 
cancelling each other—the need for an additional nega- 
tive contribution to H, in Ni is indicated. The observed 
H, must of course come about as a result of the detailed 
balancing of the various conduction electron contribu- 
tions with the core polarization terms but it is not 
currently possible to give anything more than a qualita- 
tive estimate of these effects. The accumulation of data 
(which is now well under way) on H,, as well as measure- 
ments of the isomer shift,®* for a wide class of materials 
offers the best hope for providing a detailed understand- 
ing of the various contributions. 

We have seen that the assumption that x is linear in 
the number of unpaired 3d electrons gave reasonable 
results. In this way measurements of H, at nuclei in 
various environments would give information about the 
local moment at these sites. Such measurements have 
been made (cf. Coin Fe; Fe in Co and Ni; Fe in Cu—Ni 
alloys; etc.) and detailed correlation with the local 
~ moment per impurity atom can be attempted. A dis- 
cussion of this data is well beyond the scope (and pur- 
pose) of this paper. We shall only comment that in these 
materials the dominant contribution also comes from 
the polarization of the core electrons; e.g., the increase 
in H, for Co in going from the pure metal to an impurity 
in Fe can best be explained as due to an increase in the 
local moment of a Co atom which increases (the magni- 


tude of) H,. 


C. Effective Field at the Nuclei of Nonmagnetic 
Atoms in Ferromagnets 


H, has now also been observed at the nuclei of non- 
magnetic atoms when these are impurities in, or alloyed 
with, ferromagnets (e.g., Sn as impurities in Fe, Co, and 
Ni; Au, Sb, and In as impurities in Fe; and Sn alloyed 
with Mn in Mn.Sn and Mn,Sn). Several mechanisms 
suggest themselves as explaining the observed fields: 


*8See reference e in Table IX and reference 50, and S. 
DeBenedetti, G. Lang, and R. Ingalls, Phys. Rev. Letters 6, 60 
(1961). 
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Fic. 4. The 3d and 4s one-electron spin densities for exchange- 
polarized neutral Fe 3d°4s°. 


(1) The admixture of the 3d-spin density from the ferro- 
magnetic atom into the “‘paired”’ closed shells of the 
nonmagnetic atom produces an unpairing of the latter’s 
wave functions. This results in an #7, in the same way 
as is observed for the effective field at the nuclei of 
normally diamagnetic atoms (like F~) in transition 
metal salts.*’ (2) The nonmagnetic atom is polarized by 
the exchange field of the magnetic electrons on the ferro- 
magnetic atoms and this produces an unpairing of the s 
electrons which then contribute a field at the nucleus 
via the Fermi contact term. This mechanism ‘has been 
shown® to produce large effects on neighboring atoms 
and, as we have seen, produces the large negative fields 
in the ferromagnets via the core electrons. (3) The con- 
duction electrons are polarized and this polarization 
produces an H, at the nucleus via the Fermi contact 
term. The polarization can be via the Ruderman-Kittel- 
Yosida-Kasuya™ exchange interaction and/or via the 
ordinary exchange polarization which we” have shown 
to be important for the rare earth elements; the former 
would produce a positive H, whereas the latter would 
produce a negative field at the nucleus of the non- 
magnetic atom. As a crude indication of the exchange 
polarization of “conduction” electrons, we show in 
Fig. 4 the spin density of the paired 4s electrons in Fe 
as calculated from the exchange-polarized H-F calcula- 
tion for Fe (3d°4s?) which was discussed earlier (cf. 
Secs. IV and V). The outer region of the atom has a 
negative spin density which by admixture into the (say) 
Sn wave functions would produce a negative field at the 


® M. Tinkham, Proc. Roy. Soc. (London) A236, 535 and 549 
(1956). R. G. Shulman and V. Jaccarino, Phys. Rev. 103, 1126 
(1956) and 108, 1219 (1957). F. Keffer, T. Oguchi, W. O'Sullivan, 
and J. Yamashita, ibid. 115, 1553 (1959). A. Mukherji and T. P. 
Das, ibid. 111, 1479 (1958); W. Marshall (unpublished); and G. 
Benedek and T. Kushida, ibid. 118, 46 (1960). See also A. J. 
Freeman and R. E. Watson, Phys. Rev. Letters 6, 343 (1961) for 
a recent discussion of this problem. 

© A. J. Freeman and R. E. Watson, Bull. Am. Phys. Soc. 6, 234 
(1961), and R. E. Watson and A. J. Freeman (to be published). 

61M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954); T. 
Kasuya, Progr. Theoret. Phys. (Kyoto) 16, 45 (1956); K. Yosida, 
Phys. Rev. 106, 893 (1957). 
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Sn nucleus. This effect is, however, of less importancelT4® 


for transition metal alloys and intermetallic compounds 
than it is for the rare earths (in which the 4/ electrons 
are well inside the atom) since the 3d overlap is con- 
siderable, but for these atoms as impurities the long- 
range polarization of the conduction electrons may be 
important. 

The limited data available to date (cf. Table IX) indi- 
cate that most probably the observed fields are due to a 
competition between the core and conduction electron 
contributions, but it is too early to make any quantita- 
tive estimates of the magnitude of these effects. (We are 
in the process of carrying out some calculations for Sn 
which we hope will shed some light on these matters). 
Our own experience™ shows that exchange polarization 
can produce large fields at neighboring nuclei via polari- 
zation of their closed s shells and this leads us to favor 
this mechanism. Clearly more data, particularly deter- 
minations of the sign of H,, are needed to resolve the 
issue. 


VI. EFFECTIVE FIELD AT NUCLEI IN SALTS 


Effective fields at the nuclei of a number of magnetic 
materials other than the common ferromagnets have 
now been observed. Méssbauer and NMR techniques 
represent a rapidly expanding field with new data being 
determined at a rapid pace. Some of the data currently 
available was given previously in Table IX. In this 
section we shall discuss some aspects of this information 
for salts in the light of the theoretical results reported 
in earlier sections. The theoretical situation for ions ‘in 
salts is much simpler than that for metals since the most 
troublesome terms, which come from the conduction 
electrons, are absent. This leaves just three terms which 
must be considered (cf. Sec. V); these are the contribu- 
tion of the polarized core s electrons, a contribution from 
any unquenched orbital angular momentum and a 
dipolar contribution from the 3d electrons at other sites 
(which is zero when the ion is in a spherical or cubic 
environment). We shall see that the dominant contribu- 
tion from the polarization of the core s electrons can be 
taken to be the value calculated for the free ion and that 
environmental factors can be considered as a correction 
to the free ion result. 

There is a considerable body of data available, par- 
ticularly from paramagnetic resonance measurements, 
concerning the 3d-transition metal ions in salts. In 
Sec. III we considered the Abragam, Horowitz, and 
Pryce data which showed that x was roughly constant 
(~—3a.u.) for the divalent ions. As observed by Low,' 
Van Wierengen,’ and others, this is true only in first 
approximation and covalent bonding effects bring about 
certain essential differences in the observed hyperfine 
fields. The measurements show that the hyperfine field 
depends on the compound in which the ion is dissolved ; 
for the groups of fluorides, oxides, and sulfides the hfs is 
roughly the same and is determined by the negative-ion 
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1 X. Hyperfine fields, 7, (in kgauss), for Mn**, for various 
ligand neighbors (after Van Wierengen‘). 


Ligand neighbor H:O F CO; 
Ae 695 695 665 


o-- SS 2a ae 
570-640 490 460 420 


neighbors.® The lattice parameter is apparently of little 
importance in these compounds but covalent bonding 
plays an important role. We shall see that the Méss- 
bauer, NMR, and specific-heat data complement the 
observations made by EPR. 


A. Field at the Nucleus of Mn*+ Ions 


The simplest case to discuss is Mn** in the 3d5, 6S 
state since the only contribution to H, is H,, the core 
polarization term. Fe**, the ion isoelectronic with Mn**, 
has no common isotope with a nuclear moment and so 
H, has not been observed by EPR methods. This makes 
the Méssbauer data for Fe** listed in Table IX all the 
more valuable and interesting. We shall first indicate 
some of the EPR results for Mn** before discussing the 
NMR and Mossbauer data for Fe** and our own calcu- 
lations for these ions. 

Van Wierengen® lists H, for Mn** in a variety of 
hosts which we reproduce in Table X below with H, in 
kgauss. The interpretation is clear that H, depends on 
covalent bonding; the more covalent the bonding the 
smaller the observed H,. These values are to be com- 
pared with the AHP value (cf. Table I) of —650 kgauss 
and our calculated value (cf. Table II) of —700"kgauss. 
If one compares Van Wierengen’s data with the detailed 
measurements of Ogawa,™ the H, listed in Table X are 
apparently a bit too large in magnitude for H.O and 
F~ as neighbors. Ogawa®™ finds that Mn** in such com- 
pounds as KMgF;, KCdF;, KCaF;, K2MgFy, and 
NaMgF; gives an H, lying between —640 and —670 
kgauss. Low’s‘ value for Mn**+ in CaF. (about 675 
kgauss) is closer to the Ogawa data than Van Wieren- 
gen’s, whereas Tinkham’s® value of —680+ 20 kgauss 
for Mn** in ZnF» is too uncertain to cast any light on 
the question. Our calculated value (cf. Table II) of 
—700 kgauss is in surprisingly good agreement with 
these data (due probably to a cancellation of errors) 
considering the approximations and inaccuracies dis- 
cussed earlier for these free-atom calculations (see also 
Appendix IT). What we must emphasize is the qualita- 
tive rather than the quantitative agreement that is 
possible with the current state of exchange-polarized 
calculations. Low’ lists some other data for Mn** which 
is of interest and relevant to what follows below. For 
Mn**+ in NaCl, BaTiO;3, and MgO, H, is —575 kgauss 
but in ZnS it is —445 kgauss and in Ge it is — 318 kgauss, 
showing a large departure from the ionic value. 

In some of these hosts Mn** is obviously not in a pure 
®§ state and so there is some orbital contribution to the 


8S. Ogawa, J. Phys. Soc. (Japan) 15, 1475 (1960). 
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field as well. As Van Wierengen has shown, the exchange 
interactions between Mn** ions would also reduce H,. 
These factors plus the strong effect of covalent bonding 
indicate the complexity of the physical situation in all 
but the case in which the purely ionic approximation is 
valid—the case where an application of our free ion 
results may be best applied. Such effects as the expan- 
sion of the 3d density® and crystalline environments"”™ 
have not been included in our calculations (except for 
Ni**) although the discussion of Sec. V showed that H, 
was sensitive to the position of the 3d density. 


B. The Field at the Nucleus of Fe** Ions 
Exchange Polarized H-F Calculation for Fe** 


We have calculated H,. for Fe** in its 3d°, ®S state via 
a full exchange-polarized H-F calculation. This gave a 
x of —3.00 a.u. or an H, of — 630 kgauss; the individual 
contributions from the 1s, 2s, and 3s shells being —0.25, 
—8.51, and +5.77 a.u. respectively. This is to be com- 
pared with the Mn** ion to which it is isoelectronic. 
From Table II we see that while the individual s shell 
contributions are greater for Fe** than for Mn** the 
calculated x (—3.34 a.u.) for Mn** is larger (in magni- 
tude) than the x for Fe**. In part this is to be expected 
from our earlier discussion of the dependence of X on the 
position of the 3d-spin density since the 3d functions in 
Fe** are in the field of a higher Z (the atomic number) 
and so are more tightly bound than are the 3d functions 
in Mn**. This shift must of course be relative to that of 
the core s electrons and observations of calculated wave 
functions” show that this is so. Both values of x un- 
doubtedly show the overestimation noted earlier for the 
results of such calculations. 
in Ferrites 


Field for Fe** 


Some recent observations of H, and Fe** were listed 
in Table [X. While the sign has not been determined for 
any of these cases it is almost certainly negative and we 
shall make this assumption. In aFe:O; (hexagonal), 
yFesO; (cubic), and NiO- Fe.O; the measured H, at an 
Fe** site is the same, indicating that for the ferrites H, is 
independent of the structure and the same for the ions 
on both the tetrahedral and octahedral sites in keeping 
with the above discussion. (The field at a tetrahedral 
site in Fe;0, is also about the same; this case will be 
discussed in greater detail later on.) This is not too 
surprising since experimental indications are that Fe** is 
in a 3d°, °S state. The room temperature value (~510 
kgauss), when reduced to 0°K, increases H, by approxi- 
mately 10% giving a field of 550 kgauss which also is 


Freeman and R. E. 
; J. Appl. Phys. 31, 3748 


eA Watson, Phys. Rev. 118, 1168 
1960 1960). : 

“ M. Hass (private communication). Note added in proof. Dr 
Hass has kindly informed us that the field at 0°K should be larger 
by about 4°; (rather than his original estimate of 10°7 ) since it is 
the sublattice magnetization, rather than the saturation mag 
netization, which is the relevant quantity. 
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the value observed (see Table IX, reference 9) by EPR 
measurements for Fe** in MgO. 

Our calculated value for Fe** (—630 kgauss) is in 
good agreement with this measured value. It shows in 
part the overestimation discussed earlier. We do not 
expect the Fe** field to agree with the Mn** value for 
the reason given earlier and indeed the field‘ for Mn** in 
MgO (—575) does show this difference. This is en- 
couraging for it means that even though the exchange- 
polarized H-F calculations give fields which are sensitive 
to various factors they can reproduce essential physical 
differences. 


Field for Fe** in Some Rare-Earth Garnets 


Méssbauer and NMR measurements have revealed 
the field at the Fe** sites in some magnetic rare earth- 
iron garnets. For YIG and DyIG the fields at the tetra- 
hedral and octahedral sites are 3.9% 10° and 4.8X 10° 
gauss, respectively, at room temperature and 4.6 10° 
and 5.4X10° gauss at liquid air temperature. For 
GdIG, NMR results show two resonances at room tem- 
perature corresponding to H,’s of 4.0 10° and 4.9X 10° 
gauss, In very close agreement with the other garnet 
data. Clearly H, at the octahedral site corresponds to 
the Fe** value found in the ferrites and is close to the 
free ion value we have calculated whereas the tetra- 
hedral site ions have fields which are diminished by 
about 100 kgauss. The reason for this is not known but 
we can suggest several ways this difference comes about. 
Two mechanisms stand out—covalent bonding and dis- 
tortions from cubic symmetry (which produce dipolar 
fields arising from a lowering of the crystal symmetry 
at the tetrahedral site) which we feel are supported by 
experimental data. Méssbauer isomer shift data® for 
YIG shows a shift of 0.026+0.005 cm/sec at a tetra- 
hedral site and 0.057+0.005 cm/sec for a tetrahedral 
site ion (Bauminger ef al.® find shifts of 0.040.005 
cm/sec and 0.06+0.005 cm/sec for thes¢ sites in both 
YIG and DyIG). Walker ef al.” plotted isomer shift 
data for Fe** and Fe** ions as 3d°4s7 and 3d°4s7 curves, 
respectively, thus relating covalency with the idea that 
the 4s-atomic orbitals are partially occupied by electrons 
from the ligand ions. The octahedral shift is consistent 
with x=0 whereas the tetrahedral shift requires x=0.1. 
Consistent with this are the observations of Geller and 
Gilleo® who found that the tetrahedral-oxygen distance 
in YIG is 1.88 A, whereas the octahedral-oxygen distance 
is 2.00 A; on the simple picture of the relation of co- 
valent bonding to degree of overlap this difference indi- 
cates that the covalent bonding for the tetrahedral ions 
is greater than that for the octahedral ions. As we have 
seen earlier in our discussion of Mn*+*, the greater the 
degree of covalency the lower the observed H,. The 


*° R. Bauminger, S. G. Cohen, A. Marinov, and S. Ofer, Phys 
Rev. (to be published). 

66S. Geller and M. A. 
(1959). 


Gilleo, Acta Cryst. 10, 239 and 787 
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3d°4s* picture of Walker et al. should really be taken 
to express the configuration mixing of higher states 
(containing s electrons) into the ground state 3d° con- 
figuration since there is experimental evidence from 
paramagnetic resonance for this for Mn** (3d5, &S 
state). The contribution to H, via the contact term of 
these excited s states is positive, thus decreasing the 
negative core polarization value in keeping with the 
observed results. 

Rodrique ef al.*’ have used Pauthenet’s® magnetiza- 
tion data for YIG to determine from the observed 
anisotropy™ an anisotropy per unit cell for the tetra- 
hedral and octahedral sublattices. They find the ani- 
sotropy coefficients to be —6.4X10~* cm for the octa- 
hedral cell but 101X10-* cm™ for the tetrahedral cell. 
While the distortions in the lattice due to magneto- 
striction are very small, the point of this discussion is to 
show that differences in distortions away from cubic 
symmetry are expected for the tetrahedral and octa- 
hedral sites. Crystal field effects are, however, expected 
to be more important for producing these distortions. 
There are several ways this can come about. The oxygen 
positions are sensitive to the magnetic ions which occupy 
the tetrahedral and octahedral sites, with the crystal 
fields of some of these ions tending to distort the struc- 
tures to lower symmetry.” Further, differences in dis- 
tortions at tetrahedral and octahedral sites may be 
understood in terms of a dynamical Jahn-Teller effect 
since the first excited state for a d° ion in a tetrahedral 
field will distort more than in an octahedral environ- 
ment.”! The lowering of the crystal field symmetry at 
the tetrahedral site (and to a lesser degree at the octa- 
hedral site as well) would introduce dipolar fields from 
the neighboring magnetic ions. (These dipolar fields are 
of course smaller than the reduction due to covalency 
for this case but may be more important for other cases.) 
Since this is usually a positive contribution it will 
partially cancel the negative core polarization term and 
so contribute to the observed difference in internal fields 
at the two sites in the garnets. 

Field for Fe** in FeO. 

Magnetite, Fe;O4, is a much more complicated system 
to understand. It is an inverse spinel with trivalent iron 
on tetrahedral and octahedral sites and divalent iron 
only on octahedral sites. There is a transition at about 
120°K which brings on a remarkable change in its 


7 G. P. Rodrique, H. Meyer, and R. V. Jones, J. Appl. Phys. 31, 
3768S (1960). 

68 R. Pauthenet, Compt. rend. 242, 1859 (1956); 243, 1737 
(1956). 

6? See the magnetostriction studies of, e.g., K. P. Belov and 
\. V. Pedko, J. Appl. Phys. 31, 55S (1960) and the review article 
by J. C. Sloncezewski, ibid. 32, 253S (1961). 

S. Geller, J. Appl. Phys. 31, 30S (1960); D. S. McClure, J 
Phys. Chem. Solids 3, 311 (1957), and references therein. 

'M.H. L. Pryce, U. Opik, H. C. Lonquet-Higgins, and R. A 
Sack, Proc. Roy. Soc. (London) A244, 1 (1958) and C. S. Naiman 
(private communication). 
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physical properties. Verwey and de Boer” postulated 
that the high conductivity of magnetite above the tran- 
sition temperature is due to rapid electron transfer be- 
tween Fe** and Fe** ions in the octahedral site. This 
dynamic disarrangement between the ferric and ferrous 
ions is halted below the transition temperature with an 
ordering of the ions. The ordering scheme proposed by 
Verwey has orthorhombic symmetry—a scheme that 
has been shown to be correct.”* On the basis of this 
exchange picture (electron transfer), Anderson” sug- 
gested that Méssbauer measurements be carried out to 
observe this transition. At room temperature one would 
expect no observable difference between sites since the 
rapid exchange of electrons between the ferrous and 
ferric ions would wash out any difference between the 
two types of ions. 

The first Fe;0, by 
Wertheim” at room temperature found only a single 
field (5.1 10° gauss). Later Solomon** found two fields 
[ (4.7+0.2)10® and (4.5+0.2) 10° gauss |, while re- 
cent measurements by Bauminger ef a/.77 at room tem- 
perature found two hyperfine fields, 5.0X 10° gauss and 
4.5X10° gauss, which, on the basis of intensity argu- 
ments, were assigned to the tetrahedral Fe** ions and 
the octahedral ions (Fe** and Fe**), respectively. At 
85°K two fields, 5.1 105 gauss and 4.5 10° gauss, were 
observed and these were assigned to the Fe*+ and the 
Fe** ions, respectively. These authors interpreted their 
observations as confirming Verwey’s hypothesis. 

Some very recent measurements by Boyd’* have 
revealed a different picture for magnetite. Three sepa- 
rate resonances were found at 300°, 273°, and 200°K 


Mossbauer observations on 


which were tentatively assigned to the two trivalent 
ions and the divalent ion as one might expect from the 
static model of Fe;O,. The reason for the difference 
between the NMR and the Méssbauer room tempera- 
ture results is not known but may lie in the difficulty of 
resolving the hyperfine patterns obtained in the latter 
method. Since further studies are under way to resolve 
these differences we shall await further developments 
in this field. We shall only look at the low-temperature 
data in the light of our theoretical calculations. 

We have discussed the Fe** ion earlier and have seen 
several ways in which H/, for an ion in a ®S ground state 
is reduced from its calculated free ion value. The effec- 
tive field, 5.1 10° gauss, agrees with the measurements 


2 E. J. W. Verwey, Nature 144, 327 (1939); E. J. Verwey and 
J. H. de Boer, Rec. trav. chim. 55 (1936); E. J. Verwey and 
P. W. Haayman, Physica 8, 979 (1941). 

73 See W. C. Hamilton, Phys. Rev. 110, 1050 (1958), and refer- 
ences therein. 

4 P. W. Anderson, Proceedings of the Méssbauer Effect Confer- 
ence, University of Illinois, 1960, edited by H. Frauenfelder and H. 
Lustig [University of Illinois Report AFOSR TN 60-698 (un- 
published), p. 39]. 

7°G. K. Wertheim, Phys. Rev. Letters 4, 403 (1960) and J. 
Appl. Phys. 32, 110S (1900) 

*®©T. Solomon, Compt. rend. 251, 2675 (1960) 

R. Bauminger, S. G. Cohen, A. Marinov, S. Ofer, and E. Segal, 
Phys. Rev. (to be published) 
SE. L. Boyd (private communication; and to be published). 
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discussed above for Fe** in the ferrites and in the octa- 
hedral sites in the garnets—a not too surprising result in 
view of the data in Table X above. Small differences 
between the Fe** ions on the tetrahedral and octahedral 
sites would arise from differences in covalent bonding 
effects (due mainly to different internuclear distances 
from the O-— ions). The main result to be discussed is 
the difference between the observed trivalent and di- 
valent ion fields. This will be done in the next subsection 
where the effective field for Fe*+* ions is discussed. 


C. Field at the Nucleus of Fe++ Ions 


With no common isotope having a nuclear moment, 
effective fields at iron nuclei were not determined until 
recently when Méssbauer work with Fe*’ revealed the 
effective field for some materials (cf. Table IX). This 
means that Méssbauer and NMR measurements go 
beyond simply augmenting the techniques previously 
used for measuring hyperfine interactions; rather, they 
provide us with new informatien about H, in a variety 
of materials. Even now very little information is avail- 
able for the effective field at the nucleus of an Fe** ion 
—only Fe;O, and FeF, have been studied to date—but 
this situation will no doubt be changed rather quickly. 

Since it is easier to understand the measured field in 
FeF, than in Fe3O, (which was discussed in part earlier) 
we shall discuss the former first and then use this dis- 
cussion to try to understand the results in the latter. 


Field for Fe** in FeF> 


The effective field in FeF,: at 0°K is observed to be 
340, kgauss (and as with the other data is undoubtedly 
negative) whereas our calculated value for Fe+* is —550 
kgauss (see Table II). Even if one allows for a small 
overestimate in our calculated value of x, the observed 
field is considerably less than this calculated value. 
Actually one cannot compare theory with experiment 
until one includes several other contributions to H, 
aside from the core polarization term. Since Fe*+* as a 
free ion is in a 3d°, °D state we expect that orbital con- 
tributions to the field [see Eq. (1)] will be important. 
Indeed it is known” that for Fe** in salts the free ion 
orbital angular momentum is not completely quenched 
and so we must expect a (positive) contribution to H, 
from this source.” In addition FeF, has a rutile-type 
structure" with the Fe** ions forming a body-centered 
tetragonal structure. The environment of an Fet* is 
therefore not cubic and so the dipolar contributions to 


79 See, e.g., Lowt; T. Moriya, K. Motizuki, J. Kanamori, and T. 
Nagamiya, J. Phys. Soc. Japan 11, 211 (1956); A. L. Loeb and 
J. B. Goodenough, Proceedings of the Conference on Magnetism and 
VW agnetic Materials, Boston, 1956 (American Institute of Electrical 
Engineers, New York, 1957), ATEE Spec. Publ. T-91. 

” These fields can be very large as is discussed later on. For a 
single unpaired 3d electron a typical value for the dipolar field is 
on the order of 500 kgauss 

st! J. W. Stout and S. A. Reed, J. Am. Chem. Soc. 76, 5279 
(1954). 
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the field from the surrounding magnetic ions is nonzero. 
These two positive contributions will therefore tend to 
reduce the negative field due to exchange polarization 
of the core s electrons, in agreement with experiment. 
Detailed quantitative estimates of these effects are 
difficult to make. If one uses the g value determined® for 
FeF, (g=2.24+0.05) and estimates an unquenched 
orbital contribution (as indicated by Abragam et al.’ and 
by Marshall) from our calculated (r~*) value of 5.1 
(gotten by averaging the ¢ and J values), we find a 
dipolar contribution to the field of about 200 kgauss. 
This is rather a large field and surely overestimated, but 
nonetheless it gives the expected order of magnitude for 
this contribution. (As Abragam ef al.’ also pointed out, 
not much reliance can be placed on such crude calcula- 
tions because of uncertainties introduced by a number 
of factors which have been omitted.) Its chief value is 
that it indicates, however, that the effective field for 
Fet* in FeF: can be qualitatively understood with the 
simple theory already propounded. 


Field for Fe** in Fe;0, 


The effective field at the Fe** nucleus in Fe3O,, 
4.5 105 gauss at 85°K, is some 100 kgauss smaller than 
the value calculated from the exchange polarization of 
the core. This is not surprising since, as we have seen, 
orbital contributions and covalent bonding will affect 
the observed fields. What needs to be understood is 
(a) the rather small difference between the Fe+* and 
Fe** effective fields (only about 60 kgauss at 85°K) and 
(b) the difference in fields for Fe++ in FeFs and Fe3Qx. 

Our calculations for H, gave core polarization differ- 
ences of about 75 kgauss between trivalent and divalent 
irons, and this alone can apparently account for the 
difference in observed fields. Measured™ g values for 
Fe** in Fe;O, show but a very sn.ull difference (0.06) 
from 2.00 at low temperatures indicating that un- 
quenched orbital angular momentum effects are small. 
Differences in fields due to covalent bonding effects are 
also expected. Both theoretical free atom calculations”! 
and neutron magnetic form factor measurements* indi- 
cate that the 3d charge density is more expanded for 
Fet++ than for Fe*+ which means a greater degree of 
covalent bonding (hence a smaller H,) for the former. 
The different bonding distances to the O-~ ions (some 
15% smaller for the tetrahedral sites) however tend to 
decrease these differences in covalency effects. 


D. Effective Field at the Nucleus of Co** Ions 


Very few data are presently available for the hyper- 
fine fields of Cot** ions in salts. The free-ion ground 


% R.C. Ohlmann and M. Tinkham, Bull. Am. Phys. Soc. 3, 416 
(1958), and to be published 

8 J. Smit and H. P. J. Wijn, Ferrites (Joh 
New York, 1959). 

* R. Nathans, S. Pickart and H. Alperin, Bull. Am. Phys. Soc. 
5, 455 (1960). 
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state 3d’, ‘F is orbitally degenerate and, as with Fe**, 
it is found that the orbital angular momentum is not 
completely quenched in a crystalline field. ‘The value of 
x quoted in Table I was obtained by Abragam ef al. 
using a complicated theoretical procedure*:* to separate 
out the orbital contributions, due to the 3d electrons, 
from the contact term. In view of the various approxi- 
mations and uncertainties involved in such a procedure, 
particularly the neglect of charge transfer and covalent 
bonding effects (which we have seen can be very import- 
ant), much more theoretical and experimental work is 
needed in order to obtain an accurate separation of the 
orbital from the s electron part of the hyperfine field. 

As an indication of the complexity of some of the 
experimental data,* the fluosilicate and the ammonium 
and potassium Tutton salts which AHP analyzed had 
(nearly) tetragonal or trigonal symmetry (or lower). In 
3 Co(NOs)2:2 Bi(NO»)2:24 HO there are two types 
of Cot* ions in each unit cell having very different 
hyperfine fields. The measured g values are greatly 
anisotropic, vary over a wide range and show large 
deviations from the spin-only value (g,,=6 and g.=3 
are typical values). Hence one suspects, and indeed 
observes, that orbital angular momentum contributions 
will be large. (By contrast, Mn** behaves normally in 
these compounds.) The hf splittings are not constant 
but involve effective fields of about 10® gauss. The con- 
tact part of this field was estimated by AHP (see 
Table I) to be —315 kgauss whereas we would estimate 
(on the basis of the results reported in Tables II and V) 
that the computed value for x would be between —3.4 
and —3.6 a.u. or a field of —425 to —450 kgauss. From 
this we see that the orbital contributions are large and 
since they can be greater than the purely contact part 
the observed fields need not be negative. (For the cases 
discussed earlier, like FeF2, the g values indicated small 
deviations from the spin only value and so we were 
justified in assuming the measured field to be negative.) 

Let us now examine some recent experimenta! deter- 
minations of H, for Co** ions. Pollack*’ has measured 
the specific heat of Coo.g3F 2.1704 from which the nuclear 
contribution (due only to the Cot* nuclei) was ex- 
tracted. This gave a field of |410|+10 kgauss, in re- 
markable agreement with our estimated value. The g 
value™ for Fe** in Fe3Q, is only slightly larger than 2 so 
that, if one assumes a similar value for Co** in this Co 
ferrite, the unquenched orbital angular momentum 
should make only a small contribution. As in the case 
of FesO, ,distortions from cubic symmetry are small and 
so the dipolar contribution from neighbors can be neg- 
lected. The observed effective field should then be 
mainly due to the polarization of the core electrons, and 


88 A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. A205, 135 
(1951); A206, 164 and 173 (1951). 

86 B. Bleaney and D. J. E. Ingram, Proc. Roy. Soc. (London) 
A208, 143 (1951); R. S. Trenam, Proc. Phys. Soc. (London) 66, 
118 (1953). 

87S. R. Pollack, Bull. Am. Phys. Soc. 6, 169 (1961). 
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indeed the agreement between our estimated value and 
experiment can be understood on this basis. 

Low‘ found that the internal field for Co*t*+ in MgO 
was about 435 kgauss, which at first sight one might 
imagine to arise solely from the polarization of the core 
electrons. This cannot be the case here since the ob- 
served g value (4.278) indicates a large contribution 
from orbital angular momentum. The observed field is 
then best understood as being positive with the orbital 
contribution amounting to twice the negative of the 
core polarization term. Clearly, more data are needed 
for a better detailed understanding of this ion in salts. 


E. Effective Field at the Nucleus of 
Rare-Earth Ions 


We have confined our attention in this paper to effec- 
tive fields for the 3d transition elements. Méssbauer and 
NMR measurements of H, in some rare earth metals 
and salts** have recently been reported and active work 
on other systems is well under way. Our own investiga- 
tions®’ of some rare-earth ions, which we shall mention 
only briefly here, indicate that for ions with a half- 
closed shell (like Gd*+ and Eut*) the dominant con- 
tribution arises from the exchange polarization of the 
core electrons by the unfilled 4 /-shell electrons, whereas 
for the other unfilled 4/-shell elements the dominant 
contribution comes from the orbital angular momentum 
of the 4f electrons which, unlike the case for 3d elements, 
is almost completely unquenched. These orbital con- 
tributions are large (approximately 10° gauss) and can 
easily account for the observations. This work will be 
fully discussed in a future publication. 


VII. SUMMARY AND CONCLUSION 


We have been studying the origin of the effective 
fields observed at the nuclei of a variety of magnetic 
materials. Our investigations were based on (a) accurate 
exchange- (or spin-) polarized Hartree-Fock calculations 
for free transition-metal ions and neutral atoms (b) on 
calculations for ions in a (crude) crystalline field (as ina 
salt) and (c) on calculations in which modifications of 
the wave functions (and spin density) were made in 
order to conform with energy band and neutron mag- 
netic scattering observations for the ferromagnetic 
metals. It was shown that for the metals and for most 
transition-element ions in salts the dominant contribu- 
tion to the effective field acting on the nucleus was the 
field arising from the exchange polarization of the core 
electrons by the spin density of the unpaired 3d elec- 
trons. Further, the exchange polarization method and 


88 J. Hervé and P. Viellet, Compt. rend 252, 99 (1961) found a 
field of (4.0+0.1)X 10® gauss at O°K for Tb; S. Ofer, P. Avivi, 
R. Bauminger, A. Marinov, and S. G. Cohen [Phys. Rev. 120, 406 
(1960) ] measured a field of ~2X 10° gauss for Dy'*' in DyIG; N. 
Kurti and R. S. Safrata, Phil. Mag. 3, 780 (1958), did the original 
nuclear specific heat measurements on Tb. 

8 Reference 19 and A. J. Freeman and R. E. Watson (to be 
published). 
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the accuracy of the spin-polarized H-F solutions were 
discussed with regard to various factors, i.e., sensitivity 
of H, to orbital descriptions (both for s electrons in the 
region near the nucleus and to greater variational 
freedom for the other electrons), the effect of crystal 
environments, and to expansion or contraction of the 
3d-spin density; the effect of each of these factors was 
illustrated by accurate detailed calculations. While it 
was found that H, was strongly dependent on all these 
factors, which made for a certain ambiguity in the 
exact value of the field, a consistent set of calculations 
was reported which was able to reproduce essential 
differences between various ions and to agree quite well 
with some of the experimental data. 

We have seen that the negative fields found for the 
ferromagnetic metals was predominantly due to the core 
polarization term. The other terms arising from the 
conduction electrons, initially discussed by Marshall, 
were analyzed and it was shown that another negative 
field (introduced by Anderson and Clogston, and by 
Carr) arising from covalent bonding of the conduction 
electrons with the unfilled 3d electrons gave rise to 
several other (smaller) negative terms which together 
could explain the magnitude and sign of H, in the metals. 
These extra terms are particularly needed in the case 
of nickel. 

For H, at the nucleus of ions like Fe** in some rare- 
earth garnets, ferrites, and salts, the dominant contribu- 
tion is again that due to core polarization. Such factors 
as charge transfer, covalent bonding, and crystal field 
distortions from cubic symmetry, were 
shown to reduce the free-ion value of H, and needed in 
order to understand the data. Differences between ions 
in the same environment (like Mn** and Fe**) were 
found to be reflected in the H-F calculations. For ions 
like Fe** and Co** (particularly the latter), large posi- 
tive contributions from unquenched orbital angular 
momentum were found to compete with the core polari- 
zation term and were needed to interpret the Méssbauer, 
NMR, and paramagnetic resonance results. (For the 
rare earth ions, these orbital contributions will dominate 
over the core polarization contact term, except for 
half-closed shell ions like Eu** and Gd**.) 


effects, e.g., 


While the main features of the experimental data may 
be understood (and reproduced) in terms of our calcu- 
lations, more realistic calculations for these ions, i.e., 
ones which take the environment into account, are 
needed in order to obtain detailed quantitative agree- 
ment with experiment. 
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APPENDIX I. THE EXPECTATION VALUE OF S* FOR 
SPIN-POLARIZED Mn**, Ni**, AND Fe 


As noted in Sec. II, the spin-polarized single-deter- 
minant Hartree-Fock functions are not exact spin eigen- 
functions. This is due to the unpairing of the ‘‘paired”’ 
electrons. Spin-polarized Hartree-Fock radial functions 
for orbitals of common / and m, but differing m, have 
overlap integrals which are, in general, neither zero nor 
one as would be the case for conventional Hartree-Fock 
orbitals. This lack of orthonormality produces nonzero 
contributions to the total spin expectation value, (S*), 
of the ion. This causes a deviation in the value of (.S*) 
from S(S+1), i.e., what it would be for an exact spin 
eigenfunction. As examples of this, let us consider the 
expectation values of S* for our Mn** 3d°, Ni** 3a°, 
and Fe 3d°4s* exchange-polarized functions. These are 
obtained by applying the operator 


S=S$24+5S,4S_S, (8) 


to the single-determinant ®» in question and integrating 
over space and spin. The S, terms can be evaluated by 
inspection, whereas the S_S, term involves more work. 
S_S, projects from ®» a linear combination of determi- 
nants which are either identical with the original de- 
terminant, or differ from it by flipping a pair of orbital 
spins. One obtains the contribution to (S*) by multiply- 
ing this linear combination by the original determinant 
and integrating. The problem thus involves evaluating a 
series of overlap determinants involving nonorthogonal 
one-electron wave functions.” Due to orthogonality, 
only those determinants obtained by flipping orbitals of 
common / and m; values make nonzero contributions 
and (S*) becomes 


“) 


(S*)=(S2)+H(S)+X DL UI-L das’), (9) 
loom 


6 a 


where >>, and >- 3 are sums over the spin ¢ and J orbi- 
tals, respectively, of the original determinant and the 
dqg’s are radial overlap integrals, i.e. 


L 
das= f ba*(r)ba(r)dr. 
0 


In obtaining Eq. (9) use was made of the fact that 
orbitals of common /, m;, and m, values are orthogonal. 

Since our determinants are approximate spin eigen- 
functions for the case M,=S, the S, terms yield what 
(S*) would be if we had exact eigenfunctions and the 
S_S, term measures the deviation from that value. The 

” For this the methods of Lowdin [P. O. Léwdin, Phys. Rev. 97, 
1474 (1955) ] are valuable. 


(10) 
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Tasie XI. The calculated (.S?) for the single-determinant spin- 
polarized functions, the exact eigenfunction value of (S?), and 
individual shell contributions (A,;) to the deviation for spin 
polarized Mn**, Fe, and Ni**. 


Mntt(3d5,°S) Fe(3d%4s?,5D) Nit*(3d83F) 


S? single determinant 8.75043 6.01362 2.00085 
S(S+1) 8.75 6.0 2.0 


A, 0.00001 
A, 0.00042 
Aa 0.00000 


0.01107 
0.00027 
0.00228 


0.000002 
0.00006 
0.00079 


form of Eq. (9) lets us catalog the contribution (A;) 
associated with orbitals of a specific / value. (S)’s, A;’s 
and the exact eigenfunction values of (.S*), i.e., S(S+1), 
appear in Table XI. The deviations are not large. They 
are larger than the deviation of 0.000016 obtained by 
Sachs" for Li and except for Fe are smaller than the 
deviation of 0.0079 obtained by the writers®! for spin- 
polarized N. The larger deviation in Fe is due to the 
A, which in turn is largely due to the 4s shell. The con- 
tribution from the 1s, 2s, and 3s shells is of the same 
order of magnitude as the Mn** and Nit* A,’s. The 
small size of the deviations indicates that there has been 
but a small admixture of states of higher multiplicity 
into our single determinants. Despite the smallness of 
the admixture, the H,’s obtained for’ Li and*' N are 
appreciably perturbed on projecting the properly sym- 
metrized functions. 

It should be noted that similar deviations do not occur 
for expectation values of the angular momentum opera- 
tor L*. This would not be the case if the restriction of 
having common radial functions for orbitals differing 
only in m; value was relaxed. Relaxation of this con- 
straint would complicate an already complicated 
situation. 

In the text it is noted that applying the variational 
principle to the properly symmetrized many-determi- 
nant function or obtaining the properly symmetrized 
function after the SCF solution are both beyond the 
scope of present computational facilities for many- 
electron systems of the size of the iron series ions. The 
complications are associated with the number of de- 
terminants necessary for a properly symmetrized spin 
polarized function. There are 3 determinants for Li 
(1s?2s,28), 21 for N (2p',4S), 5005 for P (3p',4S) and 
817 190 for Mnt* (3d°,6S). It is therefore apparent that 
such computations become quite out of hand for systems 
of the size of the iron series atoms. 


APPENDIX II. SENSITIVITY OF x TO 
ORBITAL ACCURACY 


The sensitivity of x to the accuracy of the Hartree- 
Fock solutions was investigated by means of several 
spin-polarized calculations in which the basis set (the 


R;’s) was augmented in two ways. If we call the basis 


% A. J. Freeman and R. E. Watson (to be published). 
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TABLE XIT. Mn** total energies, contact term x’s, and indi- 
vidual s-shell contributions to x as obtained in restricted and spin- 
polarized Hartree-Fock calculations of varying accuracy. See the 
text for a desc ription of the sets 


Total ion Individual shell contri- 
energy butions to x (a.u.) 

Calculation (ry) Is 2s 3s 
restricted H-I — 2298.210 

set I 
spin-polarized 

H-F set I 
spin-polarized 

H-F set I] 
restricted H-F — 2298.216 

set ITI 
spin-polarized 


H-F set III 


— 2298.21 0.16 


— 2298.213 —0.19 


— 2298.219 


set referred to in the text as set I then the new set, 
set II, contains one more basis function than set I and 
this function has an A; [see Eq. (6)] equal to zero 
(i.e., is “‘1s-like”’) and a Z; chosen so that it contributes 
to the construction of s orbitals in the region inside the 
1s maximum. Set III contains four more basis functions 
than set II and these give greater freedom to the solu- 
tion for the 2p, 3p, 3d, and the (outer part of the) 3s 
orbitals. A calculation with set II yields solutions in 
which we have improved the description of s electron 
behavior at and near the nucleus but otherwise gives 
Hartree-Fock orbitals which are the same as set I results. 
Set ILI, in turn, yields no further freedom for s orbital 
construction in this region while otherwise allowing for 
accurate Hartree-Fock Calculations 
utilizing these basis sets allow us to test (1) the sensi- 
tivity of a computed x to the choice and number of 
basis orbitals contributing to 7, (s orbitals with A ;=0) 
and (2) the sensitivity of x to details in the descriptions 
of all the orbitals. Set III has been used in spin polarized 
and restricted Hartree-Fock calculations. The resulting 
Hartree-Fock orbitals are given in Appendix III along 
with a discussion comparing restricted Hartree-Fock 
results for sets I?! and III. Before discussing the results 
of using the various sets we wish to stress that the 
accuracy of the set I restricted Hartree-Fock solution 
appears to be that of existing numerical solutions.** The 
total energies, x’s, and individual shell contributions to 
x for the various calculations appear in Table XII. One 
sees that only a small (~ 0.0001%) energy improvement 


more solutions. 


is associated with going from the restricted to the spin- 
polarized formalism. This is important for if it were 
otherwise we would not be justified in relying on the 
restricted Hartree-Fock formalism as we usually do, 
both in computation and in the parametrization of 
experimental results. Also one would expect that effect 
associated with such a small energy change will be sensi- 
tive to computational details. Inspection of the x’s of 
Table XII shows that this is so. We see that for Mn** 
the total x and its individual shell contributions are 
sensitive both to improvements in s orbital descriptions 
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near the nucleus (sets I and II) and to small improve- 
ments elsewhere in the orbitals (sets II and III). We see 
that sets II and III yield y’s which are larger in magni- 
tude and more negative, thus further away from the 
experimental value of Table I. We have done calcula- 
tions equivalent to sets IT or III for several other ions 
and comparison with set I results shows differences 
similar to those seen in Table XII. From this, one sees 
that it is therefore highly desirable to use a set of calcu- 
lations of consistent accuracy so that comparisons be- 
tween calculations are meaningful. We have used and 
in the text report results of calculations using basis sets 
which are equivalent to set I. Considerations of com- 
puter time and capacity” have required this since calcu- 
lations for the neutral 3d"4s* atoms, using sets equivalent 
to set III, are beyond the capacity of the programs and 
available machine size. In viewing set I results, it should 
now be remembered that these, if anything, underesti- 
mate the 1s, 2s, and 3s contact term predictions of the 
spin-polarized Hartree-Fock formalism but overestimate 
H, as compared with experiment. (As discussed in the 
text, it is expected that a proper treatment, i.e., one in 
which the total wave function is an eigenfunction of S°, 
would produce greater agreement with experiment.) 


APPENDIX III. RESULTS FOR Mn** 


Results for spin-polarized and restricted Hartree- 
Fock calculations for Mn** appear in this Appendix. 


AND A. J. 


FREEMAN 


TaBLe XIII. Parameters defining the radial basis orbitals 
(R;’s) used in the set III calculations for Mn**. See Eq. (6) fora 
definition of the parameters. 


Orbitals used 
in the con- 
struction of 


N; 


~. 


1224.7989 
261.85019 

2780.1222 
506.67737 

1688.7636 
262.22168 

60.833973 
9.6184780 


s functions 


10.6985 
6.2836 
4.1392 
2.4437 


CNOA Uke wre 
NMNwNNR KO 


5232.9774 
1173.4732 
318.20140 
868.61621 
130.31498 
27.470219 
4.9052944 


29.0076 
15.9515 
9.4644 
8.8476 
5.1457 
3.2981 
2.3130 


p functions 


1.7636 
2.5955 
4.4498 
7.7812 
13.4624 


3.0714190 
11.877153 
78.366500 

554.11740 
3774.5698 


d functions 


These are “‘set III’”’ (see Appendix IT) results. The re- 
stricted Hartree-Fock results are superior to (and will 
be compared with) the previously available analytic 


TaBLe XIV. Eigenvectors (C;;’s) defining the Mn** restricted and spin-polarized Hartree-Fock 
radial functions in terms of the basis orbitals. [See Eq. (4). ] 





1 


0.93219341  0.08256074 





1s restricted 0.00095262 


—0.00102360 


5 6 7 8 


0.00119986 —0.00040714 —~0,00002815 


—().00040865 


0.00012154 


1s # spin pol. 
1s | spin pol. 
2s restricted 
2s # spin pol. 
2s | spin pol. 
3s restricted 
3s # spin pol. 
3s | spin pol. 


0.00095231 
0.00095298 
—0.00022792 
—0.00021542 
—0.00024049 
0.00021295 
0.00023911 
0.00018706 





j= 


9 





2p restricted 
2 t spin pol. 


2 4 spin pol. 


3p restricted 
3p # spin pol. 


3p | spin pol. 


0.00143951 
0.00136924 
0.00150845 
—0.00105760 
—0.00082579 
—0.00128849 


j= 


3d restricted 
3d ¢ spin pol. 


0.93219166 

0.93219597 
—0.28140575 
—0.28100120 
—0.28180739 
—().10440284 
—0).10508183 
—0.10370366 


10 


0.15759096 
0.15811721 
0.15706754 
—0.04420328 
—0.04739754 
—0.04098625 —0.35025844 


0.08255771 

0.08256481 
—0.16281069 
—0.16227204 
—0.16335366 
—0.05594452 
—0.05572422 
—0.05614773 


—0.00101831 
—0.00103419 
0.76530851 
0.76321451 
0.76742189 
0.27669587 
0.27665827 
0.27666369 


0.00121136 
0.00119281 
0.37083125 
0.37014813 
0.37146610 
0.31041248 
0.31289328 
0.30787470 


—0.00040765 
0.04069852 
0.04416826 
0.03726043 

—0.26001952 

—(0.25772116 

—0.26236141 





11 


0.86258283 
0.85820607 
0.86693095 
—0.34753116 
—0.34456941 


—( 





16 


0.19363690 
0.19267643 


17 


0.41062251 


0.41028202 


12 


“0,01397536 


).01089018 


—0.01708712 
—0.0067 1697 
—0.01617902 
0.00275979 


18 


0.42609849 
0.42731074 


*” These calculations were done on a 32 000 word core IBM 704. 


13 


0.02904026 
0.03171642 
0.02643833 
0.53148740 
0.54332079 
0.51914348 


19 


0.10403286 
0.10394168 


0.00012332 

0.00012115 
— 0.008047 37 
—0.00829855 
—0.00778938 
—0.86604390 
—0.87244376 
—0.85894319 


14 


—0.01011309 
—0.01004644 
—0.01017499 
0.57696816 
0.57271426 
0.58057789 


—0.00002842 
—0.00002835 
0.00185071 
0.00202661 
0.00167815 
—0.05498650 
—0.04968453 
0.06105758 


15 
0.00241103 
0.00253086 
0.00229375 
0.02049388 
0.01481919 
0.02782140 


20 


0.00663517 
0.00667 143 
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functions and we believe” them to be superior to exist- 
ing®®™ numerical solutions. The parameters defining the 
basis functions [see Eq. (6) ] appear in Table XIII and 
the eigenvectors, i.e., the C;;’s [see Eq. (4) ], appear in 
Table XIV. The total energies, the one-electron energies 
(e;), and the one-electron kinetic + nuclear potential 
energies (K;) appear in Table XV along with the values 
obtained for the earlier restricted solution (set I). The 
difference in total energy between the set I and II 
restricted Hartree-Fock results is 0.003 a.u. or less than 
one thousandth of a percent, whereas the variation in 
several of the K,’s and e¢,’s is greater than this. The 
largest changes in one-electron orbitals (as evidenced 
by A; variations) are a small contraction of the 3d and a 
smaller expansion of the 3s. One might note that while 
the largest K; variation is associated with the 3d orbital, 
€3¢ and €,, share in showing the smallest change between 
calculations. We believe that the changes in total 
energies, one-electron energies, ¢;’s, and K,’s can serve as 
an estimate of the maximum change which would come 
with further wave function improvement. Now the 
change we have seen in the total energy is less than one 

% In general comparisons with numerical H-F calculations have 
been difficult to make because total energies are generally not 
listed for these. See reference 92. 

* TD. F. Mayers has just informed us that he has recently ob- 
tained a highly accurate numerical solution for Mn** as part of his 
program to produce numerical Hartree-l’ock solutions with an 
accuracy superior to those in the literature. His ion total energy is 
—1149.11 a.u. (cf. Table XV) and his one-electron energies 
generally agree with our set III values to 0.001 a.u., the last digit 
reported by him. The agreement of the analytic and numerical 


results is striking, and bears out the belief that the analytic 
functions represent good Hartree-Fock so!utions. 
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TABLE XV. Total energies, one-electron energies (e;’s), and one 
electron kinetic + nuclear potential energies (K,’s) as obtained for 
Mn**(8S) in sets [* and III restricted Hartree-Fock calculations 
and in a set III spin-polarized Hartree-Fock calculation. All 
energies are in atomic units (1 a.u.=2 ry). 


Set I* 
restricted 


H-F 
— 241.192 | 


— 29.757 
—4.461 

— 25.464 
—3.131 

— 1.292 

— 312.357 
— 76.342 
— 29.243 — 29.237 
— 75.670 — 75.670 
— 27.448 — 27.449 
— 22.955 — 22.980 
—1149.105 —1149.108 


Set III 
restricted 


H-F 


— 241.188 
— 29.751 
— 4.456 
— 25.458 
— 3.126 
— 1.288 
— 312.356 
— 76.344 


spin-polarized H-F 
spin f spiny 


— 241.185 —241.187 
— 29.817 — 29.682 
— 4.661 —4,247 
—25.522 —25.390 
— 3.376 — 2.873 
— 1.288 
— 312.356 
— 76.309 
— 29.272 


— 312.356 
— 76.377 
— 29.199 

—75.618 —75.720 

—27.546 —27.339 

— 22.996 er 


—1149.11¢ 


Total energy 


® See reference 21, 


percent of the correlation energy®® (i.e., the difference 
between the exact eigenvalue of our many-electron 
Hamiltonian and the Hartree-Fock total energy). There- 
fore one should perhaps be more preoccupied with 
wave-function improvements that go beyond the Har- 
tree-Fock formalism than with worrying about increased 
numerical accuracy in the Hartree-Fock solutions 
themselves. 

% See the discussion in reference 32 and the estimates of the 
correlation effects in reference 21. 





PHYSICAL REVIEW VOLUME 


123, 


NUMBER 6 SEPTEMBER 


15, 1961 


Theory of Transition Ion Complexes* 


W. MArsHALL 
Atomic Energy Research Establishment, Harwell, Berkshire, England 


AND 


R. STUART 
Lawrence Radiation Laboratory, University of California, Livermore, California 


(Received March 10, 1961; revised manuscript received June 23, 1961) 


It is suggested that the observed lowering of the spin-orbit parameters in transition-ion complexes is 
caused by a screening effect which expands the 3d wave functions. Evidence in support of this suggestion 
is given by neutron diffraction form-factor measurements on Mn** salts. The theory of the transferred 


hyperfine interaction between the electron spin of Mn 


and surrounding F" nuclei is discussed, and the 


complications introduced into the theory when dealing with other ions are described. The theory is found to 
be unsatisfactory because it is not possible to treat the interaction via the 1s orbitals of F~ with sufficient 


accuracy. 


I. INTRODUCTION 


T is generally recognized that the static crystalline 

field model for a transition ion complex is a good 
zero-order approximation but that many results are 
more satisfactorily explained by the more sophisticated 
treatment known as the ligand field theory.' In this 
paper we discuss several related topics in connection 
with the latter theory, and in particular we discuss the 
validity of that special form of ligand field theory which 
corresponds to the simple Heitler-London state, i.e., 
no electron transfer from one ion to another. This 
Heitler-London model is not equivalent to the static 
crystalline field model because the latter neglects all 
overlap effects. 

Ligand field theory originated with Van Vleck? who 
discussed a transition ion complex consisting of a 
central ion with an unfilled 3d shell surrounded by six 
ligands (nominally nonmagnetic ions, e.g., F~, O--, 
Cn~) arranged in a regular octahedron. He showed how 
the mixing between the 3d orbitals and the 2) orbitals 
of the ligands could produce a contribution to the crystal 
field splitting which was to be added to the splitting 
produced by the static cubic potential. The theory was 
further developed by Stevens’ who demonstrated that 
in suitable circumstances the mixing had the effect of 
lowering all matrix elements of the orbital current L 
by a factor k smaller than unity by an amount which 
gives a measure of the admixture. Stevens also pointed 
out that because of this admixture we should expect a 
large transferred hyperfine interaction between the elec- 
tron spin and the nuclear spins of the surrounding 
ligands. Both effects had 
experimentally. 

Owen later pointed out that a survey of experimental 
results from paramagnetic resonance and optical spectra 
shows that the spin orbit parameter A is smaller in the 


these been observed 


*Work done under auspices of the U. S. 
Commission. 

1K. D. Bowers and J. Owen, Repts. Progr. Phys. 18, 304 (1955). 
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3K.W. H. Stevens, Proc. Ro Soc London) A219. 542 

‘J. Ower ° Proc Roy SOK Lor don ) A227, 183 (1954). 
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1953). 


crystal than in the free ion by about 20% to 30%. 
Owen interpreted this reduction as another effect of 
the admixture of ligand wave functions and was thus 
led to the conclusion that the admixtures were very 
large: Roughly speaking, if \ is reduced by, say 25%, 
and if this reduction is due solely to the ligand orbital 
admixture, then this admixture must be of the order of 
25%, i.e., each magnetic electron has roughly a 25% 
probability of being found on the surrounding ligands 
and only a 75% probability of being found on the parent 
ion. In Sec. III we argue that this interpretation of the 
lowering of \ is incorrect and that in all cases (except 
possibly for very strongly covalent complexes) the ad- 
mixture of ligand orbitals leads to an increase in \, 
and the experimentally observed decrease is due to an 
entirely different effect, namely the screening of the 
3d electrons by the overlapping charge clouds of the 
surrounding ligands. Experimental evidence in favor 
of this screening effect is given by measurements of 
neutron scattering form factors in Mn** salts. 

The transferred hyperfine interaction is capable in 
principle of giving very valuable information on the 
electronic structure of these complexes. The theory and 
experimental results have been considered several 
times,°-” but in Sec. IV we show that a careful discus- 
sion of the isotropic interaction exposes new terms (in- 
volving the 1s orbitals of F~) which are surprisingly 
large. In Sec. IV we also discuss the anisotropic hyper- 
fine interaction and show that the contribution from 
m overlaps is not negligible compared to that from ¢ 
overlaps. 

In Sec. V we discuss the complications introduced into 
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the theory when examining ions other than Mnt+. 
These complications arise whenever the transition 
metal ion does not have a half-filled shell. 

In order to illustrate the molecular-orbital and the 
electron-transfer approaches for interpreting the trans- 
ferred hyperfine interaction, we discuss in Sec. II a 
very simple, two-atom, three-electron system. This 
serves to introduce a notation and also makes it clear 
that these alternative approaches are different ways of 
describing the same effects. 


II. WAVE FUNCTIONS 


In this section we first consider a simple two-atom, 
three-electron system so as to fix a notation and intro- 
duce the calculations later performed in Sec. IV. 

For the two-atom system we suppose for simplicity 
that the only important orbitals are that 3d orbital of 
the magnetic atom which happens to point toward the 
ligand and that 2p orbital of the ligand which points 
toward the magnetic atom. We may symbolically draw 
these orbitals as shown in Fig. 1. Now suppose we place 
three electrons in this system. The Heitler-London 
state, Yu_1, will be obtained by placing two electrons 
in the p orbital, one in p, and the other in pg, and the 
third electron in either d, or ds. This state represents a 
ligand with closed shells of electrons and a magnetic 
ion with a partly filled 3d shell. With proper normaliza- 
tion the wave function is 


Wu r= {3![1-—(d py) } 
> p(+)?Pda(l) pa(2)ps(3), (1 


where P denotes the permutation operator and (dp) 
is the overlap integral between d and p. The only other 
state it is possible to form for this system is that where 
the d orbital is doubly occupied and the p orbital is 
singly occupied. This wave function is 


vr={3![1—(d) p)? }} OX p(+)?Pda(1) pa(2)da(3), (2) 


where the subscript 7 indicates the state is formed by 
“transfer” of the 8 spin electron from pg to da, i.e., from 
ligand to the magnetic ion. In general, the ground-state 
eigenfunction Yq will be a linear combination of Yu—1 


and wr, 1.e., 
Va= [1+2B(d p)+B ‘Wu it Byr |. (3) 


The usefulness of this approach comes solely from the 
fact that we can expect the admixture of wz, i.e., B, 
to be small. On the other hand the one-electron wave 
functions in (1) and (2), and also PH_1 and yr them- 
selves, are not orthogonal and therefore it is very 
clumsy to work with them. 

We may get an alternative description of the system 
by constructing bonding and antibonding molecular 
orbitals. The bonding orbitals will consist of mostly a 
ligand function but with a small admixture of d orbital. 
Thus 


o»=M(p+Bad), (4) 


TRANSITION 
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Fic. 1. The two-atom system. 


where 
M=[1+2B(p|d)+B?}}, (5) 
and B, which we shall show later is identical to the B 
in (3), is a small coefficient of the same sign as the over- 
lap integral. Similarly, the antibonding orbital is mostly 
a d orbital and thus 
gas= N(d—Ap); (6) 
N=[1-—2A(p|d)+A?}3, (7) 
and A is another small coefficient. The condition that 


¢@» and ¢,» be orthogonal gives a relation between B 
and A of the form 


B=[A—(p|d)]/[1—A (p|d)]. (8) 


We can now form the ground eigenstate by placing one 
electron in the antibonding orbital and two electrons in 
the bonding orbital to get 


>! 


Vco= (3!) 1S p(+ YP Phav®(1)bs%(2)bn8(3 ; (9) 


This form is very convenient to use because the wave 
functions are orthogonal to one another. It is instructive 
to express (9) in terms of Yu_1 and Wr by substituting 
from (4) and (6) to get 


Yo= (3!)-1NM?(1+ AB) 

Xd p(+)?Pda(1)pa(2)[p3(3)+ Bdg(3)], (10) 
which, using (5), (7), and (8), can be shown te be identi- 
cal with (3). This demonstrates that the B of (3) is 
the same as that of (4). 

It is now clear that it does not matter which approach 
we use, but that in practice using molecular orbitals is 
more elegant. It is important, however, not to misin- 
terpret the results obtained by this approach. For ex- 
ample, when calculating magnetic properties the bond- 
ing orbitals always drop out of the calculation because 
they are doubly occupied and orthogonal to the anti- 
bonding orbitals; magnetic properties are therefore con- 
cerned only with the orbitals which 
represent ‘‘the spreading of the magnetic electrons onto 
the ligands.” Within the context of the molecular orbital 
approach this phrase is quite correct, but it must not 
be misinterpreted as meaning an actual transfer process 
of the magnetic electrons outward to the ligands be- 
cause, as (3) shows, the only transfer process possible 
is that of 8-spin electrons inward from the ligand to the 
magnetic ion. 


antibonding 
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Notice that the Heitler-London state is that special 
form of the molecular orbital description obtained by 
setting B zero and hence, from (8), A equal to the over- 
lap integral (p d). Now in calculating transferred hyper- 
fine interactions we are interested in the degree of spin 
unpairing in the p orbital. In general this is A? and in the 
particular case of the Heitler-London model this be- 
comes (p d)*. Similarly, the degree of spin unpairing 
in the s orbital of the ligand is (s d)? in the Heitler- 
London model. The physical origin of these spin un- 
pairings can be seen by reference to (1). The Pauli 
principle acts in such a way as to reduce the probability 
of the electron belonging to p,. being found in the region 
of strong overlap with the other a-spin electron, that 
belonging to d,. Hence the probability of the former 
being found elsewhere, and in particular near the ligand 
nucleus, is increased. But the probability distribution of 
the 8 spin is undisturbed and hence a net a-spin increase 
is produced near the ligand nucleus. This effect was 
first pointed out by Mukherji and Das.’ In general, an 
additional spin unpairing is to be expected due to devia- 
tions from the Heitler-London model, i.e., by transfer- 
ring 8 spin from ligand to magnetic ion. 

In MnF, and other fluorides we are concerned with 
the spin unpairing produced in the 1s, 2s, and 2p 
orbitals of F~. The 1s and 2s orbitals are so low in energy 
that we may be reasonably confident they can be treated 
by the Heitler-London model, and hence the spin 
unpairings should be (d 1s)? and (d 2s), respectively. 
The 2 orbitals are not so low in energy, so we cannot 
expect to treat them accurately by the Heitler-London 
model. We therefore expect the spin unpairing in the 
2p orbital to be larger than (d 2p)", and from the degree 
by which it is larger we can deduce the departure from 
the Heitler-London model. We shall find this to be small. 
In calculating the overlap integrals (d_ 1s), (d) 2s), etc., 
we must be cautious because we expect the wave func- 
tions designated d, 1s, 2s, etc., to be moderately dis- 
torted from the free-ion wave functions and we must 
estimate this distortion before calculating the integrals. 
This point will be discussed later. 


Ill. THE SPIN-ORBIT PARAMETER 


Owen‘ has pointed out that the spin-orbit parameter 
\ is always smaller in the crystal than in the free ion 
and has attributed this decrease to the admixture of 
ligand wave functions into the antibonding orbitals. 
However, we can estimate that the admixture almost 
certainly increases \. The physical origin for this in- 
crease is the same as for the spin unpairing discussed in 
Sec. IL; in the Heitler-London state the Pauli principle 
forces less weight onto regions where d, and p, overlap, 
and hence the electrons of d, and pq have a greater 
chance of being found elsewhere and in particular they 
have a greater chance of being found near their respec- 
tive nuclei. This effect on the p. electron produces an 
a-spin unpairing near the ligand nucleus in the way dis- 
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cussed in Sec. II; the same effect on the d, electron in- 
creases \ because this parameter is proportional to (1/r*) 
wherer is the distance of the electron from the parent nu- 
cleus. In the molecular-orbitals approach this effect ap- 
pears through the normalization constant N in (6). Con- 
tributions to the spin-orbit parameter come mostly from 
that part of the wave function near the magnetic ion nu- 
cleus (because \~(r~)), so to a good approximation A 
is proportional to the weight given to the d orbitals in 
antibonding wave functions, i.e., to V*. For the Heitler- 
London state A is equal to (d|p) and N? becomes 
[1—(d| p)?}-. This is larger than unity, sod is increased 
from the free-ion value. Only if the bonding were so 
strong that A were larger than 2(d_ p) would N?, and 
thus A, be decreased from the free-ion value; this might 
be the case only in an extremely covalent complex, and 
therefore for all other cases we may safely conclude 
that these effects produce an increase in A of a few per- 
cent. For the source of the experimentally observed 
decrease in A we must therefore look elsewhere. (The 
argument we have just given on J is only approximate 
because in general \ is proportional to the product of 
two different normalization constants, say VV’, instead 
of just V?. But since V and N’ are of the same form the 
qualitative argument is unchanged.) 

We have pointed out that for many complexes we 
might expect the Heitler-London model to be a reason- 
ably good one, but we have not yet discussed the indi- 
vidual atomic wave functions to be used in building up 
this model. There is certainly no necessity to take them 
as the free-ion wave functions, and ideally we may ima- 
gine them to be determined by the following variational 
method. Choose individual atomic-like wave functions 
for the electrons of the magnetic ion and of the ligands 
and let these wave functions be specified by as many 
variational parameters as seems necessary. Assuming 
the ¢rystal to be described by a Heitler-London model, 
now calculate the total energy of the crystal (working 
correct to second order, say, in the overlap integrals) 
and minimize this total energy by varying the param- 
eters. This serves to define the best wave functions to 
use in constructing the Heitler-London model. Of course 
such a calculation would be difficult to perform in full, 
but we can give a plausible estimate of the final result. 
If there were no interactions between the ions the wave 
functions obtained would be the Hartree-Fock free-ion 
wave functions. But the interactions produce a distor- 
tion from these free-ion wave functions which is strong 
in th eregions farthest away from the present nucleus 
and apparently cannot be reliably estimated. In addi- 
tion to this strong distortion in the outermost part of 
the wave functions we can also expect an over-all shift 
of the wave function outward.” 

This radial shift outward is essentially a screening 


‘3 Since this paper was prepared our attention has been brought 
to the work of Jorgenson [Discussions Faraday Soc. 26, 110 
(1958) ]. The earliest reference to this effect we have been able 
to trace is a remark by L. Orgel [J. Chem. Phys. 23, 1824, (1955) ]. 





“-HEORY OF 








1 1 


2.0 3.0 
r (atomic units) 








Fic. 2. The radial part of the Hartree-Fock free-ion wave 
functions of Mn** and F~. The ions are placed at the interatomic 
spacing in MnF». 


effect which we can visualize by considering MnF» as 
an example. In Fig. 2 we show the free-ion wave func- 
tions for Mn** and F~ with the two nuclei placed at 
the proper interaction distance. Notice that the 2 elec- 
trons of the F~ overlap the Mn** ion very considerably. 
These 2p electrons therefore produce an appreciable 
charge density in the neighborhood of the Mn** nu- 
cleus; hence the 3d electrons are screened from their 
parent nucleus and so move radially outward. An al- 
ternative way of visualizing this effect is as follows: 
When the 3d electron is inside the charge cloud of the 
F- ion it sees an attractive potential due to the F- 
nucleus and therefore gets pulled outward. These two 
descriptions are exactly equivalent. It follows from this 
argument that we can expect the radial expansion 
of the Mn** 3d electrons to be the most important effect. 
The expansion of the F~ 2 electrons will be much 
smaller because the 3d electrons do not produce any ap- 
preciable charge density near the F~ nucleus; this is 
essentially because the Mn** ion is so much smaller 
than the F~ ion. 

The electrostatic energy of the 3d electrons in the field 
due to the ligands must surely be positive because the 
ligands are negatively charged, but it is important to 
realize that this does not mean the ligands repel the 
3d electrons inwards. In fact, the electrostatic effect 
must always expand the 3d electrons outwards; to see 
this we imagine the ligand charge density to be spheri- 
cally averaged and then we notice that the potential 
energy of an electron at a distance r from the metal 
ion is given, apart from a constant, by the total charge 
enclosed in a sphere of radius r. Since this charge is 
negative (for r<bond length) the potential energy must 
fall as r increases, i.e., the 3d electrons will move out- 
wards. Physically, we may see what is happening as 
follows: As r increases the potential energy of interac- 
tion with one ligand, the nearest one may increase be- 
cause the distance from it is decreasing ; but the interac- 
tion energy with the other ligands decreases ‘because 
the distance from them is increasing. With a’ spherical 
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Fic. 3. Neutron form-factor curves. (a) Calculated from free- 
ion wave functions. (b) Empirical curve obtained by a 10% scaling 
of curve (a). (c) Erickson’s result for MnF>2. The experimental 
points are those of Hastings, Elliott, and Corliss. 


average these effects exactly cancel if the interaction 
energy is given by a point-charge model and gives a 
mean energy decrease (as r increases) if the ligand 
charge density overlaps the magnetic ion. 

It would be highly desirable to have an explicit 
calculation of this screening effect, but it is more reliable 
to appeal to experiment to establish the size of it. We 
may do this by examining the form factors deduced from 
neutron diffraction measurements on magnetic salts. 
This form factor is defined by 


(11) 


f{(K)= fa e‘K-'p(r), 


where 'K is the wave vector change of the neutron and 
p(r) is the normalized spin density associated with each 
magnetic ion. Figure 3 shows values of the form factor 
deduced by Hastings ef al.“ for various Mn** salts. 
Also in Fig. 3 we show the form factor calculated from 
Hartree-Fock free-ion wave functions, and it is obvious 
that this calculated curve gives very poor agreement 
with the experimental points. This discrepancy has 
been carefully noted by Hastings et al., who observe 
that the data are fitted reasonably well by an empirical 
curve obtained from the calculated free-ion curve by 
simply scaling the form factor inward by 10%. This cor- 
responds to using 3d wave functions scaled outward by 
10%. Because we are specially interested in MnF2 we 
also show in Fig. 3 the form factor measured for MnF2 


4 J. M. Hastings, N. Elliott, and L. M. Corliss, Phys. Rev. 115, 
13 (1959). 
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by Erickson.'® Within the experimental error this result 
also follows the Hastings, Elliott, and Corliss empirical 
curve. 

Notice that the discrepancy between the free-ion 
calculated curve and the experimental results cannot 
be removed by postulating that the Hartree-Fock 
calculation fails to give good wave functions for the free 
ion. This is because if the Hartree-Fock calculation 
were in appreciable error it would probably be so in the 
opposite sense to that which is required to explain the 
experimental results. (The Hartree-Fock scheme omits 
configurational interaction which, if included, would 
introduce angular correlation between the electrons and 
so probably permit the electrons to fall into smaller 
radii than would be favored otherwise. Hence the 
Hartree-Fock scheme gives free-ion wave functions 
which are of slightly greater radial extent than the true 
wave functions. Correcting the Hartree-Fock free-ion 
wave functions therefore would slightly increase the 
discrepancy with experiment.) But this effect is probably 
very small and in what follows we shall ignore it. 

From these results we can deduce that for Mn** 
salts the expected radial expansion can be represented 
to a first approximation by a simple scaling of 10% 
with appropriate renormalization, i.e., the d functions 
to be used are related to the Hartree-Fock free-ion 
functions, d;;, by 


d(r)=w'd;;(wr), (12) 


where the scaling parameter, w, is 0.9 in this case. If 
we assume that roughly the same radial expansion 
takes place for all transition ion complexes, then we have 
a simple explanation of the lowering of the spin-orbit 
parameter, A. This follows because \ is proportional to 
(r~*) and hence, from (12), 


A=wrgi, (13) 


where As is the free-ion value of A. Equation (13) 
shows that \ will be lowered by almost 30% and this is 
certainly a large enough effect to account for the ex- 
perimentally observed decrease. 

Of course we cannot expect the radial expansion of 
the 3d wave functions to be strictly described by a 
simple scaling factor, nor can we expect this factor to 
be exactly or always 10%. But we do wish to point out 
that qualitatively we can always expect this kind of 
effect and that the experimentally observed lowering 
of \ is entirely due to this. Covalency effects, we believe, 
in these almost ionic complexes, tend to increase X. 

It is surprising that a single empirical curve can fit 
reasonably well all the neutron diffraction data on Mn++ 
salts, because we might have expected the scaling effect 
to have depended to a considerable extent on the nature 
of the six ligands surrounding each ion. However, ions 
do have very well-defined radii, and hence to some 
extent the crystal chooses a lattice spacing which keeps 


18 R. A. Erickson, Phys. Rev. 90, 779 (1953). 
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all overlap effects, and hence screening effects, constant. 
It must be for this reason that the w values are roughly 
constant. 

Owen* has also pointed out that Slater integrals and 
Racah parameters, which give a measure of electron- 
electron interaction in the ion, are smaller in the solid 
than in the free ion. This decrease, we suggest, is also 
due to the screening effect. The Slater integrals are 
matrix elements of the electron-electron interaction 
e*/ri2; they are therefore inversely proportional to the 
mean radius of the 3d orbits and we would thus expect 
them to be reduced by the factor w, by about 10% from 
their free-ion values. The observed decreases are not 
known with any great accuracy and vary somewhat 
from salt to salt, but they are roughly of this order of 
magnitude. 

Murao'® has also pointed out that screening effects 
decrease \, but he attributes the screening to the addi- 
tional 3d electron density produced by the admixture 
of 3d wave function into the bonding orbitals. In order 
to fit the theory to experiment, Murao has to postulate, 
in our notation, a value for the antibonding parameter 
A equal to 0.4. This we believe is far too large and our 
estimate of A shows this effect is very small. 

Our suggestion that the 3d orbitals are always ex- 
panded relative to the free-ion wave functions is in 
direct conflict with estimates made by Phillips'’ indi- 
cating that, if anything, a radial contraction should 
take place. Phillips points out that in addition to the 
screening effect we have just described there is also an 
effective repulsion, due to the Pauli effect, from elec- 
trons in the closed shells of the ligands. Phillips argues 
by analogy with other problems that this latter effect 
will cancel, and indeed slightly exceed, the expansion 
effect due to screening. It is our opinion that the analogy 
drawn by Phillips between this problem and that of 
silicon metal is not close enough for us to accept the 
quantitative results of his argument. 

It would be interesting to obtain neutron form factors 
for other than Mn** salts in order to see if the expansion 
is present for them too. Alpern'® has recently measured 
the form factor for Ni** in NiO and, in contrast 
to the experimental results for Mn** salts, he finds a 
contracted spin density. Blume” concludes that some 
part of this apparent construction can be attributed to 
scattering from the unquenched part of the orbital mo- 
ment (which has a different form factor from the spin) 
but that otherwise there is no ambiguity in the inter- 
pretation of the experimental results which, therefore, 
are in direct contradiction to the expansion we suggest 
should take place. We have no explanation of this 
fact but are reluctant to abandon an idea because of a 
single experiment which involves difficult extinction 
corrections. 


16 T. Murao, Progr. Theoret. Phys. (Kyoto) 21, 4 (1959) 
‘7 J. C. Phillips, J. Phys. Chem. Solids 11, 226 (1959). 
‘SH. Alpern, Phys. Rev. Letters 6, 55 (1961). 

8M. Blume (private communication). 
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It is important to recognize that this simple radial 
expansion is only a first rough approximation to the 
distortion of the wave functions from their free-ion 
values. It represents approximately the distortion near 
the magnetic ion and near the maximum in the 3d 
wave function. At larger distances from the magnetic 
ion nucleus the perturbation produced by the surround- 
ing ligands is large and we can therefore expect the tail 
of the d wave function to be seriously perturbed in a 
way which it is not easy to estimate. However, for some 
purposes it is not necessary to know exactly the shape 
of the d-wave function tail; for example, the neutron 
diffraction form factors are sensitive only to the mean 
radius of the d orbital. Also we might hope the overlap 
integrals (d 2s) and (d 2p), because they are reasonably 
large, would be insensitive to the precise shape of the 3d 
function tail. In contrast to this, the overlap integral 
(d\ 1s) is concerned almost exclusively with the tail 
of the d function and therefore we cannot hope to calcu- 
late it with any accuracy. This gives considerable diffi- 
culty in interpreting the transferred hyperfine interac- 
tion results which we discuss in the next section. 


IV. TRANSFERRED HYPERFINE INTERACTION 


In this section we discuss the transferred hyperfine 
interaction between F' and Mn for pure MnF2, MnF, 
in ZnF., and Mn* in other salts. We shall use the inde- 
pendent bonding model, in which we consider each 
Mn*+F~ pair separately and finally add up the effects 
due to all pairs. This simple procedure is valid only be- 
cause Mn** has a half-filled 3d shell. For other salts a 
more complex theory is required to interpret the results 
and so it is convenient to postpone discussion of them 
until Sec. V, where we indicate briefly the justification 
of the simple procedure we use here for Mn** salts. 

For the simple two-atom system of Fig. 1, construct 
mutually perpendicular axes o, 7, uw at the F® nucleus 
and similar axes 2, x, y at the Mn nucleus. We take the 
one-electron atomic orbitals to be 1s, 2s, p., p+, and 
p, on F~, and on Mn** the 34 functions labeled 32°—?’, 
’, sx, xv, and ys. Then the only nonzero overlap 
integrals 2s), (3e—9*| De); 
ox p,), and (sy p,). The three 3d functions labeled 


Yr y- 


are (327—r*|1s), (32—r 


322—r*, sx, and yz can be used to form several bonding 
and three antibonding functions. The antibonding func- 
tions are 

N,(\32—r°)—ay,| 1s)—a2,.|2s5)—ao! po)), 


(14) 


$(322—r’) 
o(sx) = N,( 


o(zy)=N (| y2z)—a,| py)), 


2x) —d-! px)), 


and the bonding functions could be written down by 


analogy with (4) but we shall not do this as they will 


not enter into the calculation. The two 3d functions 
labeled x2—y? and xy do not form bonds with this F 
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ion and therefore do not give rise to any transferred 
hyperfine interaction. 

If the hyperfine interaction between the Mn** spin 
and this F’ nucleus is 

H=S-A-1, (15) 
then we can show that relative to the axes a, z, uw the 
tensor A is diagonal and hence (15) becomes 

H=S,1,A%+S,1eA™4+S ,] A". (16) 
It is clear that (15) must simplify to the diagonal form 
of (16) when the crystal has strictly cubic symmetry. 
However, in crystals of lower symmetry (16) is not cor- 
rect in general, although in the special case of Mnt, 
because it has a half-filled shell, (16) is an excellent 
approximation always. 

We must now relate 47°, 4**, and A“ to the param- 
eters di., do, etc., appearing in (14). To do this we 
remember that for Mn++ the three antibonding orbitals 
and also x°—y*, xy are occupied with parallel spin 
electrons so that the spin density associated with any 
one of these, say $(32?—?°), is ¢?(32?—9r°)S/2S where 
Sis 3 for Mn**. Thus the spin density at the F' nucleus, 
which arises solely from the amplitude of (32°—?°) at 
the F" position, gives an isotropic contribution to H 
which is A,S-1, where 


A,= (16mBhy/3)(N .2/2S)[a2.2| bes (O) |?+ 14? | G12 (0) |? 
+24).d2 $1 (0)d2, (0) ]. (17) 


(We ignore all terms involving the amplitude of | 32°—r°) 
at the F nucleus.) The spin unpairing in the p, orbital 
gives a contribution to H which is 


(2Bhy/5S\r)opN 2a? >. S-1,(3 cos’Ore—1), (18) 
where 6,, is the angle between the axis r and the axis o. 
Spin unpairing in p, and p, gives similar terms, with 
subscript o replaced by m and y, respectively. In addi- 
tion we must include the direct dipole term from the 


spin density of the Mn** 3d orbitals; this is 


(2Bhy/R*)>), S,1,(3 cos’0-¢—1) 


X(2+N 2+N2+N,7)/5. (19) 


Adding all these contributions, replacing V,”, V,*, and 

N,2 by unity (which is a good approximation), and 

taking advantage of the relation 
cos’6,,+c0s6,.+cos6,,= 1, (20) 


we can rearrange the sum to give 


H=A,8-1+-(4,+A p>. S,T,(3 cos’6,¢—1) 
+Ae Xz Selr(3.c08',2—1), (21) 
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where 
A,= ($aBhy/3S)a2,7 | G25(0) |? 

X {1+ [aisbis(0)/ dodo, (0) J}, 
A ,= (2Bhy/5S\\r~™) 29(a?—a,”), 
A p=2Bhy/ R’, 
A,= (2Bhy/5S)\(1r~) 2p (ae? —a,"). 
Comparing (16) and (21) gives 
A,+2(A,+Apb)—A,, 
A,—(Ae+Ap)+24z, 
A,—(A;,+Ap)—As. 


(26) 


Hence we see that the interaction between the Mn spin 
and the F’ nucleus may be expressed in terms of three 
parameters 4,, A,+Ap, and A,. For MnF, and for 
Mnf, in ZnF, there are two kinds of bonds which we 
call I and II and therefore we can determine these three 
parameters for both kinds of bond and call them 4,', 
A," etc. (There are four bonds of type I and two of 
type II for every Mn** ion.) Ideally, therefore, we 
would like to determine all six parameters from 
experiment. 

It is not convenient to measure the diagonal com- 
ponents A’’, A**, and A** directly; instead the com- 
ponents of the tensor A are measured relative to the 
crystal axes x, y, z. The measured components may be 
expressed in terms of A’’, A**, and A by a simple 
transformation of coordinates which has been discussed 
in detail before" and which we shall not repeat here. 

The complete Hamiltonian describing the interaction 
of each Mn spin with its six ligands is obtained by sum- 
ming (15) to give 


(27 


Zi) 


H= Pn S-Ay-Iy. 


Clogston et al." have emphasized that even if each indi- 
vidual term like (15) can be written in the form of (16) 
it is not possible to choose axes such that all the tensors 
Aw are diagonal simultaneously unless the ligands are 
arranged in a perfect octahedron. For pure MnF; and 
for MnF, in ZnF; there is a considerable departure 
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from cubic symmetry and Tinkham’s’ original analysis 
failed to take this properly into account. Clogston et al. 
have discussed this problem and shown how values of 
A,, (Ag+Ap), and A, may be deduced for the different 
bonds I and II from their experiments on the paramag- 
netic resonance of MnF; in ZnF>2. Their results are 
given in Table I. 

Before comparing these results to those obtained by 
Shulman and Jaccarino** for pure MnF,», it is necessary 
to consider what values to use as bend lengths for I and 
II. Baur™ gives the bond lengths of I and II as 2.132 A 
and 2.102 A for MnFs, and 2.043 A and 2.015 A for 
ZnF>. In both crystals bond II is shorter than bond I 
and therefore the interaction parameters for II should 
be larger than for I, as is observed. (The lattice param- 
eters of Stout and Reed! give bond II longer than bond 
I and this is quite inconsistent with the interaction 
parameters given above; we therefore assume the Baur 
results to be correct.) There is no simple way we can 
determine the bond lengths for MnF: in ZnF». We would 
obviously expect them to be intermediate between those 
of pure MnF; and pure ZnF2. However, Clogston et al. 
find that parameters measured in pure MnF,; are essen- 
tially identical to those deduced from experiments on 
Mnf; in ZnF:. Hence they conclude that the bond 
lengths for MnF, in ZnF: are very close to those in pure 
MnF>. We shall assume them to be 2.132 A and 2.102 A, 
respectively, for both cases. From (24) this gives 2.56 
and 2.69 for A p! and A p", respectively ; it is these values 
which have been used to deduce the A, values given in 
the table. The experiments of Shulman and Jaccarino*’ 
on the nuclear magnetic resonance of F in pure MnF: 
are not capable of yielding all six parameters, and hence 
when interpreting the results it is necessary to make 
some further assumptions. Experiments on the para- 
magnetic phase of MnF, give three independent results ; 
in order to interpret these results Shulman and Jaccarino 
chose to ignore the difference between I and II. With 
this assumption the number of independent parameters 
reduces to three—A,, A,, and A,—which may be 
determined from the three independent measurements. 
Their results are also given in Table I. Notice that these 
experiments give A, directly because Ap is most con- 


TABLE I. Values of the parameters in 10~* cm™. 





A} AM 
15.0940.16 16.54-40.19 
15.68+0.3 
15.440.3 16.2+40.3 
6.4 7.3 
3.4 
14.5 
6.1 


Clogston et al.* 
Shulman and Jaccarino® 
Keffer et al.* 
w=1.0, No 1s 
With 1s 
w=0.9, No Is 
With 1s 


3. 
12.§ 
5. 


A,' Arll 


—0.14+0.21 0.18+0.11 
0.11+0.3 
0.4+0.3 0 0 
0.29 0 0 


Aj! AM 


0.46+0.3 0.80+0.17 
0.46+0.3 
0.2+0.3 
0.27 


0.37 0.38 0 0 





* Clogston et al., (see reference 11) do not quote values of A,' and A,'!; the values given in the table have been obtained by subtracting calculated values 


of Ap! and Ap!! from their quoted values of Az! +Ap! and A,!!+Apl!!, 
» See reference 6. 
¢ See reference 10. 


” W. H. Baur, Acta Cryst. 11, 488 (1958). 
21 J. W. Stout and A. Reed, J. Am. Chem. Soc. 76, 5279 (1954). 
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veniently absorbed into the dipole sum giving the field 
at the Ff nucleus produced by all the Mn ions. This 
dipole sum was easily calculated and has already been 
subtracted from the observed results. 

The Jaccarino and Shulman® experiment on the anti- 
ferromagnetic phase of MnF, gives a fourth independent 
measurement. When interpreting these results Keffer 
et al.” chose to assume A,! and A," to be zero. They 
were then left with four independent parameters which 
could be fitted to the four independent measurements. 
Their analysis gives the values shown in Table I. 

All these results agree within experimental error, but 
the results of Clogston ef al. are complete and have 
been deduced without any assumptions and should 
therefore be preferred to the other results. 

The calculations of Froese” for F~ give 


$2, (0) |2= 10.726a9, (28) 


1. (0) /2,(0) = 4.44, (29) 


(r5)0,= 6.40500 (30) 


These values of |¢2,(0)|? and (r~)., are slightly dif- 
ferent from those given by Moriya.” The latter were 
derived from a Hartree calculation on F~ and from the 
approximate procedure of Barnes and Smith,™* whereas 
the results given here are derived from the recent 
Hartree-Fock calculation by Froese. Substituting into 
(22), (23), and (25) gives (in units of 10-* cm~) 


A,*=0. 300 ao," 2(1+-4.444,,% a>, )?X 104, 
A N=(lae% |2—|a,% |2)0.858X 102, 
A,N=((a,% |?— a," 2)0.858 X 10°. 


(31) 


In the independent bonding model, using just the 
terms we have retained in deriving (31), there is no 
way of distinguishing the 7 axis from the yw axis. It 
follows that a, and a,’ are equal and A,” is given as 
zero. It is not clear whether or not the experimental 
results should be taken as indicating nonzero values 
for A,! and A,". 

It is worthwhile to list some of the approximations, 
other than the use of the independent bonding model, 
made in deriving these results. 


(1) In calculating A, we neglected the amplitude of 

the 3d function |3s?—r?) at the F™® nucleus. Because 

32—r*) must be severely perturbed near the F- 
nucleus we can make no reliable estimate of this term, 
but it is certainly much smaller than the terms we have 
retained. 

(2) In calculating A, and A, we neglected the dipolar 
field due to the spin density in the cross terms arising 
when $(32?—?r"), o(zx), and o(zy) are squared. (These 
are the cross terms linear in the parameters @1,, @25, 
ds, ay, and a,.) These terms are certainly a good deal 


2 C. Froese, Proc Cambridge Phil. Soc. 53, 206 (1957). 
%'T. Moriya, Progr. Theoret. Phys. (Kyoto) 16, 23 (1956). 
* R. G. Barnes and W. V. Smith, Phys. Rev. 93, 95 (1954). 
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smaller than the terms we retain because the “cross” 
spin density is far from the F nucleus, but it is difficult 
to estimate them. 

(3) The normalization factors V .”, V2, and NV,’ were 
replaced by unity. In calculating the direct dipole 
term this introduces an error which can be shown to be 
smaller than, and of opposite sign to, the neglected 
terms (2). Elsewhere this approximation introduces 
negligible error. 

(4) Inclusion of terms (1), (2), and (3) would not 
produce a qualitative change in the form of the results. 
However, there are small terms we have neglected which 
produce a nonzero value for A, when the octahedron of 
F~- ions is not perfect. They arise in the following way. 
The spin density along an Mn*t*+—F~— bond has an 
interaction with this particular F!’ nucleus we have just 
discussed; in addition this spin density has an inter- 
action with all the other F nuclei. Of course this interac- 
tion is small because the other F nuclei are far away. 

But it can be shown that, provided the octahedron 
is not perfect, this produces a nonzero value for A-. 
It would be desirable to estimate these terms and com- 
pare them to the experimental value of A,, but the labor 
of doing so is too great. 

(5) We have assumed the F~ wave functions are inde- 
pendent of spin and this may be particularly important 
in deriving a value for A,. In general we must expect 
the F orbitals 2s, and 2s3 (and also 1s, and 1sg) to be 
slightly different because the exchange potential seen by 
the a and 8 spins is slightly different. Because the a 
spins get attracted out toward the a spins of the Mn++ 
ion, this effect always gives a diamagnetic contribution 
to A,. Shulman” has described the same diamagnetic 
term using a different approach which, however, is 
fundamentally the same as described here. 


As we described in Sec. II, the Heitler-London model 
gives the coefficients of (14) as the appropriate overlap 
integrals, i.e., the model gives 


do,% = (322—1?| 2s) y, 


9 


a1,% =(322—r*| 15), 


s," —_ (322— r pe)N; 
a,% =a," =(zx| pryn. 


In Table II we give values of these overlap integrals 
computed for various bond lengths and using two 
values of the screening parameter w, 1.0 and 0.9. The 
results are quoted to four figures for ease of interpola- 
tion but of course we cannot expect more than one or 
two figures to be physically significant. Using these com- 
puted values for the overlap integrals, we give in Table 
I the calculated values of the parameters using w= 1.0 
and w=0.9 and also including or ignoring the 1s orbital 
of the F~ ion. 

Let us consider the value of A, first. The results using 


26 R. G. Shulman (to be published). 
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TABLE IT. Overlap integrals calculated with free-ion wave func- 
tions w= 1.0 and with expanded wave functions w=0.9. 


x 108 1\2s d|\x) 


0.9 


lia’ X10? 
1.0 0.9 


X10" 


765 8.000 
824 
649 
474 
299 
124 

6.949 

6.774 

6.599 

6.248 
200 
550 
29 


9.466 
9,294 
9.122 
8.950 
8.774 
8.605 
8.434 
8.264 
8.096 
7.764 
7.123 
6.807 


j— 
a” 


t 


608 


ow 


145 
926 
716 
516 
323 
958 


ee he he be te re rn rt 


3.015 
3,204 
0.995 


On ee ee ee ND SD 
wu won in be = 


0.589 


w= 1.0 and ignoring the 1s electrons give the approxima- 
tion Mukherji and Das’ and Keffer et al." These 
results are in reasonable agreement with the experi- 
mental results given in Table I. The agreement 
improved considerably if the screened (w=0.9) 3d wave 
functions are used and the 1s electrons still ignored. But 
essentially all agreement disappears with the inclusion 
of the 1s electrons in either calculation because the cross 
term in (17) involving the product $1.62, produces a 
negative spin density at the F~ nucleus which is much 
larger than the additional positive term ai,? $1,(0) ,? 
and almost large the original positive term 
12,27 d,(0) ?. That this cross term must be negative can 
be seen Defining the phase of the wave 
functions so that $;,(0) and @2,(0) are both positive, 
we notice that the overlap integral (32?—r* 1s) must 
be positive whereas the overlap integral (32°—r* 2s) 
must be negative because the 2s orbital has a radial 
mode. Hence a, and a2, must be of opposite signs. 

The conclusions to be drawn from these results 
seem reasonably clear. We are quite confident that it is 
valid to use the Heitler-London model to treat the 1s 
electrons provided the model is set up in the formal way 
we described in Section III; but the amplitude of the 
1s orbitals at the F~ nucleus is so large that we cannot 
afford to make even a small error in computing the 
overlap integral ls), and this unfortunately 
requires our having a good knowledge of the shape of 
the orbital, i.e., the distortion from a simpie 
3d orbital, in the neighborhood of the F This good 
knowledge of and it is clear 
that in this region near the ligand ion the simple radial 
scaling we have used is thoroughly inadequate to de- 
scribe the distortion from the free ion wave functions 
although over the bulk of the 32*—r’) orbital the simple 
radial scaling may be qualitatively reasonable. 

These calculations show that no theory of the iso- 
tropic transferred hyperfine interaction may be con- 
sidered as satisfactory until the contribution from the 
1s electrons of the ligand is properly computed. How- 
it does seem that using 
good agreement with experiment, especially when the 
radially expanded 3d wave functions are used, and it is 
tempting to postulate therefore that the effect of the 1s 
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ever, 2s electrons alone gives 
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electrons, if properly calculated, would be small. It 
certainly seems probable that the 1s electrons give a 
negative, diamagnetic, contribution no 
matter what the precise shape of |32?—r°), a), and ay, 
are almost certain to have opposite signs and we have 
already remarked, as approximation (5), that we are 
neglecting a small diamagnetic contribution from both 
1s and 2s orbitals. 

Now let us consider the values of The results 
using 1.0 and ignoring the overlap integral, a,, 
give the approximation of Keffer ef al. We notice from 
Table II that the r-overlap integral is reasonably large 
and that it is a poor approximation to ignore it; Cassel- 
man and Keffer? have recently reached the same 
clusion independently. The results using w=0.9 show 
some improvement in comparing to the experimental 
results but in this case we do not expect the Heitler- 
London model to be a very good approximation and 
therefore we not expect agreement with 
experiment. Indeed, from a comparison between theory 
and experiment we can get a rough estimate of the de- 
gree of departure from a Heitler-London model. As- 
suming that a, and a, as given by the Heitler-London 
model are in error by the same factor, and taking the re- 
sult of Clogston et al. for A," reliable ex- 
perimental result, we have 


1.€., because 


= 


con- 


do close 


as the most 


a,= (0.80 0.38)32—r? 7 1.4(32?—r? \¢). (33) 


Hence from (8) the admixture parameter 6, in the bond- 
ing orbital is 


b,~a,—(32—Pr | o)=0.4032—Pr?|o¢)~3XK107. (34) 


Hence the admixture of ionic state by transfer of elec- 
tron from ligand to cation is 6,2~10 
small. However, this small admixture somewhat 
misleading because the “‘transfer’’ state and the Heitler- 
London state are not orthogonal and therefore most 
properties, including the transferred hyperfine struc- 
ture, depend linearly on b,. 

Let us now discuss other experimental results on the 
transferred hyperfine interaction in Mn** salts. Benedek 
and Kushida?’ have observed the F' nuclear magnetic 
resonance in MnF; as a function of hydrostatic pressure. 
They compare their observed variation of the resonance 
frequency to that calculated using the theory described 
here and the numerical results of Table Il. They found 
excellent agreement with experiment but at that time 
we had not noticed the existence of the negative 
term between 2s and 1s orbitals and it was therefore 
omitted in their analysis. Their conclusions are therefore 
meaningful only if we suppose the wave functions used 
here 
(32?—r?| 1s). 

Schulman and Knox" have observed the I 

KMnF; where the each Mn ion is 
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cubic; they determine 


A,= (16.26+0.4) X10~ cm“, 
A,= (0.17+0.1)K10~ cm—. 


The Mn—F bond length in KMnF; is approximately 
the same as that in MnF; so it is satisfactory that the 
value for A, is approximately the same; but we cannot 
understand why A, is so much smaller for this salt 
than for MnF». 

Hayes and Jones** have observed the electron para- 
magnetic resonance of Mn**+ in Nal? and deduced 


A,= (14.4+0.3) K10- cm“, 
A gtA p= (2.8+0.7) X10 cm—, 


(36) 


The Na—F bond length in NaF is 2.31 A. When Mn++ 
is substituted for Na we expect the six surrounding 
F~ ligands to collapse inward so that the Mn—F bond 
length becomes intermediate between that for NaF 
and that for MnF in pure MnF:. We must therefore 
treat the Mn—F bond length in this crystal as an 
adjustable parameter and hence these results cannot 
be used to give an adequate test of the theory. Notice, 
however, that a bond length of roughly 2.15 would fit 
both results of (37) provided the expanded wave func- 
tions w=0.9 were used and 1s contributions ignored. 
Baker, Bleaney, and Hayes” have observed the elec- 
tron paramagnetic resonance of Mn** in Cal, and 
deduced 
A,= (9.5+0.3) X10 cm“, 
A +A p= (2.7+0.5) K 107 cm“. 


The Ca—F bond length in CaF, is 2.36 A, each Ca 
being surrounded by a cube of eight F~ ions. On substi- 
tuting Mn for Ca the eight fluorine ions collapse inward 
so again we must treat the Mn—F bond length as an 
adjustable parameter. From Table II we find that, 
using expanded wave functions (w=0.9) and ignoring 
1s contributions, both results can be obtained within 


We should note in passing that the large values of 
the w-overlap integral lead us to suspect the validity 
of Anderson’s 180° rule for superexchange interactions. 
Anderson” argued that superexchange between two 
magnetic ions would be greatest when they were at 
180° from one another as viewed from the nonmagnetic 
ion, O--”~ Fr, (i.e., that cation-anion-cation be 
collinear) because then the p, orbital of the anion would 
overlap strongly with the 3d orbitals of both cations 
simultaneously. This situation is shown in Fig. 4(a). 
The superexchange integral is proportional to the over- 
lap integral to the fourth power, hence we expect 
J \30~(32—r o)*. In contrast to this, coupling between 


etc. 


28 W. Hayes and D. A. Jones, Proc 
503 (1958). 

2% J. M. Baker, B. Bleaney, and W. Hayes, Proc. Roy. Soc. 
(London) A247, 141 (1958). 

*® PP. W. Anderson, Phy s. Rev. 79, 350 (1950). 
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(b) 90° 


Fic. 4. Superexchange at (a) 180°, (b) 90°. 


two magnetic ions at 90° to one another as viewed from 
the nonmagnetic ion must utilize z-bonding as shown 
in Fig. 4(b) and hence we expect J 99 ~4(32—1° | o)*{yz| 3)’, 
where the factor 4 comes from the fact that in addition 
to the coupling between the 322—r° orbital of M and 
the «2 orbital of M’ (which is shown in the figure) we 
also have that between xz of M and 3x°—r of M’ and 
two similar couplings via the other nonmagnetic ion 
which completes the square of Fig. 4(b). Taking note of 
this factor of 4 and that from Table II (yz |) is roughly 
40% of (32°—r*|c)*, we see no reason to suppose that 
superexchange coupling through 90° is any weaker than 
that through 180°. A similar conclusion has been arrived 
at independently by Casselman and Keffer®® from a 
consideration of overlap integrals between Mn** and 
O-~ wave functions. 


V. GENERAL THEORY 


In this section we describe briefly the modifications 
of the theory which are necessary when considering 
magnetic ions with other than half-filled 3d shells. There 
seem to be four such effects, one of which vanishes in 
strictly cubic symmetry, and we shall list them one at 
a time. 


(1) When the 3d shell is half full the spin density of 
the magnetic ion has spherical symmetry, and when 
calculating the dipole-dipole term it is then valid to 
replace this distributed electron spin density by a point 
dipole. But when the 3d shell is not half full then the 
electron spin density does not have spherical symmetry 
and this procedure fails; correction terms, one propor- 
tional to (r?)/ R® and one to (r*)/ R’, must be added. The 
correction terms can be of the order 10% of the usual 
dipole-dipole term. 

(2) When the 3d shell is not half full then the orbital 
moment is not completely quenched and the interaction 
of this moment with the ligand nucleus must be added 
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to the dipole-dipole interaction. The bulk of this inter- 
action is taken into account merely by using the proper 
g value in the dipole-dipole interaction but in general 
there is a correction term proportional to (r*)/ R®. 

(3) The spin orbit interaction mixes 3d orbitals and 
gives small corrections to the calculated hyperfine 
interactions. There are two ways in which this happens: 
The mixture of 3d orbitals gives rise to a slightly changed 
spin distribution on F~ which, however, is probably 
too small to be observable; the mixing also gives rise 
to unquenched orbital moment on the F~ itself and this 
can produce corrections of 10% to 15%. 

(4) When the environment of a magnetic ion is not 
strictly cubic then, in general, the hyperfine interaction 
cannot be written in the diagonal form of (16). This 
point has been carefully emphasized by Clogston et al." 
However, for a simple Heitler-London model, or for a 
model where it is assumed the admixture parameters 
Gis, @,, etc. are proportional to their corresponding 
overlap integrals, then it can be shown that (16) is 
valid for Mn** and this justifies the use of the inde- 
pendent bonding model in Sec. IV. 


These may not be all the effects that are important. 
Indeed, recent results by Shulman and Knox* on KNiF; 
and K2NaCrF, show such large anisotropic hyperfine 
interactions that it seems probable some other effect, 
not yet thought of, is present in these crystals. 


VI. CONCLUSIONS 


Various aspects of the theory of transition ion com- 
plexes have been discussed. It was first pointed out 
that the Heitler-London model is a special case of the 
more general ligand field theory and for some purposes 
we might expect it to be a good approximation. We have 
emphasized, however, that in constructing this Heitler- 
London model one should not use free ion wave func- 
tions but, in principle, the wave functions must be 
determined from a variation calculation. 

We have suggested that the experimentally observed 
lowering of the spin orbit parameter is due to a screening 
effect which causes the 3d wave functions to expand 
from their free ion shape. Neutron diffraction measure- 


| R. G. Shulman and K. Knox, Phys. Rev. Letters 4, 603 (1960). 
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ments on Mn** salts indicate that to some approxima- 
tion this expansion can be represented by a simple 
radial scaling factor of about 10%. We do not think it 
likely that the expansion is as simple as this but suggest 
this qualitative effect is always present. It would be 
very desirable to have neutron form factor measure- 
ments on other salts to verify that this expansion takes 
place in all cases. 

In an effort to get further information on the wave 
functions of the complex we have also discussed the 
transferred hyperfine interaction between the electron 
spin of Mn** and the surrounding F” nuclei. The results 
of this discussion are unsatisfactory. A careful treatment 
of the isotropic interaction including 1s wave functions 
of F~ in the antibonding orbitals shows that the effect 
of the 1s orbitals alone is relatively small, but that the 
cross term between the 2s and 1s orbitals is surprisingly 
large and negative if its magnitude is assessed using 
either free ion wave functions or expanded wave func- 
tions to calculate the overlap integrals. It is concluded 
that no theory of the isotropic interaction may be con- 
sidered as satisfactory until this difficulty is resolved. 
However, there is some empirical evidence (perhaps 
fortuitous) that using a Heitler-London model with 
expanded wave functions and ignoring the 1s orbitals 
of F- entirely gives agreement with 
experiment. 

For the anisotropic hyperfine interaction we do not 
expect, and do not find, good agreement between results 
predicted from the Heitler-London model and results 
from experiment. From the disagreement we have made 
a rough assessment of the degree of departure from the 
Heitler-London model. 

The theory of the transferred hyperfine interaction 
for ions other than Mn** is more complex because for 
these other ions the 3d shell is not half full. The most 
important corrections to the theory were briefly de- 
scribed in Sec. V. 


reasonable 
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Spectral diffusion in the inhomogeneous paramagnetic resonance lines of Ce** and Er**+ in CaWO, at 
concentration ~10'* spins/cc has been studied by electron spin echo techniques. Measurements show that 
the spreading of excitation through the line can be approximately described by a diffusion kernel in the 
form of a Lorentzian function whose width is linear in time. Local field fluctuations due to spin-spin flips 
and spin-lattice flips appear to be the primary cause of diffusion. In (Ca,Ce)WO, below 4.2°K the lattice 
time is long, and spin-spin flips predominate, leading to a diffusion rate which is independent of temperature. 
In (Ca,Er)WO, lattice relaxation is more rapid, and the diffusion parameter varies as the lattice time. 
Nuclei of W'® in the host crystal have been observed to give a modulation in the envelope of spin echoes, 
but the corresponding local fields are smaller than those arising from electron spins at the concentrations 


studied. 


I. INTRODUCTION 


N a discussion of paramagnetic resonance of F centers, 
Portis' has drawn attention to certain sources of line 
broadening which remain steady, or almost steady, in 
their effects during the time required for an electron 
spin transition. Such, for instance, are the irregular 
mechanical strains which are sometimes cited as a cause 
of anomalous linewidths, or the z components of mag- 
netization of nuclei present in the neighborhood of elec- 
tron spins. Mechanisms of this kind, where they are 
dominant, give rise to an “inhomogeneous” line, in 
which each spectral component, or “spin packet” has an 
independent history of interactions with the rf field and 
with the crystal lattice. The properties of such a line 
are well illustrated by the experiments of Feher? on the 
resonance of donors in silicon. If rf power is applied at 
one frequency in the line, it excites only a narrow band 
of spin packets and “burns a hole” which persists for a 
time comparable with the lattice relaxation time. Any 
transfer of excitation between the spin packets is ex- 
ceedingly slow, and it is possible to observe fine struc- 
tures with a resolution of one thousandth of the line- 
width by inducing resonant transitions within the line. 
The extreme inhomogeneity of this line was also demon- 
strated in the electron spin echo measurement of Gordon 
and Bowers.’ Phase memory times of several hundred 
microseconds were observed, thus setting a low limit on 
the fundamental width of the spin packets and on any 
time variation of the broadening mechanisms. Such 
extreme isolation between the spectral components of a 
line does not, however, appear to be typical of many of 
the materials commonly studied in paramagnetic reso- 
nance, and it is often assumed, on the contrary, that, 
when power is applied to one part of the line, all spin 
packets are uniformly excited. This need not mean, of 
course, that the line is homogeneous in a strict sense, but 
it implies the existence of a spectral diffusing mechanism 
rapid enough to spread excitation through the line in a 


1 A. M. Portis, Phys. Rev. 91, 1070 (1953). 

2G. Feher, Phys. Rev. 114, 1219 (1959). 

3]. P. Gordon and K. D. Bowers, Phys. Rev. Letters 1, 368 
(1958). 


time which is short compared with the lattice relaxation 
time. 

We have made an experimental study of spectral 
diffusion through the inhomogeneous resonance lines of 
Ce** and Er** ions in calcium tungstate crystals at 
magnetic concentrations of the order of 10'* spins/cc and 
at helium temperatures. In these materials diffusion is 
moderately slow and we have been able to use the tech- 
niques of electron spin echoes. The function governing 
spectral diffusion can be explored most directly by 
means of “stimulated echo” experiments,’ in which three 
pulses of rf energy are applied at times /=0, t=7, and 
t=7r+T, and the echo signal appears at {= 27+T7. The 
first two pulses form an artificial structure of peaks and 
troughs in the resonance line. In a simple case with two 
90° pulses and an rf field greater than the linewidth, 
the lineshape function is changed from M,(w) to 
—M(w) cos(w—wo)r, where wo is the radio frequency.® 
Spectral diffusion causes a partial filling in of this 
pattern during the time “7” and whatever remains of it 
is recalled as a stimulated echo by the third pulse. The 
periodicity of 1/7, the essential feature of this pattern 
for diffusion studies, is not restricted to the special con- 
ditions mentioned above (Sec. III). In essence this pro- 
cedure is similar to burning holes and monitoring the 
rate of filling in, and we have made some measurements 
of this type (Sec. VI). Spin echo experiments have, 
however, the advantage of generating “holes” of simple 
form and of controllable width, and our values for diffu- 
sion parameters are based solely on echo measurements. 
The information can, in principle, be derived from 
normal two-pulse echoes as well as from stimulated 
echoes, and we have sometimes found this a more con- 
venient way to follow changes in diffusion behavior 
(Sec. V), although in practice it is not possible to make 
two-pulse measurements over such long times, and the 
early stages of diffusion tend to be the most strongly 
emphasized. The two-pulse decay envelope reveals in a 
striking manner the effects of nuclear Larmor precession 
in the host material. 


‘FE. L. Hahn, Phys. Rev. 80, 580 (1950). 
5 In all formulas frequencies are given in radian units. 
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II. MATERIALS AND APPARATUS 


Single crystals of calcium tungstate containing 
cerium, erbium, or both were grown by the Czochralski 
technique as previously described. The paramagnetic 
ions were introduced into the crystal lattice by the addi- 
tion of NaCeW.2O, and NaErW.Q;x to the melt. Chemical 
analysis indicates that most of the sodium is lost by 
evaporation ; charge compensation occurs, presumably, 
by the substitution of two Ce** or Er** ions and one 
vacancy for three Ca** ions. The compositions used can 
be expressed as Ca q—s2-3,)Ce22Er2,WO, with x and y 
ranging to 2.710-*, corresponding to total paramag- 
netic ion concentrations of 3.3 10" to 3.4X 10" ions/ cc. 
The lowest states of both ions are Kramer’s doublets, 
and for most purposes both give simple two-level sys- 
tems at helium temperatures. Paramagnetic resonance 
in these materials has been investigated by Hempstead’ 
who finds for Ce**, g;,=2.92, gi=1.43; and for Er**, 
gi,=1.2, g:=8.3. For Ce** the proportionality between 
frequency and field changes gradually from 4.1 Mc/sec 
per gauss to 2.0 Mc, sec per gauss as the angle between 
the external field and the crystal axis is varied from 0° 
to 90°. For Er** this factor changes from 1.6 Mc/sec 
per gauss at 0° to 11.6 Mc, sec per gauss at 90°, and 
has a relatively rapid rate of change near 0° where many 
of the Er**+ measurements were made. W'® is the only 
magnetic nucleus present in significant amounts in the 
host lattice and has a moment of 0.116 nuclear mag- 
neton® and a relative abundance of 14%. Its contribu- 
tion to the linewidth is only 8 mgauss full width, i.e., 
16 kc/sec in the Ce** line at 90°. The linewidths calcu- 
lated from dipolar interactions of electron spins are 
fractions of a Mc/sec, e.g., 200 kc/sec full width at half 
power for 10'* Ce** spins/cc at 90°. Experimental 
linewidths ranged from 14 Mc/sec to 30 Mc/sec and 
showed only a slight dependence on concentration, thus 
suggesting that crystal strains are the major factor in 
line broadening.’ Weak satellite lines were seen in many 
specimens. The isotope Er'® (J= 3, relative abundance 
23%) accounts for some of these but for others the cause 
is not definitely known. It is possible that they arise 
from closely situated ion pairs. We have made no special 
study of these satellites beyond making a rough measure- 
ment of their spin echo decay envelope wherever this 
was possible. In all satellites decay proceeded at about 
the same rate as it did in the main lines. 

The apparatus was essentially the same as that de- 


*K. Nassau and L. G. van Uitert, J. Appl. Phys. 31, 1508 
(1960) 

7 Private communication. Paramagnetic resonance of Gd*+ and 
Mn** in CaWO, has been reported by C. F. Hempstead and K. D. 
Bowers, Phys. Rev. 118, 131 (1960). The narrow linewidths ob- 
tained for the 4 = } transitions in these materials suggest that 
crystal field irregularities are the principal cause of line broadening 
elsewhere. 

5M. P. Klein, Bull. Am. Phys. Soc. 6, 104 (1961) 

* Estimated from the formula (Aw),;=m(2x7g6?/3v3h) for the 
half-width at half power. The formula has been derived by P. W. 
Anderson and takesinto account the effects of random dilution. See 
also P. W. Anderson, Phys. Rev. 82, 342 (1951) and reference 12. 
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scribed earlier in connection with spin-lattice relaxation 
experiments.” Pulses of microwave power at a frequency 
of 6.7 kMc/sec and of 1 usec duration were delivered to 
a resonant cavity from a klystron master oscillator feed- 
ing through a grid-controlled traveling wave tube 
amplifier. The amplifier generated fields in the cavity 
~0.1 oe. This was sufficient to give a 90° spin flip during 
the pulse, and to excite a portion of the inhomogeneous 
line ~0.5 Mc/sec wide between half power points. The 
echo experiments were usually concerned with diffusion 
over intervals short compared with this, and compared 
with the frequency interval ~0.2 Mc/sec estimated for 
dipolar broadening. In the “off” position of the ampli- 
fier, power leakage was 60 db down, and was found in 
tests to be one or more orders of magnitude below the 
cw signal level required to produce any observable 
effects on the echo lifetimes. The detection apparatus 
consisted of a superheterodyne system with an over-all 
response time of 0.25 ywsec and contained a paralyzing 
circuit to prevent overloading of the later amplifying 
stages by the power pulse. This was provided primarily 
for relaxation type experiments, and was not usually 
necessary in echo experiments, where the power pulses 
were short and the free induction signals (decay time 
~0.5 usec) constituted the main source of unwanted 
transients following the pulse. 


Ill. SPECTRAL DIFFUSION AND SPIN ECHOES 


Spectral diffusion within a nuclear resonance line has 
been considered in some detail by Herzog and Hahn." 
Since the physical model described by them has been a 
useful guide in the choice of experiments and in the 
interpretation of results, we recapitulate some of its 
features here. Spins are divided into two groups: spins A 
which are actually observed, and spins B which provide 
the local magnetic fields acting on spins A. Reorienta- 
tion of spins B, due to spin-spin flipping, spin-lattice 
relaxation, or rf resonance, cause changes in the local 
fields and shifts in the Larmor frequencies of spins A. 
A statistical treatment of these shifts is made on the 
following assumptions: (i) All environments of A spins 
contain the same numbers of B spins in the same geo- 
metric positions. (ii) The instantaneous distribution of 
local fields is Gaussian and is unchanged, although the 
local field at a particular site may undergo a sequence 
of variations. The corresponding frequency distribution 
function is 


« 


1 
P(6o)= exp(—6,?/264”), (1) 
64 (2r)} 


where 59>=wo—w, the deviation in Larmor frequency 
caused by the local field. If frequency variations are 
slow, Eq. (1) also gives the lineshape measured in a 
resonance experiment. (iii) If at a time / 
group of A spins, all of them seeing the same local field 


0) we select a 
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and all having a Larmor frequency deviation 60, then, 
as time progresses, their frequency deviations will take 


on a spread of values such that the average 6 of the 
deviation tends to zero according to 6=69 exp(— Rd). 
The decay constant R measures the rate at which a 
particular local field configuration breaks up, and, since 
all B spins are assumed to have an equivalent perturbing 
environment, it will be the same everywhere in the 
crystal. 

The spectral diffusion law derived on these assump- 
tions is 


1 
P(5,t; 80) = —— 
54[ 24(1—e-?**) }} 


(6—dye**)? 
Xexp{ — —_—— ). (2) 
26 42(1—e-2**) 


where P(6,/; 69) is the magnetization at a time ¢ and at 
a frequency 6 from the line center, which results from the 
diffusion of unit magnetization starting at 6) at /=0. 
This resembles the familiar Gaussian kernel for spatial 
diffusion, 

P(6,t; 69) = (24Dt)} exp(— (6—6y)?/4D0), (3) 
but provides for an asymptotic approach to the fre- 
quency limits set by the resonance linewidth, and takes 
into account a tendency to diffuse back from the wings 
towards the center of the line. If diffusion is restricted 
to frequency intervals much smaller than the linewidth, 
neither of these two considerations affects the decay of 
echo amplitudes which follows the same laws as in the 
familiar case of spatial diffusion. The diffusion parame- 
ter is R54°, the two-pulse echo decay is proportional to 
exp(—4R6.°r*), and the three-pulse echo amplitude to 
exp (— $R6.4°7'— R6.4?7°T). The factor exp(— R6.427°7) in 
the latter expression describes the decay in time T of a 
sinusoidal excitation pattern of period 1/7 which is 
formed out of M, by the first two pulses. 

Although the physical mechanism may be similar it is 
clear that the identical treatment cannot be applied to 
a randomly diluted paramagnetic material, in which the 
spin-A environments are not all similar, but are perma- 
nently differentiated according to the distribution of 
magnetic centers. Magnetically dense neighborhoods 
give local fields with a wider range of excursions and 
contribute wings to the frequency distribution function. 
This will affect the dynamic as well as the static prop- 
erties of the line and suggests that both the resonance 
lineshape and the diffusion kernel should be wider in the 
wings than the Gaussians deduced for a regular spin 
array. Theoretical analysis has shown that the resonance 
lineshape should be approximately Lorentzian’:” and 
we have here tentatively adopted a similar form for the 


 B. Herzog and E. L. Hahn, Phys. Rev. 103, 148 (1956). 
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diffusion kernel, i.e., 
mi/1 

P(5,t; 59) = . (4) 
(mt)?+ (6—6o)? 
where m is a diffusion parameter characteristic of the 
material. The widening of the excited portion is linear 
in time. No allowance has been made for an asymptotic 
approach to the resonance lineshape since the diffusion 
intervals were always relatively small. The decay factors 
in the spin echo amplitudes corresponding to the diffu- 
sion kernel Eq. (4) have been deduced by Klauder," 
and are exp(—mr’) for the two-pulse echo and 
exp(—mr*?—mrT) for the three-pulse echo. As will be 
seen later, there is not always a very close experimental 
agreement with these functions, but they fit the data 
much better than the expressions derived from a Gaus- 
sian diffusion kernel, and, where discrepancies occur, 
they are usually such as to indicate an even larger 
contribution of wide range frequency fluctuations than 
is implied by the use of the Lorentz kernel. It is in any 
case doubtful whether the Gaussian kernel, first intro- 
duced for diffusion in liquids, gives a correct description 
of the shifts in Larmor frequencies which arise from 
local field fluctuations in a solid. The Gaussian process 
implies a random sequence of small steps of similar 
magnitude. There appears to be no reason for expecting 
this, either here or in the concentrated case. Moreover, 
the problem of relating the spectral diffusion properties 
of typical electron and nuclear spin systems is not 
limited to the effects of random dilution. Forces other 
than dipolar interaction play an important part in 
determining the shape of an electron resonance line, and 
the width is often much greater than that calculated 
from dipolar interactions alone. These additional forces 
may or may not contribute to the rate of spectral diffu- 
sion. The physical situation is a complex one, and, since 
there is so little data available regarding spectral diffu- 
sion, it is probably best to adopt a conservative attitude, 
treating diffusion measurements on an empirical basis, 
and regarding Eq. (4) and the echo decay formulas 
derived from it mainly as convenient standards of 
comparison. 

The mathematical expressions given in the literature 
of spin echoes are usually derived by assuming that the 
rf field H,; is greater than the linewidth, and that all 
spins are turned through the same angle when an rf 
pulse is applied. In our experiments the rf fields are much 
smaller than the linewidth, and are only sufficient to 
excite a narrow band of spin packets extending for a 
few hundred kc/sec on either side of the exact resonance 
frequency. One might expect in such a case that the 
excited spins would behave as if they constituted a line 
of half-width w,;=yH; analogous to the “hole”? burnt 
out by the rf pulse. The remainder of the line would then 
consist of B spins playing their part in the diffusion 
process undisturbed by the measurements. Although it 

TLR 


Klauder, Bull. Am. Phys. Soc. 6, 103 (1961). 
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is not strictly correct, this simple view is often a con- 
venient one, and it avoids consideration of the involved 
trigonometric expressions which arise in a full analysis 
for the case of w; <linewidth. In the following paragraph 
we take this analysis part of the way in order to show 
what conditions must be met if the concepts of “hole 
burning” and of an “effective line” are to give an ade- 
quate representation of the facts. 

In a system of coordinates rotating about an axis 
parallel to the Zeeman field with a frequency equal to 
the signal frequency, it can be shown that each mag- 
netization vector precesses about an effective field which 
is the resultant of H, and of a field 6/y which represents 
the discrepancy 6 between the frequencies of the signal 
and of free Larmor precession.'* If the Zeeman field is 
along the z axis and the rf field along the rotating x axis, 
this motion transforms the magnetization in the rotating 
system M=(M,,M,,M,) to (RJM, where [R] is the 
matrix 
Sycy( 1 — Ce) ) 


f S¥Y+cwee —CwSe@ 
CySe ce —SySe 


\Sycu(1—ce) SwSo cw+sy'co J 


Cy, Sy, Ce, and sg stand for cos¥, sin¥, cos@, and siné, 
and Y=tan~'(w,/5) is the angle between the effective 
field and the z axis. @ is the angle by which the mag- 
netization turns about the effective field during the pulse 
time ¢ and is given by 6= (w,°+&)*t. The z component 
of [R]M gives the form of the hole burnt out by a pulse 
of duration ¢. Since only a small portion of the resonance 
line is involved, the initial magnetization (0,0,M,,o) may 
be taken to be the same for all spectral components and 
the z component M,,, after the pulse is the function 


Mt 
-=C a +sy*c¢ 


M0 
=1-—(w;? wr +8) 1 —cos(w;?+6?) '¢]. (5) 


M,. consists of a Lorentz shaped envelope of half-width 
w), filled with a periodic pattern. This pattern becomes 
fine at large values of w)/, and eventually its features 
will be blurred out either by diffusion or as a result of 
variations in w; across the sample. Provided that such 
factors are adequate to smooth out cos(w+é?)!t with- 
out also distorting the envelope w;*/(w?+&), M,.. ac- 
quires the form of an ideal “hole” given by 


(M,1/M..9)=1—(w2/w?4+®&). (6) 


In Fig. 1 this is compared with M,, as derived from 
Eq. (5). If wt=2/2, M.. approximately resembles the 
ideal “‘hole.”’ At higher values of w,¢ undulations become 
prominent in the wings of M, ,, and will, if not smoothed 
out, modify the experimental observations. Double 
bumps and other distortions which have been seen in the 
free induction signals at high power levels can be at- 


“J. I. Rabi, N. F 
Phys. 26, 167 (1954) 


Ramsey, and J. Schwinger, Revs. Modern 
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Fic. 1. Calculated effect of applying a single pulse of rf to an 
inhomogeneous line when H,<linewidth. Pulse durations are such 
that spin packets on exact resonance are turned by (a) #/2, (b) =, 
(c) 2x. A Lorentzian “hole” (d) is shown for comparison. 


tributed to the corresponding undulations in the spec- 
trum of M,,,and M,;. The reversals of M,,, which take 
place as / is varied can be observed by applying a weak 
rf monitoring signal immediately after each pulse. We 
have studied these reversals at 6=0 and used them to 
obtain estimates of w;. We could not, however, follow 
them for more than one or two cycles of w;. This suggests 
either that there was a serious inhomogeneity in H, or 
that spectral diffusion was much faster in the presence 
of rf power than it was in the echo experiments,’® and 
makes it uncertain whether conditions were such as to 
allow the generation of the ideal hole shape Eq. (6) in 
our experiments. The effect of operating on the line 
with a sequence of pulses, as in a spin echo experiment, 
can be deduced by successive matrix multiplications. 
During the time + for which the rf power is off, [R] 
reduces to 
Se 0) 
- O|, 


0 0 1} 


where c, and s, stand for cos¢g and sing, and g=r6. 
Two similar pulses separated by a time 7 produce 
a magnetization (M,,M,,M,)=([R]LRo |LRJ(0,0,M, 0). 
M,, is of especial interest in stimulated echo experiments 
and is given by 


M, 
——— a cesvcy(1 —ce)*— CeS¥Se° 
M6 
+2sysycuSo( 1 — Cs) 4 (cy?+ § we ” )?, ( 7) 


This function is shown in Fig. 2 for the special case of an 
interval 7 six times the pulse length, and values of wit 
sufficient to give (a) a 90° turn, and (b) a 180° turn to 
the spins on exact resonance. In our experiments ¢ was 
1 microsecond, and 7 was usually more than 6 usec. A 
small ratio of 7 to ¢ was chosen in Fig. 2 in order to give 
a clear diagram and to emphasize the difference between 
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the actual pattern of M, and that which would result 
from assuming a distribution of spin packets, corre- 
sponding to a Lorentz shaped “hole” of half-width «, 
to be acted on by rf fields sufficient to tilt all spins by 
exactly 90° [Fig. 2(c) ]. The average periodicity of the 
fine pattern (Aw=1/r) is the same in Figs. 2(a) and (c), 
but in Fig. 2(a) there is a stretching of the period on 
one side of 6=0 and a compression on the other. This 
asymmetry arises from the s, term in Eq (7) and be- 
comes unimportant by comparison with 1/7 at higher 
values of r. Figure 2(b) illustrates the type of pattern 
which is produced when @/>2/2. The envelopes oi 
Figs. 2(a) and 2(b) may be compared with the “holes” 
shown in Fig. 1. Excessive values of w,/ which give rise 
to double bumps and distortions in the free induction 
signal lead to similar effects in the echo waveform. The 
M, patterns decay by spectral diffusion during the time 
T following the second pulse. Decay is principally 
governed by the short 1/7 period, and the decay rate 
will be more or less independent of the shape of the 
envelope if 1/7 is several times narrower than a, and 
the envelope is comparatively smooth, i.e., a:/<m/2 and 
w,7 > 2x. If these conditions do not hold, it is impossible 
to regard the short period and the envelope as separate, 
and the decay of stimulated echoes cannot be readily 
calculated from the diffusion kernel. Experimental 
checks were made by varying the rf power level and 
comparing echo decay rates. In general the measure- 
ments were insensitive to power levels, but a shortening 
of the decay time was occasionally observed at low 
power levels when 7 was less than 10 usec. 
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Fic. 2. (a) Calculated effect of applying two pulses of rf to an 
inhomogeneous line when ;<linewidth. Spin packets on exact 
resonance are turned through 2/2 by each pulse (w:t=7/2). The 
interval r between pulses is six times the pulse duration (#:7 =37). 
(b) Spin packets on exact resonance are turned through 7 by each 
pulse (w)f=2). Otherwise, as in (a). (c) Lorentz-shaped envelope 
of half-width w, filled with a modulation of period 1/r. A short 
interval 7 has been taken here to give a clear diagram. In practice, 
r was normally longer, and many cycles of the modulation were 
contained within the envelope. 
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Fig. 3. (a) Stimulated echo amplitude as a function of T for the 
cerium line in (Ca,Ce,Er)WO, at 1.6°K, and with the Zeeman 
field at 90° to the c axis. (0.83 10!8 Ce3* ions/cc, 0.99 1018 Er*+ 
ions/cc.) r=7 psec. (b) A similar plot for a (Ca,Ce)WO, sample 
containing 1.710" spins/cc. Zeeman field at 90° to the ¢ axis. 
7=9 microseconds. After an initial more rapid fall the decay is 
given by exp[—/f(7)T]. 


IV. STIMULATED ECHO EXPERIMENTS 


The amplitude of the stimulated echo is in general 
proportional to the product A (r)B(r,7) in which A (7) 
depends on the loss of phase coherence during the in- 
tervals 7, and B(r,7) depends on spectral diffusion of 
M, during the interval 7 between pulses IT and III. 
The factor B(7,T) can be readily obtained by taking 
fixed values of + and measuring the envelope of echoes 
at T is varied. A typical decay is shown on a semi- 
logarithmic plot in Fig. 3. In some cases the decay was 
a good exponential for the whole of the observed period 
[Fig. 3(a)], but in others the exponential portion was 
preceded by a more rapid fall [Fig. 3(b) ]. An exponen- 
tial dependence on “7” would be in agreement with 
either the Gaussian or the Lorentzian diffusion kernels 
discussed in the previous section, and has been shown 
by Klauder™ to be a general consequence of assuming 
that the diffusion of each spectral component is inde- 
pendent of its previous history, and depends only on 
the time difference and the frequency difference. Since 
our aim here is to compare the results with some 
simple, if approximate diffusion law, we have only 
made measurements on that part of the echo envelope 
for which B(r,T) is of the form exp[—f(r)T] and 
thus obtained the decay constants f(r). These are 

Fig. 4. The Gaussian 
diffusion kernel would require a parabola f(r)=k7? 


shown plotted against r in 
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ras_e I. Diffusion parameters and echo decay times. 


Ce** 


ions/cc 


Er** Temperature 
ions/c« (°K) 
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1.7 10'8 
0.83 X 108 
0.33 10'8 
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90 
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and the Lorentzian kernel (4) a straight line f(r)=mr. 
The data give a better fit with the latter, although 
there is a discrepancy near the origin. This discrep- 
ancy appears in the curves obtained with most samples 
and implies a cutoff in the wings of the Lorentz kernel 
as is physically necessary. However, it is not easy to 
arrive at a reliable interpretation of the measurements 
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Fic. 4. (a) Decay constants f(r) asa function of r for the condi 
tions specified in Fig. 3(a). (b) A similar plot for the conditions of 
Fig. 3(b). The diffusion function suggested in Sec. III would 
require a straight line f(r Deviations from this near the 
origin may be explained by the existence of a cutoff in the wings 
of the Lorentz diffusion kernel] 


= MIT 


Angle with 

¢ axis 
90° 
90° 


Diffusion 
parameter m 


9 
\ 


(seconds?) 


I'wo-pulse 
decay time 
(microseconds) 


Linewidth 
(Mc/sec) 


6.3 108 16.5 
1.7 108 35 
4.1 107 63 
5.0 i0° 908 
7.7X 108 14 
3.1 10° 19 
9.3X 108 28 
3.1 108 28 


here, since this is also the region in which the simple 


decay law becomes inapplicable under our experimenta! 
conditions. (w;r~ 22. See Sec. III.) 

Other specimens have given data of the same type as 
that shown in Figs. 3 and 4, and we use the Lorentzian 
diffusion function and the diffusion parameter m appear- 
ing in it as a basis for the comparison of results. Values 
of m have been obtained from the slope of curves such 
as that in Fig. 4 and are tabulated in Table I. Concen- 
tration dependence was studied for Ce** at 90° to the 
crystal axis and at 4.2°K. m was proportional to (con- 
centration). There was very little variation with tem- 
perature for Ce** in the helium range, but no echoes 
could be seen at 14°K indicating that a temperature 
variation must exist above 4.2°K. Er** showed a very 
strong temperature dependence in the helium range, and 
above 2°K the decay times were so short that it was 
inconvenient to make measurements by the three-pulse 
method. Some two-pulse measurements were made in 
this temperature range and are discussed in the next 
section. This temperature dependence is at first sur- 
prising for a process which might be classed with “‘inter- 
mediate” or “‘cross relaxation” phenomena, but is fully 
in accordance with the model of Herzog and Hahn. 
When lattice relaxation is fast, as for Er** above 2°K, a 
stage is reached at which spin-lattice flips become more 
frequent than spin-spin flips. Local field fluctuations 
then increase with temperature. The total energy in the 
spin system need not then be exactly conserved. Ander- 
son and Klauder'® have calculated the diffusion in this 
case. Using the assumption that the spin-spin interac- 
tions are dipolar, and that the spin-lattice relaxation 
acts as an external agency which flips B spins at random, 
they obtain just the Lorentzian expression 
value of 


4) with a 


m= (Aw);/2T 1, (8) 
where (Aw); is the half-width given in footnote 9. They 


15 A relation between rf field intensity and spectral diffusion is 
predicted by Herzog and Hahn. A form of “discrete” diffusion 
occurring only in the presence of an rf field has been reported in 
As-doped silicon [G. Feher and E. A Phys 114, 1245 
(1959) }. 

16 P. W. Anderson and J. R. Klauder (to be published 
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suggest that in the case of temperature independent 
diffusion 7, should be replaced by a mean spin-spin 
flip time 7');p. Estimates for this time have been derived 
by means of Eq. (8) from the diffusion parameters 
measured for Ce** and are shown in Table IT. 

A nice distinction must be made between the familiar 
role of lattice relaxation, and its part in diffusing energy 
through a line. Acting directly on the A spins it intro- 
duces a factor exp(— 7/7) into the decay of stimulated 
echoes. Indirectly, and by relaxing B spins, it leads to 
effects such as those observed for Er*+. The factor 
exp(— 7’, T;) has been ignored in the previous discussion 
because 7/7, was always one or more orders of magni- 
tude smaller than the echo decay exponents measured 
for the values of 7 chosen in these experiments. The 
indirect effects can however be large, especially in a 
multilevel system or in an impure crystal, since they 
are caused by the relaxation of all spins in the material 
including those belonging to other intervals or to other 
magnetic centers. To confirm this, some measurements 
were made on specimens containing both Ce** and Er** 
ions. Diffusion through the Ce** line was considerably 
accelerated by the presence of Er** even at 1.8°K, and 
at higher temperatures the diffusion parameters for both 
lines showed the strong temperature dependence chara 
teristic of Er*+. This did not depend on there being any 
particular frequency relation between the Ce** and Er 
intervals, and the lattice relaxation times were found to 
differ by order of magnitude except at settings where the 
lines (or their satellites) actually crossed. 


V. TWO-PULSE ECHO EXPERIMENTS 


Decay envelopes for normal two-pulse echoes can 
be obtained by varying the time 7 between the two 
pulses and superimposing a large number of traces, the 
oscilloscope being triggered each time at the end of the 
second pulse. Some examples are shown in Fig. 5: Echo 
decay may be due to several causes: to lattice relaxation 
of the precessing spins, to resonant interactions between 
them, or to changes in the Larmor frequencies arising 
from spectral diffusion. Lattice relaxation is slow com- 
compared with the observed decay traces and can be 
ignored, at least so far as direct effects on A spins are 
concerned. Resonant interactions between the precess- 
ing A spins also appear to be unimportant here, and the 
estimates from diffusion data indicate that the true 7s, 
or spin-spin flip time, lies in the millisecond range 
(Table II). A direct test for possible effects of resonant 
interactions was made by comparing echo envelopes 
obtained at the center and in the wings of a line. No 
changes were detected, although, presumably, the den- 
sity of resonating spins is considerably greater in the 
center of the line. This also accords with observations on 
satellite lines, and with the results of experiments on 
mixed (Ca,Ce,Er)WOy, specimens (Sec. [V) in showing 
that the echo behavior depends on the total magnetic 
environment in the crystal, and not merely on the spins 
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TABLE IT. Spin-flip times for (Ca,Ce)WO, at 4.2°K and 90° 


to the c axis deduced by Eq. (8). (Aw); is the half-width for dipolar 
broadening computed from the expression in reference 9. 


(Aw); 


(cps) 


2.14 10° 
1.07 X 10° 
0.52 10° 
0.21 10° 


Thiip 
(milliseconds) 


ions cc 


3.4X 10" 
1.7X 10! 
0.83 105 
0.33 1018 


6.3X 108 1 
1.7 108 J 
4.110? ¢ 
5.0 106 21 


3. 


) 


in one line or in a particular part of a line. The change 
of Larmor frequencies occurring in spectral diffusion 
leads to an accumulating loss of phase and gives a decay 
envelope proportional to exp(—%A7r*) for the Gaussian 
kernel or to exp(—mr*) for the Lorentzian kernel. In 
two cases a fairly good fit with the latter was obtained 
[ Figs. 5(a), 6(a) | and the inverse squre of the decay 
time gave a value near the m derived from stimulated 
echo experiments. Both these instances occurred when 
Ce*+ echoes in a mixed (Ca,Ce,Er)WO, were being 
observed. For other specimens the decay curves were 
more like those shown in Figs. 5(b) and 6(b). Although 
they gave closer agreement with the Lorentzian than 
with the Gaussian law, they showed a tendency to fall 
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Fic. 5. Envelopes of normal two-pulse echoes. (a) Conditions 
as in Fig. 3(a). (b) (Ca,Ce)WO, specimen at 4.2°K and 90° to 
the ¢c axis. (0.83 10'8 Ce ions /c« c) Echoes ina (Ca,Ce)WO, 
specimen at 4.2°K and 0° to the ¢ axis. (0.83X 10'S Ce** ions/cc). 
Deep modulation of the envelope takes place at the Larmor fre 
quency of W!®, 
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Fic. 6. Semilogarithmic plots of two-pulse echo amplitudes. 
Measurements were made at three gain settings and combined. 
(a) Conditions as in Fig. 5(a). A good fit to the exp(— mr?) decay 
law which corresponds to a Lorentzian diffusion kernel. (b) Con- 
ditions as in Fig. 5(b). The early portion of the curve may possibly 
be due to the presence in the sample of spin groupings with larger 
m values than the remainder. 


off from the very start as if some of the spins in the 
specimen were characterized by faster decay parameters 
than the remainder. The cause of this behavior is not 
known, although one may speculate as to the possibility 
of there being fast lattice relaxing impurities in the 
vicinity of some Ce spins, or clusters of Ce** ions forming 
local regions of abnormally high concentration. It seems 
likely that this behavior in two-pulse experiments is due 
to the same cause as the rapid initial decay in three-pulse 
experiments. Specimens giving a good exp(—mr’) en- 
velope in two-pulse experiments also showed an accurate 
exp[ — f(r)T ] decay for stimulated echoes. [See Figs. 
3(a), 4(a), 5(a), and 6(a).] In three-pulse experiments 
it was easy to discount the anomalous portion and to 
measure only the exponential decay, but it proved to 
be more difficult to separate an ideal exp(— mr’) com- 
ponent from the latter part of a two-pulse envelope 
owing to the rapidity with which the signal disappeared 
into noise as 7 was increased. In Table I we have merely 
given the times for the initial e:1 decay. j 
Owing to these difficulties, two-pulse echo experi- 


ments could not always be used to derive the m parame- 


ter for the diffusion kernel. They are useful, however, 
when examining a sequence of changes in diffusion 
behavior. Measurements are simpler, and can be made 
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when the diffusion rates are too rapid to permit a series 
of stimulated echo observations. Two-pulse experiments 
afforded the only means by which we were able to follow 
the variation of diffusion rate with temperature in Er*+ 
and (Ce**+,Er*+) specimens from 2° to 3°K, and square 
of the decay times for an Er*+ specimen are shown in 
Fig. 8 on the same plot as the lattice relaxation times. 
The similarity in the temperature dependence of the two 
quantities suggests that diffusion is wholly controlled by 
spin-lattice flips in this range of lattice times, and that 
the spin-spin flip time must lie in the millisecond range. 
Two-pulse experiments were also used to study the rela- 
tion between diffusion rate and the angle between the 
Zeeman field and the crystal axis. Two-pulse decay 
times were approximately four times shorter at 0° 
(g=2.92) than at 90° (g=1.43) for Ce**, the change 
being gradual over the whole range. Er** showed a 
rapid change in the vicinity of 0°, and gave times which 
were four times shorter at 9° (g=1.75) than at 0° 
(g=1.2). It is likely that this large variation in Er** is 
partly due to the high angular rate of change of g, which 
makes spins sensitive to fluctuations in the direction as 
well as in the absolute magnitude of the local fields. 
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Fic. 7. Relaxation trace due to spectral diffusion of energy to 
the remainder of the resonance line from spin packets pumped 
by an rf field. (Ca,Er)WO, specimen at 1.8°K and 90° to the ¢ axis. 
(0.40X 10'8 Er®*+ ions/cc). Pump pulse duration : 0.1 msec. (a) The 
oscilloscope trace. (b) Plot of reciprocal of vertical displacement, 
derived from (a) and from a measurement at a higher gain setting 
Linearity of reciprocal plot shows that relaxation trace is 
hyperbolic. 
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At lower fields (higher g values) a modulation was 
clearly visible in the echo envelopes for Ce** [Fig. 5(c) ]. 
The pattern followed a complex sequence of changes as 
the angle was varied, and it was not always easy to 
identify a dominant period. Wherever this could be 
done, the period agreed with the Larmor frequency of 
W'*, and it appears to stem from the motion of the 
nuclear environment producing a periodic change in the 
local fields. The relevant interaction is between S, of an 
electron spin and x-y components of nuclear magnetiza- 
tion in the neighborhood. A qualitative picture of this 
can be drawn in classical terms as follows. The applica- 
tion of microwave power and the turning of electron 
spins are sudden events on the time scale of W!* Larmor 
precession, and at the time when the pulse is applied 
each electron spin sees the field due to a particular 
nuclear configuration. This field varies from site to site, 
and may be rising or falling when the pulse is applied, 
but it will return to its initial value after one complete 
nuclear precession cycle, and, if all nuclei were to precess 
at the same rate, the pattern would repeat indefinitely. 
Actually the modulation envelope is comparatively 
irregular and indicates the failure of nuclear synchro- 
nism after a few cycles. This may be explained by the 
proximity of electron spins which give rise to consider- 
able differences in the precession rates of the nuclei, 
in particular of those nuclei which are nearest and whose 
contribution to the effect is largest. 


VI. RELAXATION TRACES; SPECTRAL DIFFUSION, 
AND LATTICE TIMES 


Pulsed microwave techniques have been used in a 
number of laboratories to study the phenomena associ- 
ated with paramagnetic relaxation. In one form of ex- 
periment”®:’ a high-power rf pulse is applied to “pump” 
the resonance line, and its subsequent return to equi- 
librium is monitored by a weak cw signal and displayed 
as an oscilloscope trace. If, however, the line is inhomo- 
geneous, the pump may only succeed in burning a hole 
in the line, and the monitor signal will show the filling 
in of this hole from the sides. The decay trace is then 
a “cross relaxation” trace and its form depends on the 
diffusion function and on the shape of the hole. Let us 
assume that the pulse burns a hole given by Eq. (6) and 
that diffusion takes place according to the Lorentz 
kernel (4). Then a time ?/’ after the end of the pulse the 
pattern of magnetization in the line, M,.4,+, will be 
given by 


Me i: wy 
fea 
M,.o . wrt+é 


mt’ / 3 
( mt’)? (6— 6")? 
w(w1+mt’) 
~ (wor+mt)+ (8) 


17C, F. Davis, M. W. Strandberg, and R. L. Kyhl, Phys. Rev. 
111, 1268 (1958). 
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Fic. 8. Temperature dependence of lattice times and echo times 
in a (Ca,Er)WO, specimen at 0° to the ¢ axis. (0.99 10!8 Er'+ 
ions/cc). Relaxation times are proportional to exp(—6/Tiat) with 
6=30°K. Relaxation times at 2°K are difficult to measure with the 
pulse apparatus because of the slow rate of spectral diffusion. The 
square of the two-pulse echo decay time is an approximate measure 
of the diffusion rate, and changes with the lattice time. 


If observations are made at the pump freqeuncy, where 


6’=0, then 


Mae mt’ \—! 
— “-1-(14+—) : (10) 
M,.0 w} 

In our detection system the vertical deflection y on the 
oscilloscope is proportional to M, »—M,. At (=0, 
M.=0, y=yo. The relaxation trace should therefore 
have the hyperbolic form 


(v/yo)= [1+ (mt’/w,) J. (11) 
A typical trace and a plot of 1/y against ¢’ are shown in 
Fig. 7. This form of trace has been found in many cases, 
and it is surprising how close a fit can be obtained by the 
hyperbolic decay law, in spite of the reasons mentioned 
in Sec. III for doubting the reliability of Eq. (6) as a 
description of the initial shape of the hole.'® 

The closeness of the fit obtained by taking only 
spectral diffusion into account raises the question as to 
what part, if any, of a relaxation trace, which at first 


18 A similar agreement has been found for some of the “sharing 
time’’ traces observed earlier in nickel fluosilicate."° Traces such 
as those shown in Fig. 2 of reference 10 can be obtained from 
Eq. (8) in this paper by setting 6’+0. If an attempt is made to 
fit the nickel fluosilicate results in this way it turns out that the 
initial width of the ‘‘hole” is many times greater than w;. This 
suggests that diffusion during the pulse was much more rapid in 
nickel fluosilicate than in most of the tungstate specimens. The 
temperature dependence of the sharing time which was found in 
nickel fluosilicate may be similar in origin to the temperature 
dependence of spectral diffusion in (Ca,Er)WO,. 
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sight. appears to consist of a fast followed by a slow 
period, can be legitimately ascribed to lattice relaxation. 
One simple test is to vary the intensity or duration of 
the pumping pulse and look for changes in the decay 
rate measured for the slow period. If there are none, 
this affords indirect evidence that, at the beginning of 
the slow period, lattice relaxation is competing favorably 
with further diffusion and is controling the decay rate. 
The measured time may still be in error but will be 
closely related to the true spin-lattice time. For the 
cerium specimen it was not possible to find pumping 
conditions which would give a stable value for the slow 
period, and we were not able to measure lattice relaxa- 
tion time. The maximum pump pulse duration obtain- 
able with the apparatus was 1 msec and during this time 
excitation was not able to diffuse across more than a 
fraction of the line. If, after the pulse, an additional 
interval was allowed for diffusion to set up equilibrium 
in the line, the over-all excitation became too small to 
measure. We can, however, estimate very roughly that 
the cerium lattice times were of the order of a second 
from an observation that spin echo amplitudes were 
reduced at recurrence rates of more than a few pulses 
per second. Erbium was characterized by more rapid 
spectral diffusion, and above 2°K it was possible to 
pump the Er** line sufficiently during the pulse to obtain 
a decay component independent of pumping conditions. 
The measured decay times depend exponentially on 
temperature in the same manner as the relaxation times 
observed by Finn, Orbach, and Wolf in cerium mag- 
nesium nitrate.'? They are shown on a semilogarithmic 
scale in Fig. 8. 


VII. DISCUSSION 


In order to form a clear picture of the spectral diffu- 
sion process in an inhomogeneous line it is important 
to understand the internal structure of the line and to 
know which of the forces responsible for broadening are 
static and which are dynamic in character. The line- 
width in the calcium tungstate specimens studied here 
appears to be due primarily to random distortions of the 
crystal field such as may arise from defects, crystal 
polytypism,” or other microscopic irregularities. This 
type of broadening is static and will tend to hinder 
diffusion by reducing the number of spins which are 
resonant with one another and lengthening the spin-spin 
flip time. It will also stretch the line over a spectral 
range which is wider than the frequency excursion of a 
spin moving under the influence of dipolar forces alone. 
Transfers of excitation to more distant points in the line 
then have to be pictured in terms of a relay race in which 
spins at opposite ends of their individual frequency 
excursions come into resonance and pass on energy by 


# C. B. P. Finn, R. Orbach, and W. P. Wolf, Proc. Phys. Soc. 
(London) A77, 261 (1961). 

*» J. O. Artman, J. C. Murphy, J. A. Kohn, and W. D. Townes, 
Phys. Rev. Letters 4, 607 (1960). X-ray examination has yielded 
no evidence for polytypism in the tungstate specimens. 
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undergoing mutual flips. This relay process will consist 
of a random walk with each step ~Aw in magnitude 
and taking a time ~7'\,. Reference to the numerical 
values in Table II shows that this is likely to be a slow 
process and may not be able to reach the wings of the 
line in less than the lattice relaxation time. 

In some cases spin-spin interactions of other than the 
simple dipolar type considered here may constitute a 
dynamic broadening mechanism leading to an apprecia- 
ble acceleration in the diffusion rate. Such interactions 
may contribute in two ways, by shortening the mean 
spin-spin flip time and by introducing larger shifts of 
resonant frequency at each flip. Of these, the exchange 
interactions are potentially the most important because 
of the large forces usually involved. Suppose, for ex- 
ample, that there is an exchange interaction JS4-Sz 
between unlike spins A and B and that A forms part of 
a spin packet excited by the rf field. If for any reason B 
changes its orientation, A will move by an interval ~/ 
to a remote point in the spectrum. Interactions of this 
kind may possibly account for cross relaxation across 
large frequency intervals such as occurs in ruby.”! Other 
types of interaction have been proposed although there 
is little experimental evidence regarding their magni- 
tude. Finkelstein and Mencher®” and Bleaney™ discuss a 
form of electric quadrupole interaction which can occur 
between rare earth This interaction energy is 
greater than the dipolar energy for nearest neighbors in 


ions. 


cerium ethyl sulfate.** In iron group crystals, where the 
spins are fairly strongly coupled to the lattice, Suhl has 
proposed the exchange of virtual phonons as a further 
source of spin-spin interaction forces. 

The line broadening due to nuclei is less than that 
due to electron spin-spin interactions in the materials 
and over the range of concentrations studied here, but 
observations such as that reproduced in Fig. 5(c) suggest 
that nuclear effects may not be entirely negligible. This 
I,S, type of interaction would not lead to genuine 
diffusion if it were possible to regard all nuclear fre- 
quencies as being the same. The initial pattern of nuclear 
fields would be repeated each cycle, and the peaks of a 
modulated echo decay envelope would trace out a curve 
as if no nuclear effects were present. This is, however, 
an oversimplified view, and the nuclear frequencies are 
spread out over a range of values by the very fact of 
being in the neighbourhood of an electron. The recurring 
pattern of nuclear local field soon becomes irregular and 
may eventually be indistinguishable from a sequence of 
random variations. A low electron spin concentrations 
it is possible that this becomes the dominant diffusion 
mechanism, and that nuclear effect determine the echo 


21 W. B. Mims and J. D. McGee, Phys. Rev. 119, 1233 (1960). 
Reference is to the phenomenon discussed under the heading of 
‘general cross relaxation.” 

2 R. Finkelstein and A. Mencher, J. Chem. Phys. 21, 472 (1953). 

%B. Bleaney, Proc. Phys. Soc. (London) A77, 113 (1961). 

*C. E. Johnson and H. Meyer, Proc. Roy. Soc. (London) 
A253, 199 (1953). 

25H. Suhl (private communication) 
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envelope decay as has been suggested by Gordon and 
Bowers.* 

Spectral diffusion introduces a number of complica- 
tions in the measurement of lattice relaxation by micro- 
wave resonance methods. Our own particular difficulties, 
discussed in Sec. VI, arose in part from the limitations 
of the apparatus. The pump operated directly on only 
a fraction of the spins and we were not always able to 
hold it on long enough to allow for adequate diffusion 
of excitation to the remainder of the line. It is question- 
able, however, whether a longer pulse, or even the 
change to a cw method would eliminate the possibility 
of the results being influenced by diffusion, unless it 
could be shown by an independent method that the 
whole line reached a uniform spin temperature before 
any measurements were made. This cannot often be 
decided a priori. Lattice relaxation would in time bring 
about diffusion across an interval Aw corresponding to 
the magnitude of the local fields, but this interval is 
frequently much smaller than the linewidth observed in 
dilute materials. Spin-spin flips may be more important 
(as shown here by the temperature independence of 
diffusion in Ce*+), and, in a time of the order of the 
lattice relaxation time, may spread excitation over a 
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wider interval, but measurements would be needed to 
ascertain whether this extended to the edge of the line 
under all experimental conditions. If excitation of the 
line is still incomplete, even with arbitrarily long pump 
pulses, the “lattice time” measured by the pulse method 
will be determined by lattice relaxation in conjunction 
with some further diffusion. In the cw saturation method 
incomplete excitation makes it uncertain what is the 
appropriate value for 7; and may require some modifica- 
tion, such as that given by Portis, in the simple satura- 
tion formula to account for the variation with H,. For 
unambiguous measurements of lattice times there ap- 
pears to be a great advantage in a technique such as 
that of Wagner ef al.,2° which automatically ensures 
uniform excitation of a resonance line. 
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Calculations of the ionic part of the electric field gradient at the nuclei of certain metals are combined 
with available experimental data to obtain information about the electronic structures of the metals, or 
estimates of nuclear quadrupole moments. The metals considered are Be, Sc, Re, La, Mg, Co, Zn, and Cd, 
which have the hexagonal close-packed structure, and indium, which has a centered tetragonal structure. 
Some comparison is made with other information about the shapes of the Fermi surfaces and a pertinent 


experiment on Zn is suggested. 


I. INTRODUCTION 


N an earlier paper,' the field gradient at Be® nuclei 

in metallic beryllium was calculated to derive the 
Be® nuclear quadrupole moment from the measured 
value of the quadrupole coupling constant. It was 
shown that the major part of the field gradient arose 
from the charges on the ions at the lattice sites, the 
conduction electrons serving to enhance the field 
gradient by only 8%. This behavior of the conduction 
electrons is quite different from the electrons which 
take part in the bonds in covalent compounds. 

In the present paper, we shall report the results of 
our calculations for the lattice part of the field gradient 
in other metals with hexagonal close-packed structure 
about which experimental evidence is available regard- 
ing the nuclear quadrupole coupling constant. In 
addition, the quadrupole coupling constant in metallic 
indium, which has face centered tetragonal structure, 
is also available from pure quadrupole resonance 
measurements. We have computed the contribution to 
the field gradient in indium metal from the In** ions 
in the lattice. To obtain the total field gradient at the 
nuclei in these metals one needs the contribution from 
the conduction electrons. This requires a calculation of 
the wave functions of the conduction electrons, which 
is rather complicated because of the presence of large 
numbers of core states. Our program here is thus 
simpler: we shall calculate the ionic part of the field 
gradient in each of the metals and, wherever possible, 
compare this to the total field gradient as derived from 
known values of the coupling constant egQ, and the 
nuclear quadrupole moments (. Knowing the ionic 
contribution gives an estimate of the field gradient 
produced by the conduction electrons, and thus gives 
information about the departure of the electron charge 
distribution from spherical symmetry. Where Q is not 
known, some estimate of it can be made from a knowl- 
edge of the lattice part of the field gradient and a 


* Supported by U.S. Air Force and Atomic mnergy Commission. 

¢ Present address: Physics Department, University of Cali 
fornia, Riverside, California. 

1M. Pomerantz and T. P. Das, Phys. Rev. 119, 70 (1960). 


rough estimate of the electronic contribution to the 
field gradient. Another useful result of this work is to 
emphasize the utility of the method of Nijboer and 
de Wette? for calculating quadrupolar (and other) 
lattice sums. Its rapid convergence and simple form 
make it suitable even for desk calculation. 


II. CALCULATION OF THE IONIC SUMS: THE 
NIJBOER AND DeWETTE METHOD 


In order to find the ionic field gradient, i.e., the sum 
Piattice= 2+ (3272—17,) 7, (1) 


over all lattice points at distances r;= (%;,y;,2;) from 
the origin, in a hexagonal close-packed metal one 
might be tempted only to scale the value of g found 
for Be according to the cube of the ratio of the lattice 
spacings of Be and the other metal, ignoring any 
differences in the c/a ratio. Earlier calculation by 
Campbell et al.’ of the field gradients in hcp metals 
indicated, however, a strong dependence of g on the 
c/a ratio. They used the Ewald-Kornfeld method* and 
gave equations for the crystalline potential as a linear 
function of (c/a). The value we obtained! for the lattice 
sum in Be differed by a small but appreciable amount 
(about 1.5%) from that given in reference 3, so we 
have calculated g for several values of c/a corresponding 
to axial ratios observed in some metals, using the 
method of Nijboer and de Wette.2 We have verified 
the strong linear dependence found by Campbell et ai., 
but our values differ slightly from theirs (less than 2% 
in all cases). Our results appear in Fig. 1; on this scale 
the difference between our results and those of Campbell 
et al. is not perceptible. We deduce the following linear 
relation: 


(lattice = [0.0065 — 4.3584 (¢ o~ 1.633) | a’, 
as compared to Campbell et a/.’s relation: 


Giattice= [0.0068 — 4.4288 (c/a— 1.633) |/a’. 


2B. R. A. Nijboer and F. W. de Wette, Physica 24, 1105 (1958) 
and references therein. 

3L. L. Campell, J. M. Keller, and E. Koenigsberg, Phys. Rev. 
$4, 1256 (1951). 

*H. Kornfeld, Z. Physik 22, 27 (1924). 
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NUCLEAR QUADRUPOLE 


We shall now make some remarks on the details of 
the application of the Nijboer and de Wette method to 
the calculation of electric field gradients. The reader 
who is more interested in the results than in the method 
may skip to Sec. III without loss of continuity. 

In reference 4, p. 1110, the following expressions 
appear in Eq. (15): 


i Di gia ’ 1V tm (95,023) = Sim’ (0| 0,3 ’ 


where 7,;="+7;, ry is the distance from the origin to 
another unit cell designated by A, 7; is the distance from 
the origin of the unit cell to the jth atom in the basis, 
which has charge q;. 6,; and $); are likewise the polar 
angles of the radius to the lattice points at r,; with 
respect to some axes. For /=2, m=0 this sum has the 
form of one half the field gradient produced by all the 
point charges in the lattice, excluding the unit cell at 
the origin (as indicated by the prime on the summation 
over the cell index )). 

To improve the convergence of this slowly convergent 
sum (1), Nijboer and de Wette manipulated it into the 
form of a rapidly converging sum and a slowly con- 
verging sum. The slowly convergent sum is Fourier 
transformed and appears as a rapidly converging sum 
in reciprocal space. The form they finally obtained is 


1 
Sim’ (0| 0,3) =— |x Dail (+4, mn?) 
rd+ply 4 


X Vim(9x5,6n3)/103'4!— qid0— Lg +3, ar7) 
? 
il} 
X V im(0;,6;)+—— £'G(In iy 


Ue 7 


Xexp(—7h,*) ¥ mln) | (2) 


where G(h) =>; 9; exp(27ih-r;) is the structure factor, 
I'(n,x) is the incomplete gamma function, defined by 


a) 


I'(n,x)= f eta, 


¥(n,x)=T (n)—T (n,x) = f e471. 


hy are the reciprocal lattice vectors defined by 
hy=Aibi+Azbe+Asbs, (A; integral), 
b;= ajXay a;- [a;Xa.]= ajX ay, Vay 
and 


ry, =A a; +Acae+A 383. 


The field gradient includes the contribution from the 
lattice points within the unit cell at the origin, excluding 
the point at the origin; these must be added to §;,,' 
to obtain the field gradient : 


2 S20! (0 | 0,2 ) + u i 24; V 20(5,03), r;. (3) 
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lic. 1. Lattice contribution to the electric field gradient in 
hexagonal close-packed metals vs axial ratio. (The field gradient 
is expressed here in the dimensionless form giattice@*.) 


The second summation in the brackets for Seo’ in (2) 
can be written 


4s (3 wr ;*) Y 20(6;,65) 
p a a 


Combining all the terms in g, the second sum in S29’ is 
eliminated completely, part of it being canceled by the 
second sum in Eq. (3), the rest being combined with 
the first sum on the right-hand side of (2). This sum, 
instead of excluding all points within the unit cell 
containing the origin, is now taken over all points in 
the lattice except the one point at the origin: 


ae iT (3,417) V 20(O25,05) 
Ma TE —— 


(3) r;* 


p 2 G(hy) exp - mrhy?)V «(Onn (5) 


“a 


Equation (5) was the form employed in our calculations, 
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The values. of the incomplete I function were from the 


tables by Pearson,’ in which values are given of 


1(u.p)= f eat [T(p+1), 


from which we want to obtain I'(/+4, x)= JZ*e~*t-Mdt. 
For the case of /=2 the relation of these is 


my; a 
r§enf)=1@)]1-1( w=, p=1.5 
V2.5 


One may inquire about the relative ease and con- 
veniences of computation by the Ewald-Kornfeld and 
Nijboer and de Wette methods. In fact it can be shown 
that the Ewald method is identical in principle to the 
Nijboer-de Wette method, the difference being that 
in the former Gaussian functions are used as conver- 
gence factors, but in the latter the incomplete [ 
function is employed. The final expressions obtained 
by the two methods differ in form, and it seems that 
the Nijboer-de Wette method is somewhat simpler to 
use. 

The following expression, given by Kornfeld,‘ can be 
compared to the above expression for g: 


uv 


1 
d 


\ — , . > F i ’ 9 9 
g(s)=>- >> |G ry. )/1rj + (2/e he exp(— ry?) /1n7 


anti 27 3G( ) 5+ ¢ »x1y) ( — c2n, 2 | H 
8° 1\;)"LSG(€) 75) )/ 1; V€ EXP( — E71) j-/ TP); 


+4 exp(— €r)77)/'ry? | 


2 ss-hy exp(—7°h,?/é€) 4 
i. : - — é » oD 
Va h,? 3} 


where ¢ is chosen to give rapid convergence, G(x) 
= (2/\/x) J exp(—a*)da, and s is a unit vector in 
the direction in which the field gradient is found. 

It can be seen that there six sums to be computed in 
Eq. (6), compared to two in Eq. (5). There is the 
further problem of the choice of ¢, which requires some 
experience. In using Eq. (5) we found that it was 
necessary to carry the summation at the most to the 
fifth nearest neighbors in order to get better than 1% 
convergence. It may be that with a proper choice of « 
the Ewald-Kornfeld method can be made to converge 
more rapidly. 

III. RESULTS 

We shall now consider in order of increasing c/a those 
metals about whose quadrupole coupling something is 
known. 
Table I. 

Be’: c a=1.5671. (See Table I, reference a.) The 
first order splitting of the Be’ nuclear magnetic reso- 


The results and references are summarized in 


5K. Pearson, Tables of the Incon 


a lete V-Function 
University Press, New York, 1921) 


reissued 1954). 


(Cambridge 
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nance (NMR) spectrum in Be metal powder has been 
observed by Knight (see Table I, reference c), who 
found e’gQ/h=48 kc/sec. A lattice of singly charged 
points produces a field gradient gisttice=0.2937/a'. 
(This differs slightly from a previously reported value,! 
which was erroneous.) From these data, the value of 
the antishielding factor y,,= —0.185 for Be++ (reference 
b in Table I) and the contribution of the conduction 
electrons calculated earlier,! we derive a value for the 
nuclear quadrupole moment of Be’: 


Q(Be’) =0.032 barn. 


Sc: c/a=1.5884. The only information about the 
quadrupole coupling in Sc is that no quadrupole effects 
were observed in the NMR of the metal. (See Table I, 
reference f.) If there are no first-order quadrupole 
effects,® then 

3e’gQ/14h< Ap, 


where Avy is the observed NMR linewidth, which is 
0.0165 Mc/sec in the case of Sc. 

The value of O(Sc**) is unknown, but an estimate of 
it can be made if it is assumed that the major contri- 
bution to the field gradient comes from ions in the 
lattice, i.e., 


Jion = ZQiattice (1+-7.0)5 
where Z= the normal valence= 3. We then find 
O<0.017 barn, 


from the absence of first-order effects. 

It is possible that the first-order effects are appreci- 
able, but unobserved. Then a less stringent requirement 
is set by the absence of second-order broadening of the 


} «+» —} transition. The condition,® for / =, is 


(125/48) (e2gQ/14h)?(1/vz 


<Ap, 
where vz is the NMR (Larmor) frequency. We find 
O<0.63 barn, 


from the absence of second order broadening, using 
vi=7 Mc/sec (see Table I, reference f). 

Tl: c/a=1.598. Wertheim and Pound (Table I, refer- 
ence g) have measured the attenuation of the angular 
correlation of successive y rays emitted from excited 
states of Pb™ in the TI lattice. (The second y ray is 
emitted from a state for which J=4, lifetime ty =0.27 
usec, but whose quadrupole moment is unknown.) The 
measured value of the quadrupole coupling constant is 


e’gO/h=12 Mc/sec. 


The interpretation of quadrupole couplings measured 
in excited nuclear states involves a number of uncer- 
tainties, which are discussed by Heer and Novey in a 
survey article (Table I, reference s). These are (1) The 

®M. H. Cohen and | 


Seitz and D. Turnbull 


Vol. 5, p. 339. 


Solid-State Ph 


Press, Inc 


SICS, edited by I 
, New York, 1957), 


Reif, 


\cademik 
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Taste I. 


Ele- a ) h 
ments (A) c/a (1+y.) I 


56718 


5884 


2.2866* 
3.302 


Be? 


Sc 


0.815 3 
~ Re 


Ph 
in Tl 3.4498 .5983 
Re!85 pA be .613 at 
1°K 


~100° (Pb) 
~ 100° 2.9 


Re!8? 757 ~ 100° 2.7 


La! 3.45 1.616 ~110° 


1.622 0.14 


1.633 0.404™ 


Zn 1.835 0.17° 


Cdulm 
in Cd 1.886 
Cd'inm 
in In 
In'!5 588 1.0763 
(fct) 
1.522 
(bet) 
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® D. R. Schwarzenberger, Phil. Mag. 4, 1242 (1959), 
>» T, P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 
W. D. Knight, Phys. Rev. 92, 539 (1953). 
1 Includes a +8°%% contribution to g by the conduction electrons 
is corrected her 


¢ Approximated from E. G. Wikner and T. P. Das, Phys. Rev. 109, 360 (19 
Phys. Rev 


. E. Blumberg, J. Eisinger, V. Jaccarino, and B. T. Matthias, 
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. H. Keesom and C. A. Bryant, Phys. Rev. Letters 2, 260 (1959). 
.. Murakawa and T. Kamei, Phys. Rev. 105, 671 (1957). 
iG. Burns, J. Chem. Phys. 31, 1254 (1959). 
. Lurio, Bull. Am, Phys. Soc. 4, 419 (1959). 
!'T. J. Rowland (private communication to W. D. Knight). 
mJ). V. Ehrenstein, H. Kopfermann, and S. Penselin, Z. Physik 159, 230 
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W. A. Hardy, Proceedings of the Conference on Magnetism and Magnetic Materials, New Yor 


R. Street, D. S. Rodbell, and W. L. Roth, Phys 
° A, Lurio, Bull. Am. Phys. Soc. 4, 429 (1959). 
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with G. Seidel 
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Results based on the lattice contribution to the electric field gradients (f.g.) 


(barn) (calc, Mc/sec) 


0.10.13 1.1 


0.067 


fsee reference 1]. The 


Rev. 121, 84 (1961). Y. Ki 
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in hcp metals and indium. 


Ze gia (1+«) 


egQ 


h 


(exp, Mc/sec) 


Ze qiarQ (1+) 
e’gQ (exp) Derived quantity 


QO(Be®) =0.032 barn4 
Q<1.7X10™ barn 
Q<0.633 barn 


0.048¢ 
<0.0776 (1st order) 
<2.9 (2nd order) 


Q(Pb™™) <0.2 barn 
Lattice contrib. 
1 total f.g. 
Lattice contrib. 
~4 total f.g. 
Electronic contribu- 
tion to f.g. <lat- 
tice contribution 
Lattice contribution 
~=4 total f.g. 


<0.037 (no Ist order)! 
<1.54 (no 2nd order) 


0.23! 


0.136 


(1st order) 
2nd order) 
<74P Lattice contribution 
>8&% of total f.g 
5.4-9.3° Q(Cd™™) ~0.15 
barn 


14° 


30 (at 300°K)* Lattice contribution 


20% of total 


value of qiat lightly erroneous and 
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Letters 5, 52 (1960) 


1960). 


. New York, 1960 (Suppl. J. Appl 


. Phys. 32, 122S (1961) ]. 
\. Tsujimura, and T. Kushida, J. Phys. Soc. Japan 15, 2100 (1960). 


Phillips, Phys. Rev. 118, 958 (1960); and private communication 


* KE. Heer and T. B. Novey, Solid-State Physics, edited by F. Seitz and D. Turnbul! (Academic Press, 


R. R. Hewitt and W. D. Knight, Phys. Rev. Letters 3, 18 (1959) 


excited nucleus results from nuclear changes and thus 
may be a different element, i.e., an impurity, in the 
original lattice. (2) Although the nucleus may have 
changed to that of another element, the electronic 
structure may not have changed to the electronic state 
appropriate to that element in the host lattice, repre- 
senting an impurity in an excited electronic state. This 
is expected to have a larger effect in nonmetals than in 
metals, in which electronic transfer may occur within 
a relaxation time shorter than 10~" sec, or shorter than 
the lifetime of the states being measured. (3) In the 
processes of bombardment and decay the nuclei may 
be displaced from lattice positions, so that they are not 
subjected to the field gradients present at the normal 
the recoil 
533(E2/A) ev, where A is the atomic weight of the 


nuclear sites. In y emission energy is 


nucleus and £ is the energy of the y ray in Mev. For 
typical values (Table I, reference s) of E=0.5 Mev and 
A= 100, the recoil energy is 1.33 ev, which is probably 
insufficient to dislocate the nucleus. 

If it is assumed that none of the above objections 
apply to y emission in metals,’ and further that the 
entire field gradient at the Pb?” nucleus arises from 
the TI** ions in the lattice, i.e., 


g=Z(TI)[1+7..(Pb) Jgisttice(T)), 


we can estimate the nuclear quadrupole moment of the 
excited nuclear state 


0.3 barn. 


O(Pb") 


7B. G. Petterson, J. R. Gerholm, J 
Phys. Rev. Letters 6, 14 (1961). 


Phun, and K. Siegbahn, 
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Because the Pb atom has a 6s°6/ ground-state 
electronic configuration there may well be a considerable 
electronic contribution to the field gradient in the 
metal, so that the value of 0.3 barn may be considered 
an upper limit. 

Re'® and Re'*’: c/a=1.61. A coupling constant 
egQ/h=274 Mc/sec has been derived from low- 
temperature specific heat data (Table I, reference h). 
Using the known values of Q=2.8 barn for each 
isotope, Z=2, and y..~100 (Table I, reference e), we 
find an “ionic” contribution 


€2giattice(1+72JO0/h=87 Mc/sec, 


which is about 30% of the observed coupling. 

La™*®: c/a=1.616. The analysis for La is similar to 
that of Sc; the data are derived from the absence of 
first order satellites or second order broadening of the 
NMR. In contrast to Sc, some strain and annealing 
effects were observed in La indicating the presence of 
quadrupole effects in strained samples. Using the value 
Q0=0.3 barn, Z=3, y.~110 (Table I, references i and 
e), we find an ionic contribution to the field gradient, 


EZguitiee(1+-Yu)0/h=5.3 Me/sec? 
In order for first-order effects to be unobservable,® 


(3/14)egQ/h<Av, 1.13 Mc/sec< Ap. 


The observed linewidth was 0.0078 Mc/sec, hence it 
appears that first order splittings are large and only the 
central line corresponding to the } «+ —} transition is 
seen. The absence of second order broadening requires 
that 


Av> (125 vt) (egQ 14h)?=0.004 Mc/sec. 


This condition is satisfied for vy, =4 Mc/sec, the lowest 
frequency used in the experiment. The ionic field 
gradient thus seems large enough to give first order 
splitting, but not quite enough to give second-order 
broadening, neither of which is observed. This implies 
further that the electronic contribution is either less 
than or of the opposite sign to the lattice contribution 
since the total field gradient cannot be much greater 
than the ionic contribution. 

Mg”: c/a=1.622. Second-order quadrupole broad- 
ening of the «+ —} transition of Mg™ in Mg metal 
was observed and interpreted by Rowland (Table I, 
reference 1) who obtained 


e°gO/h(exp)=0.23 Mc/sec. 
From the known values of Z=2, y,.=4.2, O=0.14 
barn (Table I, references j and k), we find 
OZ Aiatrice( 1 +7¥2)0/h=0.067 Mc/sec. 


The ionic contribution thus appears to be about 
30% of the measured field gradient in magnesium. 

Co: c/a=1.63. At least five NMR lines have been 
observed in ferromagnetic Co (Table I, reference n). 
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One of these is associated with the hexagonal phase, 
the others with the cubic phase and various fault 
structures. The hexagonal line lies 10 Mc/sec above 
the cubic line and has a width of about 0.8 Mc/sec. 
Its shape is not of the dispersion form shown by the 
cubic line, but rather is like an absorption or mixture 
of absorption and dispersion. 

Street ef al. (Table I, reference n) have observed a 
difference in the intensities of the resonances in the 
cubic and hexagonal phases, such that when x-ray 
diffraction indicates that the amounts of cubic and 
hexagonal materials are about equal, the resonance in 
the hexagonal phase is about 20% as intense as in the 
cubic phase. They have suggested that the difference 
in intensity is caused by the quadrupole interaction in 

1 1 


the hexagonal phase that splits all except the } <> —} 
transition from the main resonance, such that the 
remaining intensity is about 4 of the cubic resonance, 
for which there is no quadrupole splitting. In order to 
remove all the satellites out of the linewidth of the 
3 «+ —} transition, it is necessary that 


(e*gQ/14h) = Av, 
which gives 
e’gQ/h2 10.5 Mc/sec. 


The contribution to ¢egQ/h from the ionic field 
gradient in Co is 


ZeGrartice(1+%0)0/h=0.14 Mc/sec, 


using Z=2, y.=8 (Table I, reference e), 0=0.4 barn 
(Table I, reference m). The ionic field gradient is about 
a factor of 100 smaller than the field gradient required 
to split all the satellites out of the } <> —} transition. 

Hardy (Table I, reference n) has pointed out that 
the method of excitation of the resonance in ferro- 
magnets may depend on the crystalline anisotropy, and 
hence on the crystal structure. This may lead to 
differences in the intensities of the hexagonal and cubic 
phases, which are quite independent of any quadrupole 
interactions. Koi et al. (Table I, reference n) reported 
experiments which correlate the intensity changes with 
changes in the anisotropy of the hexagonal phase. It 
seems that more study of the problem is required before 
the cause of the unequal intensities can be unequivocally 
established, but the explanation on the basis of quadru- 
pole interactions seems unlikely. 

Zn™: c/a=1.83. Phillips’ data on the specific heat 
of Zn in the 0.5°K range have been interpreted by 
Seidel and Keesom (Table I, reference p) as showing a 
quadrupole coupling e’g0/h=74 Mc/sec. Lien and 
Phillips (p, Table I) have pointed out that the difference 
between the thermodynamic and magnetic temperature 
scales at these temperatures can give rise to a spurious 
effect of the magnitude reported in Zn, so that Seidel 
now feels that the quadrupole coupling is probably a 
good deal less than the earlier estimate (p, Table I). 
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The ionic contribution is found to be 
eZ iattice( 1+7~)O/h=5.7 Mc/sec, 


using Z=2, y,.=10, Q=0.17 barn (e and o, Table 1). 
This is indeed less than the upper limit set by the 
specific heat measurements. 

Cd'"™: c/a=1.886. Using the attenuation of y-ray 
correlation, Kraushaar and Pound (r, Table I) have 
measured a coupling constant for Cd™™ in Cd metal of 


8.4 Mc/sec<e’gQ/h(exp) < 14.1 Mc/sec. 


The excited nuclear state of Cd was obtained by 
neutron bombardment of enriched Cd" in the metal. 
This avoids the difficulties of studying an impurity in 
the target material; no element other than Cd is ever 
present. Kraushaar and Pound gave a value of the 
nuclear lifetime of the measured state of tyv=8X10-° 
sec. More recently (s, Table I) ty was given as ty=12.5 
10~* sec. Since the*data are interpreted in terms of 
e’gVtn = constant, the coupling constant may be better 
given by 
5.4 Mc/sec<e’gQ/h<9.3 Mc/sec (corrected). 

If it is assumed that the field gradient arises only 
from the Cd lattice, Z=2, y,.=+15 (q, Table I), we 
find 

QO(Cd'™™ in dy+state) 0.15 barn. 


This value is not unreasonable because Cd'" is an 
even proton, odd neutron nucleus and the quadrupole 
moment on the shell model is expected to be small. 

Another angular correlation measurement has been 
made on Cd" that results from AK capture by In". 
In this case the Cd nucleus is an impurity in the 
indium crystal. The coupling constant of Cd''™ in 
indium was measured (s, Table I) to be 


egQO/h=14 Mc/sec. 


If it is assumed that the electrons around the Cd 
nucleus take up the form appropriate to a Cd impurity 
in the indium lattice in a time short compared to the 
nuclear lifetime (complete electronic relaxation) the 
ionic coupling constant is 


eGiattice(In)Z(In)[1+~7..(Cd) ]O(Cd)/k=0.84 Mc/sec, 


where Z(In)=3, y..(Cd)= +15 (q, Table 1), qisttice(In) 
=0.342 10" cm (cf. following discussion of In), 
Q(Cd) is the value derived above. 

If it is assumed that there is no change in the elec- 
tronic configuration around the site where the In 
decayed to Cd (no electronic relaxation) the field 
gradient at this site remains what it was in the pure 
indium lattice, but the quadrupole moment of In is 
replaced by that of Cd"'™. We find then that, using 
the measured value of the quadrupole coupling in In 
(t, Table I) and Q(In)=1.2 barn, the quadrupole 
coupling of Cd"'™ in In under the assumption of no 
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electronic relaxation is 
e’g(In)QO(Cd'"™) h=4 Mc/sec. 


Although the coupling obtained under the assumption 
of no electronic relaxation is closer to the observed value 
than that obtained using only the ionic contribution 
and complete relaxation, in view of the work of Petter- 
son et al.’ it is more likely that complete relaxation 
occurs, and that most of the field gradient arises from 
electrons localized about the Cd site. 

In: We have calculated giattice for the indium lattice. 
Indium may be regarded as a body-centered tetragonal 
lattice with a= 3.244 A, c/a=1.522, or as face-centered 
tetragonal with a=4.588 A, c/a= 1.0763. c/a is strongly 
temperature dependent and we have used only the value 
corresponding to room temperature. We find Qiattice 
=().342 10" cm-*, which, when combined with y,, 
=+10 (q, Table I), Q=1.2 barn, Z=3 gives an ionic 
coupling constant 


e’gQ/h(ionic)=5.6 Mc/sec. 


Hewitt and Knight (t, Table I) have measured the 
coupling constant in indium metal by pure quadrupole 
resonance. At room temperature they find a coupling 
constant’ 

e’gQO/h(exp)=30 Mc/sec. 


The ionic contribution to the quadrupole coupling 
constant is thus about 20% of the measured value. 


CONCLUSIONS 


A primary objective of this work was to obtain 
information about the electronic distribution in metals 
from the electronic contributions to the nuclear quadru- 
pole couplings. In general, one expects that the more 
the conduction electrons resemble free electrons, the 
smaller will be the electric field gradient produced by 
them. This follows because completely free electrons 
cannot produce an orientation-dependent interaction.' 
The electronic contribution to the electric field gradient 
is a measure of the non-spherical electronic distribution 
in real space, which reflects a non-spherical momentum 
distribution in reciprocal space. Recently, experimental 
studies of the de Haas-van Alphen effect, cyclotron 
resonance in metals, magneto-acoustic attenuation, and 
magnetoresistance have often been interpreted on a 
free-electron model.® We shall try here to correlate the 
results for the electronic quadrupole coupling with the 
Fermi surface deduced from other kinds of measure- 
ments. 

In beryllium the electronic contribution to the field 
gradient seems small. We found' that the matrix 
elements of the potential at certain points of high 
symmetry in the Brillouin zone were small, indicating 
that the admixture of orthogonal plane wave states 


8 See The Fermi Surface, edited by W. A. Harrison and M. B. 
Webb (John Wiley & Sons, Inc., New York, 1961). 
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was small. McClure, seeking an explanation of the axial 
ratios of hexagonal metals,? found that Herring and 
Hill’s” wave functions for Be also closely resemble 
plane waves, implying a nearly spherical Fermi surface. 

In magnesium, a significant electronic contribution 
seems to be necessary to explain the observed inter- 
action. The electronic field gradient gei2Qtot— ion 
= 1.07/a*. There has been some success in interpreting 
the de Haas-van Alphen oscillations in Mg on a 
modified free electron model, but the magnetoresistance 
requires a Fermi surface markedly different from the 
nearly spherical (free electron) shape (cf. p. 80, reference 
8). Thus it may be that the crystalline potential in 
Mg perturbs the electronic states such that the free 
electron approximation fails. This implies that a 
considerable electronic field gradient may result, 
which would be consistent with our result. 

The only other case for which precise experimental 
data are available is that of rhenium, the element of 
the lanthanide series that possesses a (5d)5(6s)? atomic 
configuration. The electronic field gradient is of the 
order of ge1=9—ion= 40.4/a*. The applicability of the 
free electron approximation to such a metal is doubtful, 
as pointed out by Cohen (cf. p. 325, reference 8) because 
there may be overlap of the d-state cores and s-d 
hybridization. Thus it is not surprising that we find a 
sizable electronic contribution to the electric field 
gradient. 

An interesting experiment that would check on the 
point of view we have taken would be a study of the 
NMR or pure quadrupole resonance of enriched Zn*. 
A modified free electron model has had considerable 
success in explaining de Haas-van Alphen and cyclotron 
resonance experiments. It is assumed from this success 
that the main effects of the anisotropy of the zinc 
crystal (which is manifested in c/a greatly different 
from ideal and anisotropic elastic properties!) is to 
move the Brillouin zone faces without much alteration 
of the spherical Fermi surface. It has been suggested, 
however, that spin-orbit coupling splits certain states 
in the hep lattice,” which perturbs the energy states in 
zinc more than in Be or Mg. A measurement of the 
quadrupole interaction in Zn will elucidate whether the 

*J. W. McClure, Phys. Rev. 98, 449 (1955). 

© C. Herring and A. G. Hill, Phys. Rev. 58, 132 (1940). 

" C. W. Garland and J. Silverman, Phys. Rev. 119, 1218 (1960). 


12M. H. Cohen and L. M. Falicov, Phys. Rev. Letters 5, 544 
1960). 
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Fermi surface in this metal is indeed very anisotropic 
or rather spherical. 

Note added in proof. Our values for the lattice field 
gradients in HCP metals and indium agree with those 
recently published by F. W. de Wette [Phys. Rev. 123, 
103 (1961) ], who used a similar summation method. 
His paper does not emphasize the detailed interpreta- 
tion of the field gradient data. W. W. Simmons and 
C. P. Slichter [Phys. Rev. 121, 1580 (1961)] also 
calculated the lattice field gradient in indium metal and 
got a value in agreement with that reported here. 

J. F. Cornwell [Proc. Roy. Soc. (London) 261, 551 
(1961) ] reported an extensive calculation of the elec- 
tronic energy surfaces in Be metal. Starting with 
Herring and Hill’s values of the energy levels calcu- 
lated at points of high symmetry in the Brillouin zone, 
he found the form of the constant energy surfaces 
throughout reciprocal space, using an interpolation 
method. Up to values of the electronic energy of the 
order of one half the Fermi energy the surfaces are 
roughly spherical. For higher energies, particularly 
those near the Fermi surface, the shapes of the equi- 
energy surfaces are not at all spherical. If this is indeed 
the case there may be a considerable electronic contri- 
bution to the electric field gradient. This effect of the 
higher energy electrons is reduced somewhat because 
the density of electronic states tends to decrease near 
the Fermi energy. 

It should also be mentioned that there is some doubt 
about the quantitative accuracy of the energy levels 
calculated by Herring and Hill, although they are the 
best values known at present. In the years since this 
calculation was performed there has been considerable 
improvement in the treatment of the exchange and 
correlation energies in metals. A more precise calcula- 
tion of the energy levels is now possible, from which the 
energy surfaces could be interpolated. 
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The Schrédinger equation for three Coulombic particles is formally reduced to an internal one. Solutions 
to this equation are sought via the variation principle without recourse to the Born-Oppenheimer expansion. 
Some calculations for electronic and mesonic isotopic hydrogen molecule ions demonstrate that even very 
simple trial functions give results comparable to those obtained from conventional Born-Oppenheimer 
treatments but with considerably less labor. Values for the total energies and internuclear distances for the 
ground and two lowest excited states are reported along with the separation of the centers of positive and 
negative charge which exists when the two nuclei have different masses. 


I. INTRODUCTION 


T the end of 1956, results of some liquid hydrogen 

bubble chamber experiments were reported! 
which seem to indicate that the process p+d— He’ 
was catalyzed by uw mesons by formation of a mesonic 
HD ion. The possible use of this process in controlled 
fusion reactions was discussed by Jackson? and more 
recently by Belyarev ef al. and Cohen ef al.‘ The 
properties of the system (pud)* are here of importance 
and a number of calculations and discussions of this 
ion and also of the molecule have appeared in the 
literature.>-* Most of these treatments use the Born- 
Oppenheimer approximation” including the necessary 
correction terms which are large because the ratio of 
the mesonic to the nucleonic mass is not small. It is, 
however, possible to avoid this approximation com- 
pletely. Kolos et al.’ did this by using a trial wave func- 
tion which is a function of the relative coordinates of 
the three Coulombic particles and using the real masses 
of the particles in the Hamiltonian. The use of the 
relative coordinates will automatically take the motion 
of the center-of-mass of the system into account in a 
correct way. This method is therefore exact and, as in 


* Supported in part by the King Gustaf VI Adolf’s 70-Years 
Fund for Swedish Culture, Knut and Alice Wallenberg’s Foun- 
dation, The Swedish Natural Science Research Council, and in 
part by the Aeronautical Research Laboratories Wright Air 
Development Division of the Air Research and Development 
Command, U. S. Air Force, through its European Office under a 
contract with Uppsala University. 

t National Science Foundation Postdoctoral Fellow, 1959-60. 
Present address: Chemistry Department, University of California, 
Berkeley 4, California. 

1L. W. Alvarez et al., Phys. Rev. 105, 1127 (1957). 

2 J. D. Jackson, Phys. Rev. 106, 330 (1957). 

3V. B. Belyarev, S. S. Gershtein, B. N. Zakharev, and S. P. 
Lomnev, Soviet Phys.—JETP 37 (10), 1171 (1960). 

4S. Cohen, D. L. Judd, and R. J. Riddell, Jr., Phys. Rev. 119, 
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all variational calculations the accuracy obtainable in 
practice depends only on the choice of the trial functions 
and the amount of numerical work which can be carried 
out. The method we have used is formally slightly 
different from the treatment of Kolos et al.,’ but it is 
also exact and makes no use of the Born-Oppenheimer 
approximation. We have transformed the Hamiltonian 
in such a way that the operator representing the kinetic 
energy of the center-of-mass of the system is isolated. 
The remaining part, which is called the internal 
Hamiltonian, is then used in the Ritz variational pro- 
cedure with trial functions of a form which closely 
resembles the physical picture one has of the Ho* 
system. Our approach, when applied to Het, is com- 
pletely analogous to the He problem, the only difference 
being that the mass polarization operator, which has 
to be included as a small correction for a He atom with 
finite nuclear mass, is of great importance for H.*. In 
the coordinate system we use, the motion of the protons 
is referred to the electron as origin. 

The existence of a bound state for a three Coulombic 
particle system requires that one particle has a charge 
of different sign from that of the other two. Even if one 
restricts oneself to particles all having charges of equal 
magnitude, as we will do, there are surprisingly many 
systems of physical interest such as H”, etete-, (pup)*, 
(pud)*, (dud)*, Hy+, HD*, Det. Of special interest are 
(pud)* and HD* because there is no restrictive exchange 
symmetry condition for these systems and one expects 
that they will have properties different from the systems 
having two identical particles. 

In Sec. II we derive the Hamiltonian and give values 
for the physical parameters used in the calculation. 
The symmetry properties are discussed briefly in Sec. 
III. In Sec. IV the choice of trial function and some 
details regarding the calculations are discussed. The 
numerical results are given in Sec. V. 


Il. THE HAMILTONIAN 
The nonrelativistic Hamiltonian for three particles 
having masses and charges M; and Z,e (¢=1, 2, 3) and 
interacting Coulombically is 


3 hh 
H,=-> — 
i=1 2M 


4 2 
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where q; is the vector locating particle j in a space-fixed 
coordinate system. The Hamiltonian is inconvenient 
in this form because it contains implicitly a part due 
to the kinetic energy of translation while it is only the 
internal energy that is responsible for the physically 
interesting features. One way to circumvent this 
difficulty is to make use of the commutation of Ho with 
the total linear momentum and to require the wave 
function to be an eigenfunction of the total momentum 
with eigenvalue zero: 


ProtaiP=0. (2) 


An equivalent procedure which will be employed here 
is to introduce new independent variables which permit 
separation of the Hamiltonian into a translational part 
and a purely internal part. The new variables are 
chosen to be the coordinates of the center of mass, 


3 
R= (M,4+M2+M;)" ¥ Mai, (3) 


i=] 


and the coordinates of two of the particles relative to 
the third, 
r1=qi— 4, 


2=Q2— q;.- 


Particle number three is the one with charge of odd 
sign. Substitution of this transformation into (1) leads 
to the separated form 


Ho=Hrt+H, (6) 
where Hr is the kinetic energy due to translation, 
Hr=—}h?(M,4+-M24+M;)"'Ar, (7) 


and H is the internal energy, 


hs 1 h? 7 1 1 
iol Sy ts Ae, 
2\M, M; 2\M. M; 


i? 
——Vrn'VrtV. (8) 


3 


The cross derivative term, called the ‘mass polari- 
zation,” is a consequence of the nonorthogonality of 
the new coordinates. It could be avoided by using an 
orthogonal transformation to effect the separation"! 
but only at the expense of complication of the potential 
energy expressions and loss of a simple physical picture 
of the variables. . 

The internal Hamiltonian is put in reduced form by 
definition of a reduced mass, p, 


1 1 1 1 
= ——_ + —__ -—_ (9) 


— a uu 2M, . 2M > Pm 


1 J. O. Hirschfelder and J. S. Dahler, Proc. Natl. Acad. Sci. 
U. S. 42, 363 (1956). 
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and use of the units ye*/#*? for energy and #?/ye* for 
length. It is useful to define two additional parameters : 
an asymmetry parameter, /, for the particles 1 and 2, 
and an “atomic character” parameter, }, 
b=1—p/M3. (11) 

The Hamiltonian may then be written 

H=To+bfT:+ (6—1)T2+V, (12) 
where 


To= —}(Ari+Ar2), (13) 
T\= —}(Ar2— Ari), 


T2= Vii: Vro, 


(14) 
(15) 
2,22 


V=———_- 


lr1—Te| 2 Tr) 


Z.23 2123 
— a § 


(16) 


The entire operator H is to be treated according to 
the: Rayleigh-Ritz variation technique for the solution 
of the Schrédinger equation, H¥Y=FY, so that the 
Born-Oppenheimer or similar approximations are not 
necessary. For all systems we have considered | Z;| =1, 
so the Hamiltonians in their reduced form will only 
differ in the values of 6 and f. Some of the values of 
these parameters are displayed in Table I. 


Ill. SYMMETRY PROPERTIES 


H, has the usual invariance under all translations and 
rotations. The translational symmetry is already ac- 
counted for by removal of that degree of freedom from 
the problem. The rotational symmetry is less trivially 
disposed of since not all the angular momentum resides 
in the variable R. It is possible, however, to separate 
the total angular momentum, Jo, into a part due to the 
motion of the center of mass and a part due to the 
relative motion of the system about the center of mass. 
To demonstrate this we consider a nonsingular trans- 
formation D defining new variables o; from the old 
ones qx: 

0)=Le Dias, (17) 
such that oo= R and 1, --- @v_1 are the vectors locating 
(N—1) of the particles relative to the center-of-mass. 
The corresponding transformation on the gradients is 
the inverse of D, 


Voj=Le Va,(D je (18) 


Thus Jo is unchanged in form by the transformation 
Jo=—ith > 5 4;XVa;= —ih>, 0X Vo,, (19) 


but the first term, —i#RXVaz, is clearly the angular 
momentum of the center of mass in the space-fixed 





EATMENT OF ELECTRONIC AND H MOLECULE IONS 


TABLE I. Values of parameters* in the Hamiltonian (12). 


System 
H-(A1;= 2) 
H 0.9994 5567 
(upd) 0.94675 
(upp) 0.89885 
(ee e*) 0.5 
(pup)* 0.1011, 
(pud)*» 0.07784, 
(dud)* 0.053302 
H,* 0.0005 4433 
HD*> 0.0004 0841 
D.* 0.0002 7245 
H,*(M,=M,= 20 ) 0 


* Based on the following values taken from the American Institute of Physi 
= 1836.13, my/me =206.6, mp/mg =0.500 3849, 1 atomic unit (a.u.) =meth 


> Particle No. 1 is D. 


coordinate system and the remainder, 


N-1 
J= —in > 0;X Vo;, 


j=! 


(20) 


must be the angular momentum relative to the center 
of mass. J is unchanged by a new nonsingular trans- 
formation on the internal coordinates and it commutes 
both with H and Hy. Thus, the rotation symmetry 
can also be reduced to a purely internal problem and 
can be accounted for by choosing internal trial functions 
to be eigenfunctions of J? and J/,. 

H is further unchanged by an inversion through the 
center-of-mass, and wave functions must be either 
symmetric or antisymmetric with respect to this 
operation. If two of the particles are identical, they 
have exchange symmetry of a type dictated by whether 
they are bosons or fermions. Since our Hamiltonian is 
spin-free and no more than two particles are involved, 
the wave function may be written as a product of a 
space part and a spin part regardless of the values of 
the spins involved. Because of this, only spatial sym- 
metry need be considered, with the understanding that 
the spin function symmetry will give the correct 
exchange behavior for the product. Even if there are 
no identical particles in the system, the exchange 
symmetry may hold approximately because all the 
terms in H are symmetric except for the antisymmetric 
T,, which may cause only slight mixing of the two 
symmetry types. 

We will denote the symmetry of the functions used 
J. where J=S, P, D --- as usual, and the subscript 
and superscript refer, respectively, to inversion sym- 
metry and exchange symmetry of the space function. 

To decide among the various choices for trial function 
symmetry, it is helpful to look at the known symmetry 
properties of the ground-state functions for the limiting 
cases. In He-like ions this is described by the spectro- 
scopic term symbol !S, which is equivalent to S,*. For 
the H.* molecule, one can take the results from treat- 
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=219 474.62 cm 


u/m,=energy Length in 
in units of 
atomic units au 
1 1 
0.9994 5567 1.0005 4462 
195.58 0.0051 128 
185.70, 0.0053 849 
0.5 2 
185.70. 0.0053 849 
190.515 0.0052 488 
195.58 0.0051 128 
0.9994 5567 1.0005 4462 
0.9995 9159 1.0004 0857 
0.9997 2755 1.0002 7252 
1 1 
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s Handbook (McGraw-Hill Book Company, Inc., New York, 1957). mp/me 
1 =27.2097 ev, lan =f*e-?m,.~! =0.529 172 A 


ments based on the adiabatic Born-Oppenheimer 
approximation. The symmetry of the ground electronic 
state is described as 2,*, the vibrational states are 
totally symmetric, and the symmetry of the rotational 
states is given by (—1)/ for both inversion and ex- 
change. Hence, the ground rotational state in each of 
the vibrational states for the ground electronic state 
has the same symmetry, S,*. 

The obvious choice for calculation of ground-state 
properties would seem to be functions all of the type 
S,* when exchange symmetry is present, with some 
terms of the type S_* when the system is unsymmetric. 
This choice, when applied to Hy,*-like systems, will 
have the feature that the higher roots of the secular 
equation will be upper bounds for the excited vibrational 
levels. 


IV. CHOICE OF TRIAL WAVE FUNCTIONS AND 
CALCULATION OF MATRIX ELEMENTS 


This investigation was intended more to serve as a 
preliminary test of the practicality of doing calculations 
on simple molecular systems without using the Born- 
Oppenheimer approximation than to give extremely 
accurate results for the whole series of three Coulombic 
particle systems. Hence, it was desirable to use func- 
tions which were very simple but chosen in such a way 
that relatively few of them could give good descriptions 
of the molecular ions, electronic and mesonic. It is 
possible to choose such functions on physical grounds. 

To reduce the labor in calculation of matrix elements, 
the functions were expressed in terms of the Hylleraas 
coordinates,” 

ry 


(21) 

u=|rm—fe!. 
Three angular coordinates are needed in addition to 
2. A. Hylleraas, Z. Physik 54, 347 (1929). See also E. A. 


Hylleraas, Norske Videnskaps-Akad. Oslo, Skrifter, Mat.-naturv. 
KI. No. 6 (1932). 
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these for complete specification of the configuration, 
but S* functions are independent of them and they may 
be omitted from the beginning. 

The general function in the expansion was then taken 
of the form 


¢gu= uit! exp[ —3s—}7 


2(u—uy)? |, (22) 
with the usual kind of scale parameter, 7." 

The exp[—}y?(u—)* ] dependence was used in 
order to describe the vibration of the two nuclei. This 
would be the correct ground-state eigenfunction, in 
fact, if the coordinate (%—‘) really corresponded to a 
harmonic vibration. The higher u* terms associated 
with excited vibrational states contribute, roughly 
speaking, anharmonicity corrections. Values of the 
nonlinear parameters y and #» were estimated from the 
experimental equilibrium distance and force constant 
for the electronic molecules. They were determined by 
approximate trial-and-error minimization of the energy 
obtained with a two-term function (¢oo+¢o2) for the 
mesonic systems. 

The ¢ exp(—}s) expansion was chosen because of 
the excellent result for the electronic energy of H:* 
obtained by James" using a two-term function of the 
type (1+cfu-*) exp(—ksu-'). The difference between 
his variables ¢/u, s/ and our / and s is somewhat offset 
by the effect of the Gaussian exp[—}y~*(u—wo)* | in 
keeping « effectively near a constant value. 

Powers of s were not included in the expansion in 
this pilot calculation, though it would be almost trivially 
simple to do so. They would certainly permit a lowering 
of the energy. In terms of the Born-Oppenheimer 
approximation, this lowering will be a result of a more 
accurate treatment of the electronic energy as a func- 
tion of the internuclear distance. In more elaborate 
treatments this s dependence should not be omitted, 
but it was not expected to be particularly instructive 
at the present. 

One disadvantage of the set (22) is that it is non- 
orthogonal and the question of approximate linear 
dependence arises. Unfortunately, this set develops a 
near singularity in the overlap matrix at a rather early 
stage. The ratio of the greatest and least eigenvalues 
of the overlap matrix has been used’ as an indication 
of the severity of its near singularity. When the non- 
linear parameters have the values used for the electronic 
systems, the ratio is 4.56 10° with six functions, and 
6.41X 10° for eight functions. The corresponding values 
for the functions used for the mesonic systems are 
1.02K10° and 3.65 10°, respectively. This indicates 
that expansions of more than six terms are somewhat 


13 See, e.g., P. O. Léwdin, iS Mol. Spectroscopy 3. 46 (1959). 
4 See L. Pauling and E. B. Wilson, Introduction to Quantum 
Mechanics (McGraw-Hill Book Company, New York, 1935), 
». 333. 
‘6T. L. Bailey and J. L. Kinsey, preprint No. 45 from the 
Quantum Chemistry Group, Uppsala University, Uppsala, 
Sweden. July 1, 1960 (unpublished). 
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unreliable for the former set. The latter could probably 
be extended to a few more terms, but not to really long 
expansions. One may get some understanding of this 
complication by looking at the analytical form of the 
set (22). When approaching the molecular limit, that 
is b— 1, the nuclei become localized around a fixed 
internuclear distance, mp. This implies that y — 0 and 
the Gaussian gets very peaked, tending to a 6 function. 
The wavefunction is then essentially different from 
zero only for # values close to #. In this small range the 
different powers of « will be approximately linear 
dependent and as a consequence the overlap matrix 
will be almost singular. This limitation is one that 
is almost certain to turn up in sets chosen, as these 
are on the basis of their simplicity and_ physical 
appropriateness. 

All the matrix elements were computed using a desk 
calculator, with the aid of tables of the functions A to 
be defined below. The eigenvalues of Hc=FAc were 
determined by two-dimensional Jacobi rotations using 
the electronic computer at the Quantum Chemistry 
Laboratory. The matrix elements were calculated with 
the scale factor y»=1. In the computer the matrices for 
the different operators in H are multiplied by the 
appropriate power of a chosen 9 and then the H matrix 
is formed. If the chosen 7 value gives d/-/ dn~0 for the 
state of interest, the calculations are stopped ; otherwise 
a new 7 value is used and the process repeated. The 
other expectation values reported were computed using 
a desk calculator. 

For simplicity each function of the type (22) was 
multipled by a factor of , where 
5=—myt+}y’, since this caused a common factor to 
drop out of all the integrals. Each matrix element can 
then be expressed as a sum of integrals of the type: 


(Fre pie! so" 


2y ies f u® exp[ —y~?(u—u)?—u |du 


D 
= dete f (x+x)? exp(—x)dx=A(Q;«;7), (23) 
== 


with c= tugy"'—}y. 
The integrals A satisfy the recursion relationship 


KkA(O; «3; 7) =y"A(O4+1; «3; 7) —320yA(O—13 «3; 7). (24) 
The values of A(O;«;y)=1+297' S\* exp(—2x*)dx and 
A(1;«;7)=y[vA(0; x; y)+27! exp(—)] were taken 
from the U. S. National Bureau of Standards table of 
the error function and its derivatives. The other A 
integrals were obtained on the electronic computer by 
use of the recursion relation. The maximum number of 
A integrals needed for the matrix elements is 7, and for 
most of them 2 or 3 A integrals are sufficient. Each 
matrix element was calculated with 9 correct decimal 
figures. 
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V. RESULTS AND DISCUSSION 

In this section the numerical results of the calcu- 
lations are presented. Unless other units are specifically 
stated, all quantities are expressed in atomic units 
(a.u.) with the appropriate reduced mass put equal to 1. 
Experimental values are given for comparison when 
they are known. Otherwise, the best theoretical values 
available in the literature are quoted. 

The different basic sets used, all having typical 
members of the form (22), will be identified by the 
following code: 


k=0; 
k=O, 1; 
k=0, 1, 2; 
k=0, 1, 2,3 
k=0; 
k=0, 1; 
k=0, 1, 2; 


A. two functions: 
four functions: 
six functions: 
eight functions: 
four functions: 
eight functions : 

G. twelve functions: 

The sets E, F, and G are important only for the asym- 
metric system, HD+ and (pud)*, because the functions 
containing odd powers of / are connected to those 
containing even powers of ¢ only by the term 6/7, in 
the Hamiltonian (12). The values of the nonlinear 
parameters used in the calculations are for the electronic 
systems y=0.415 and x=uoy'—}y=6.33 and for the 
mesonic systems y= 1.7 and «= 1.00. The energies were 
not fully minimized with respect to these parameters. 
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Results for the energies of the electronic systems are 
contained in Table II and those for the mesonic systems 
in Table III. Since the zero of potential energy was 
taken at infinite separation of all three particles, the 
energies computed are relative to that completely 
dissociated are not the true 
three-body system dis- 
sociates at a lower energy into one free particle and a 
hydrogen atom-like two-particle system. The energy of 
this state is —} for the symmetric system. The asym- 
metric ones have two possibilities for this kind of 
dissociation, 


state. These energies 
binding energies because the 


the one of lower energy being the one in 
which the free particle is the lighter of the two having 
like charge. The energy for this state is —1/[2(1+0/f) ]. 

Even though the sets used were quite small, it is seen 
that the ground-state energies are fairly accurate, 
especially for the electronic systems. The excited vibra- 
tional states are somewhat less well described, but the 
energies are still remarkably close to the actual values. 
The vibrational frequencies, being small differences 
between large numbers are especially sensitive to errors 
in the location of the energy levels. For H2*, using the 
six-term wave function (C) giving the lowest ground- 
state energy, our calculations yield the values 2456 cm™ 
and 3123 cm for the first and second vibrational 
frequencies. The separation theorem'® tells us that the 
roots to our secular equation are upper bounds to the 
exact eigenvalues, and using the three upper bounds 
we obtain for H,.* the first and second vibrational 
frequencies 2437 cm™ and 2834 cm, respectively. 
The experimental"? values are 2173 cm™ and 2049 cm“. 


TABLE II. Energies for the electronic systems.* Nonlinear parameters: y=0.415, «=6.33, in atomic units. 


Basis 
System 


H2*(% 


type order 
) A 2 
B 4 
Cc 6 
“Exact” 


352 
3583 
3583 


349 
3523 
3523 
347 
3499 
3499 


34656 


3497 
3223 
345 
3475 
3475 
330 
6 .283 
Cohen et al.° 
Experimental 


® Where more than one scale-factor is listed for any set, the eigenvalue for which the 


b E, A. Hylleraas, 
© See reference 9. 
4 See reference 17. 


Z. Physik 71, 739 (1931). 


Kolos et al.7 gives Eo = —0.59715 a.u. 


P. O. Léwdin, 


16 See e.g., 
17 G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand Company 


Scale factor 


Advances in Chemical Physics (Interscience Publishers, Inc., 


—Eo 


0.599 517 
0.599 616 
0.600 803 
0.602 64> 


0.598 078 
0.598 136 
0.598 332 


0.597 364 
0.597 410 
0.597 446 
0.597 364 
1.597 410 
0.597 204 


0.596 651 
0.596 688 
596 689 
0.596 605 
0.595 535 
0.597 249 587 266 
0.597 405 (0.587 499) 


.593 358 
594 745 


.589 041 
590 091 578 083 
.586 886 
587 777 .574 762 
586 890 
587 130 


scale-factor is optimized is italicized 


New York, 1959), 
Princeton, New Jersey, 


Vol. 2 


» ene., 1950). 
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TABLE III. Energies for the mesonic systems.* Nonlinear parameters: y=1.7, «=1.00, in atomic units 


System order 


1.307 
1.312 
1.312 
1.312 
1.152 
1.291 
1.295 
1.2947 
1.295 
1.2907 


( dud )* 


o » | ° 
SVoOwm 


1.0055 
0.8884 
1.2947 


1.274 
1.2785 
1.28 
1.28 


wm OTD TDHSOOMDR 


SO 
~~? 


Scale factor 


1.294975 


—E; 


0.460 817 
0.480 883 
0.483 393 
0.490 130 


0.332 921 
0.408 025 
0.433 420 


0.435 420 
0.455 624 
0.462 312 


0.288 241 
0.551 167 0.356 501 
0.549 770 
0.549 969 
0.528 104 
0.506 692 
0.550 889 
0.542 184 
0.542 290 
0.544 272 
0.545 962 


0.437 482 
0.463 367 
0.460 423 
0.458 047 


0.358 674 
0.441 676 
0.448 520 
0.391 283 


0.412 916 
0.432 985 
0.444 291 


0.274 324 
0.311 417 





* Where 


more than one scale-fact 


The total ground-state energy for H,* is 130 887 cm™ 
using our six-term function whereas the experimental!’ 
value is 131 044 cm“. It is of interest to note that even 
the two-term function (4) gives very satisfactory 
results for the electronic systems. 

Our ground-state energies for the mesonic systems 
are uniformly slightly inferior to those of Cohen ef al.* 
and Kolos ef al.,’ an unsurprising fact in consideration 
of the much greater elaborateness of their calculations. 
Neither of these works gives an energy for any excited 
S* states. For the (pud)* system we observe that the 
inclusion of the odd powers of ¢ has considerably lowered 
the ground-state energy as can be seen by comparing 
the results :ur the two corresponding sets, A and E, 
B and F, C and G. In Table IV our results are compared 
with the results obtained by Cohen et al.‘ and Kolos 
et al.’ 

It is illuminating to consider the change in character 
of three Coulombic particle systems as 5 goes from 1 
to 0, that is from the atomic to the molecular ion. Let 
us first consider the total energy Fo in reduced units 
for systems with two identical particles. For b=1 we 
have k£y=—0.52775,% d0#»/db=—0.03288,)'% and 


TABLE IV. Total energies in ev for mesonic molecular ions.* 


Cohen et al. Present work Kolos et al.¢ 


System 
2759 
(28562 

\2857¢ 
2969 


2771 
2878 
2986 


2778 


2981 


* The total energy of (pu) is 2526 ev and of (du) 2661 ev using the 
constants given in Table I. 

» See reference 4. 

* See reference 7. 

4 Using function G, which contains both odd and even powers of ¢. 

¢ Using function D. The function C, which is identical to the symmetric 
part of G, gives 2849 ev. 


18 C. L. Pekeris, Phys. Rev. 112, 1649 (1958). 


w is listed for any set, the eigenvalue for 


which the scale-factor is optimized is italicized. 


E/db*= —0.06," for b=0.5, Ep= —0.52399,’ and for 
b=0, Eo= —0.60264 (reference a, Table II). Obviously 
there is a maximum £) for some 6 value. We conjecture 
that this maximum will occur for 6=?. This is sug- 
gested by the fact that b= % corresponds to the masses 
M,= M.=4M;, and for these masses the center-of-mass 
is exactly halfway between the “nucleus” and the 
center of mass of the two identical particles. The 6 
value might then be used as a criterion of atomic 
character (6>%) and molecular character (6<3?). From 
this point of view the system (ete*e~)* has molecular 
character, and one would expect that a trial function 
emphasizing this character should give good results. 
It is also interesting to consider the change in the 
correlated motion of the two identical particles as b 
goes from 1 to 0. For 6=1, that is H"' (M;=~), the 
Coulomb repulsion between the electrons is responsible 
for the correlation, which may be split up in two terms, 
radial and angular. For H~ the radial correlation is 
dominant and we do not find the electrons at 
approximately constant distance apart. The 


an 
mass 


TABLE V. Expectation values («) in atomic units 


for the ground state. 


Function 
System\, 5 
2.02968 
2.03426 
2.03729 
2.04032 
2.67159 
2.70534 
2.74259 


2.07455 
2.06278 
2.06057 
2.05977 2.06053 
2.69302 2.66129 
2.73504 2.76850 
2.77505 2.84614 


2.01308 
2.04365 
2.05359 


H2*(2) 
D,* 
HD* 
H.* 
(dud)* 
(pud)* 
(pup)* 


19 A. Fréman, preprint No. 34 from the Quantum Chemistry 
Group, Uppsala University, Uppsala, Sweden, December 1, 1959 
(unpublished). 
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TABLE VI. Values of 5 defined in Eq. (26) for the ground states. 


System evere (pup)* 


6 274X10 
1 


Reference 


17010" 


polarization gives an angular correlation effect and, as 
b— 0, this gets more important than the radial effect 
caused by the Coulomb repulsion: the two identical 
particles then tend to be on opposite sides of the 
“nucleus” which for He* is the electron, and the distance 
between them tends to a constant value. As 6 goes from 
1 to 0 the correlation changes from essentially radial 
type due to the Coulomb repulsion, to angular type, 
caused by the combined effort of the mass polarization 
and the Coulomb repulsion. 

In Table V, the average internuclear distance, 
Ro=(u), in the ground state are tabulated. Conversion 
of the values obtained with six functions (C) for the 
electronic systems into Angstr6ém units gives: 


Rf Het (~) ]=1.0653; Ro(HD*)=1.0871; 
Ro(De+)=1.0817;  Ro(H2+)=1.0910. 


These values may be compared with the experimental 
R.=1.069 A.’ This number is the value of R for 
minimum potential energy for the nuclei and is in 
general not the same as Ro, the average internuclear 
distance. For H,*+(«), R, and Ro should be equal as 
they approximately are in our result. Owing to the 
anharmonicity Rp will generally be larger than R, and 
our results show the expected trend. For the mesonic 
systems no experimental results are available. The 
eight-term function (D) gives 


Rif (dud)* ]=0.007 176 A; 
Rof_ (pud)*+ ]=0.007 750 A; 
Rol (pup)* ]= 0.008 239 A. 


The internuclear distance for the mesonic systems is 
remarkably short and should be compared with the 
range of the nuclear forces which is of the order 10-5 A. 

For the same eight-term functions, average values 
of «? were calculated for the mesonic systems in order 
to get some measure of the average vibrational ampli- 
tudes. Values obtained for the relative root-mean- 
square displacement x, 


(u*)—(u)*3 
s=[ | ¥ 
(u)* 


TABLE VII. Charge separation, pay in atomic units 
for ground states. 


(pud)* 


0.16281. 
0.18584 


HD* 


“0.0004479 
0.0005373 


Function 





127X10-5 


(dud)* H2*() 


773X107 


(pud)* 
323X 10-8 


H.+ 
142x107! 


This work 


Xo. (dud) J ] = 0.2985, 
vol (pud)* ]=0.3056, 
Xo (pup) += 0.3155. 


These large values were to be expected in view of the 
rather broad Gaussian function, i.e., small ‘‘force 
constants,” required for those systems. Kolos ef al.? 
obtained for the system etete~, ao=0.5254 and for 
H2*+() xo is, of course, zero. 

A further quantity of importance for the mesonic 
ions is the probability of the two nuclei being sufficiently 
close for the nuclear forces to act. For our model, with 
only a Coulombic potential, this is effectively the 
probability density for zero separation of the nuclei, 
i.e., the expectation value for 6° (r2). If our function 
is Y= Doe Cage, Where go= goo is defined in (22) and all 
other terms contain powers of « or ?, then 


5=(6® (r12)) = 4,79 (wy?) ! exp(—x°). (26) 


The values computed with the largest basis we have 
used in the calculations are reported in Table VI. 

For HD* and (pyd)* a “charge asymmetry” exists, 
i.e., a Separation of the centers of positive and negative 
charge. The expression for this separation in terms of 
the Hylleraas coordinates is 


3 (st/2), (27) 
which is easily derived from the fact that we have axial 
symmetry around the “electronic” axis so we need only 
the distance, p, between the projection of the ‘‘nucleus” 
on this axis and the midpoint between the “electrons.” 
The values obtained are given in Table VII. The value 
for HD* is to be compared to the dipole moment of the 
neutral HD molecule which has been estimated by 
Blinder” to be unp=8.89X10~* Debye unit. When the 
proper conversion factors are used we obtain for HD* 
Pay= 1.3710 Debye unit, which supports the quali- 
tative idea that pay(HD*) should be about one half 
up. For (pud)* we obtain psy= 2.48 10-* Debye unit. 


Pav =(p) = 
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Spectra induced by 200-kev proton impact on nitrogen have been observed in the spectral region from 
43000 A to 46000 A. The principal feature was the strong excitation of the N2* first negative band systems. 
Absolute cross sections for excitation were determined for the principal bands of this system as well as for 
two Nu atomic lines. A relatively weak Doppler-shifted Hg line was detected, and the cross section for the 
charge-exchange electron-capture into the n=4 excited state of hydrogen was estimated. Second positive Ne 


bands were observed at higher pressures. 


I. APPARATUS 


MAGNETICALLY analyzed 200-kev proton 

beam from the University of Arkansas Cockcroft- 
Walton accelerator was allowed to enter a differentially 
pumped collision chamber containing the target gas, 
nitrogen. The beam was collimated by passing through 
two holes each 7 in. in diameter, spaced 2 in. apart. 
The light resulting from the proton impact was then 
observed spectroscopitally at an angle of 25° to the 
beam direction, which permitted the observation of 
possible Doppler-shifted radiation from fast hydrogen 
atoms formed by electron-capture collisions. 

The necessary spectral resolution was accomplished 
through the use of a Jarrell-Ash 82-000 Ebert scanning 
spectrometer with an EMI 6256B photomultiplier as a 
detector. The absolute efficiency of the detecting system 
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Spectrogram of 200-kev proton impact on Nz (19-u 
pressure and 0.04-ya beam current). 


Fic. 1. 


*Supported by the Geophysics Research Directorate, Air 
Force Cambridge Research Laboratories. 


was determined by means of a standard lamp whose 
emission was absolutely calibrated in terms of number of 
photons per second per steradian per angstrom. The 
beam current was measured by using the insulated colli- 
sion chamber as a Faraday cup while the collision cham- 
ber pressure was monitored by a Pirani gauge. By 
knowing these quantities, the cross section of the excita- 
tion processes concerned in this paper can then be 
readily calculated. 

The apparatus and calibration procedure has been 
described elsewhere.' 


II. RESULTS AND DISCUSSION 


One of the typical spectrograms is shown in Fig. 1. 
The spectrograms were obtained with a spectral slit 


Fic. 2. Spectrogram of the radiation from the edge of the proton 
beam (20-4 pressure and 0.15-ua beam current). Much of the 
radiation shown here is coming from the area outside the proton 
beam. Compare with Fig. 1 which represents about the same 
pressure. Note that here the \3371-A band of the N» second 
positive system produced deflection about equal to the N2* 
\4709-A band. In Fig. 1, the 44709-A band is clearly visible but 
the \3371-A band is not apparent 


1R. H. Hughes, R. C. Waring, and C. Y. Fan, Phys. Rev. 122, 
525 (1961). 
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SPECTRA INDUCED BY 
TABLE I. Cross sections for spectral excitation of 
nitrogen by 200-kev proton impact. 


(A) Transition 


, 


oa (107° cm?) 
v'v’ 
N,* 0—0 
Ist negative 
4278 0-1 
4709 0-2 
5228 K ZS 
3582 
3884 


3914 


(Unresolved satellite 
of \3914-A band) 

4236 16 

4652 4.7 

5149 0.9 

5005 2.6 

5680 =2.4 

4772 0.1; 


Nu 3p §D—3d f° 
3s *®P°—3p3%D 
Hg (charge-exchange) 


width of 25 A at pressures ranging from 1 uw to 30 u and 
proton currents from 0.04 ya to 0.18 ya. 

Except for the second positive system, all of the 
prominent emissions appeared to be linear with both 
current and pressure within the experimental error. 
This implies that these linear features were excited by a 
primary process for which the number of photons 
emitted from a cubic centimeter, ”, is given by the 
following equation: 


n=opF, (1) 


in which F is the proton flux, p is the molecular density 
of the nitrogen in the collision chamber, and a is the 
cross section of the excitation process. 

The intensity of the second positive system of N» 
depends linearly on the current but quadratically on 
the pressure, indicating a two-step process. This is not 
surprising, since this system cannot be excited directly 
by proton impact according to the spin conservation 
rule. We were able to apply an electric field transverse 
to the beam and observe its effect on various lines in the 
spectra. Only the Ne second positive system was 
affected, which indicated that electron excitation could 
be a contributing factor for this system. (The intensity 
increased when the field was applied.) We were able 
to take spectrograms of the region near the beam edge, 
and found that much of the radiation from this region 
came from the Ne second positive system (see Fig. 2) 
Therefore, we conclude, as did Fan? and Nicholls,’ that 
the most probable excitation mechanism for this system 
is secondary-electron impact at these energies. Re- 
combination as a primary process is ruled out experi- 
mentally by the linearity with current. 


n=3 
be 
— 

n=2 


a(n=4)=a(Hg)}— 


2C. Y. Fan, Phys. Rev. 103, 1740 (1956). 
3R. W. Nicholls, Proc. Phys. Soc. (London) 74, 87 (1959). 
*R. A. Mapleton, Phys. Rev. 122, 528 (1961). 
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Fic. 3. Spectrogram of 200-kev proton impact on Ne (174 pressure 
and 0.14 wa beam current). 
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The cross sections for the excitation of the various 
systems calculated from Eq. (1) are given in Table I. 
The uncertainty in the measurement of the intensity 
of the Doppler-shifted Hyg line (see Fig. 3) was enhanced 
by background difficulties. The measured cross section 
for the excitation of the line is approximately 1.2 10~” 
cm?. This line cross section, o(Hg), can be used to 
estimate the electron-capture cross section into the 
n=4 levels of hydrogen, ¢(n=4). This requires knowl- 
edge of the relative capture cross sections into the 4s, 
4p, 4d, and 4f levels. We assume that the relative 
capture cross sections into these levels will not differ 
appreciably from capture from helium and Mapleton’s 
calculations' for capture from helium can be extra- 
polated to n=4. We let 
a (4p) a(3p) a(4d) o(3d) 
* ae - Rs: 
(4s) o(3s) 


a(4s) a(3s) 
and 
a(4f) 
— ~ 0. 
a (4s) 


R, and R, are determined using Mapleton’s values for 
o(3s), o(3p), and o(3d) in helium at the appropriate 
proton energy. Thus, we obtain 


A(4s > np) + RA (4p 3d)+ YS A(4p—ns)J+RE YL A(4d— np) ] 


n=1 n=2 


, 
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where the 1’s are indicated hydrogen transition proba- 
bilities. Using this expression and neglecting cascade 
effects, we obtain ¢(n=4)~6.6X 10-* cm? which is not 
incompatible with the total capture cross section 
1.5X10-7 cm? at 200 kev.° The same quantities for 
protons in helium are 1.3 10~* cm? and 3.6X 107" cm’, 
respectively.* 

One note must be added to the excitation of this Hg 
line. It can also be produced by a two-step process, 
namely, an electron capture into the ground state and 
then excitation by a subsequent collision. However, the 
line recorded in the spectrogram is not a result of this 
process, since the emission was observed at a distance 
of about 2 cm from the entrance slit of the collision 
chamber, which is much less than the mean free path 
for the process of electron capture at these pressures 
(more than 100 cm). A linear dependence of the emission 
on pressure would also support this statement, but 
because of background problems at the lower pressures 
it is difficult to attest to the exact linearity although 
it appears likely to be linear. 

An attempt was made to determine the population 
cross section for the »’=0 and the v’= 1 levels associated 
with the B *Z state of the N.* molecule using Herzberg’s 
transition probabilities’ and neglecting cascade effects. 
Within experimental error, fairly consistent results were 
obtained by using this procedure on our measurements 
for \3914-A, \4278-A, and \4709-A bands giving a 
population cross section for v’=0 of 42 10~'* cm?*. Of 
course, simply summing the transition cross sections 
from the v’=0 state found in Table I will give the 
population figure also. This indicates a cross section of 
about 44x10~'§ cm*. Difficulty arose, however, in 
trying to apply Herzberg’s transition probabilities to 
the o’=1 state. Very consistent results were obtained 
using our \54236-A and \4652-A data which gave a 
population cross section of 4.310~-'* cm? for 2’= 
However, the application to the 43582-A data gives a 
population three times larger than this figure. We 
hesitate to draw conclusions since there is a possibility 
of unresolved structure in the A3582-A band and because 
of the fact that we had to extrapolate our calibration 
curves from A3800 A to this region. However, the 
extrapolation should not have produced much error. 
We did not resolve the Ne second positive \3577-A 
band which gave the appearance of pressure dependence 
to the A3582-A band. The cross section quoted in Table 
I, however, represents measurements at low pressure 

5S. K. Allison, Revs. Modern Phys. 30, 1137 (1958) 

* Obtained from Hg data in reference 1. A value o(nm =4) ~0.8 
X10-* cm? is quoted in this reference but was obtained using 
mean hydrogen transition probabilities. 

7 See tables of R. W. B. Pearse, Proceedings of the Conference 
on Auroral Physics, edited by N. C. Gerson, T. J. Keneshea, and 
R. J. Donaldson, Air Force Cambridge Research Center AFCRC- 


TR-54-203, 1954 (unpublished), p. 341. Transition probabilities 
quoted from G. Herzberg, Ann. Phys. Lpz. 86, 191 (1928). 
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where we can state with some degree of confidence that 
the Ne second positive contribution is negligible. There 
remains the possibility of the unresolved 2—1 Net 
first negative band at A3564 A but the weakness of other 
members of this progression indicates that its contri- 
bution is small. Unless there are foreign lines present it 
would appear that the transition probability associated 
with the 1—0 transition may be relatively larger than 
Herzberg’s measured value. Aurora visual-intensity 
measurements’ tend to support such a statement. 

It is of some interest to compare our results of the 
excitation of the v’=0 level of the B 2S state of the Net 
molecule with the corresponding excitation by electron 
impact with electrons of the same velocity. The ratio 
of the cross section for the excitation of this level by 
200-kev proton impact to the corresponding cross section 
for 100-ev electron impact® is 42 10~'* cm?/9.5X 107'8 
cm?=4.4. On the other hand, the ratio of the cross 
section for total ionization by 200-kev proton impact’ 
to the cross section for total ionization by 100-ev elec- 
tron impact” is about 5.3 10~-'® cm*/2.9X 10—-'® cm? 
which is a little less than 2. Thus, it would seem that 
an argument could be presented that proton impact may 
be more effective in exciting the »’=0 level than 
electron impact. (Unfortunately, this last statement 
loses some significance when the experimental un- 
certainties in these quantities are realized.) Further, 
it would appear in the case of 200-kev proton impact 
that about 10% of N.* ions are produced in the excited 
state. 

Carleton and Lawrence" have measured the exci- 
tation of the 0O—0 N;* first negative band system by 
proton impact in the energy range from 1.5 to 4.5 kev. 
At these lower energies charge exchange is the dominant 
feature, while here the ionization reaction H++N.,— 
H*++N.*++e, is the dominant feature. They found at 
their highest energy, 4 kev, that the cross section for 
excitation of the 0—O first negative band was 7% of 
the total charge-exchange cross section, which is about 
the ratio of our measured cross section for this band 
at 200 kev to the total ionization cross section. 
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A new method is described for computing the effect of corre- 
lation, inhomogeneity, and exchange on the Thomas-Fermi model 
of the atom. The method makes use of the many-body point of 
view, rather than an independent-particle point of view, by con- 
sidering the hierarchy equation linking the n-particle Green’s 
functions. The hierarchy is truncated by a prescription equivalent 
to the Gell-Mann and Brueckner theory of the high-density 
electron gas, resulting in a description of the atom in which the 
exchange interaction is replaced by the effective interaction. The 
physical significance of this replacement is noted. 

The Green’s function for this model is then expanded as a 
series in powers of #. The lowest order term is found to describe 
the Thomas-Fermi model of the atom. The equation for the next 


I. INTRODUCTION 


N a previous paper,! we presented a systematic 

method for deriving the Thomas-Fermi equation 
and quantum corrections (exchange and inhomo- 
geneity) from the many-body equations of motion of 
an atomic system. This method was based on the 
Green’s function formulation of the many-body 
problem,’ and, in particular, made use of the Hartree- 
Fock approximation within that formalism. We showed 
that the single-particle Green’s function in the Hartree- 
Fock approximation could be expanded as a series in 
powers of #, and that the lowest order term in this 
series described the Thomas-Fermi distribution. The 
next nonvanishing higher order term was found to be 
the same as the quantum correction found by 
Kompaneets and Pavlovskii,? who had based their 
work on the Hartree-Fock approximation in the density 
matrix formalism, and independently by Kirzhnits,* 
who had used a method involving successive com- 
mutators, also within the Hartree-Fock scheme. 

The effect, however, of including all the higher order 
terms of our infinite series can be to recover only the 
Hartree-Fock solution, and consequently neglects 
dynamic particle correlation. In this paper, we shall 
use the technique developed in I to include some of 
the correlation effects which are discarded ab initio in 
a Hartree-Fock approach. We shall do this by using 
the Gell-Mann-Brueckner theory of the high-density 


* The research reported in this paper has been sponsored in 
part by the Geophysics Research Directorate of the Air Force 
Cambridge Research Laboratories, Air Force Research Division, 
the Office of Ordnance Research, and the Office of Naval Research. 

{ National Science Foundation Predoctoral Fellow. Now at 
Bell Telephone Laboratories, Murray Hill, New Jersey. 

1G. Baraff and S. Borowitz, Phys. Rev. 121, 1704 (1961), 
hereafter denoted as I. 

2'V. M. Galitskii and A. B. Migdal, Soviet Phys.—JETP 34, 96 
(1958); P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 
(1959). 

3A. S. Kompaneets and E. S. Pavlovskii, Soviet Phys. 
31, 328 (1957). 

*D. A. Kirzhnits, Soviet Phys. 
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higher term contributing to this expansion is manipulated so as 
to yield an ordinary differential equation for the corresponding 
correction to the potential. This equation contains a term which 
expresses the effect of inhomogeneity and another which arises 
from the correlation of the electrons and from exchange. The 
inhomogeneity term is one which has been found previously. 
Study of the correlation term shows that it depends on the sepa- 
ration energy of an electron from an infinite electron gas, which 
suggests a generalization by which the method might be made 
applicable to those outer regions of the atom for which the electron 
density is below that to which the Gell-Mann and Brueckner 
theory would apply. 


electron gas® as the basic approximation instead of the 
Hartree-Fock approximation. It will still be possible 
to express the single-particle Green’s function as a 
series in powers of #, and just as before, the lowest 
order term will describe the Thomas-Fermi distribution. 
This time, however, the higher order terms which may 
be regarded as corrections to the Thomas-Fermi model 
introduce not only the quantum corrections but also 
those correlation effects with which Gell-Mann and 
Brueckner were concerned. 

The logical approach to this problem is divided into 
four parts, each of which is the subject of one of the 
following sections of this paper. In Sec. II, we formulate 
the many-body problem in the mixed _position- 
momentum representation of the Green’s function. 
The description of the interaction between particles 
is contained formally in the irreducible self-energy 
operator.° We choose an approximate form for this 
operator which describes .the important interactions 
of the G.B. theory and find that the only difference 
between this approximation and that which corre- 
sponds to the Hartree-Fock method is the appearance 
of a time-dependent effective interaction instead of 
the instantaneous Coulomb potential in the exchange 
term. The direct-interaction term is unaltered. This 
result has physical significance which will guide our 
later steps. 

In Sec. III, we expand the quantities of interest as 
series in powers of #, employing the techniques pre- 
sented in I. By series in powers of #, we mean as hi is 
considered to be made smaller, the lowest order terms 
dominate higher order terms to greater and greater 
extent. Some care is required in expanding the effective 
interaction in order to avoid recovering a series similar 
to the one summed by G.B. We can obtain a useful 
expansion of the effective interaction if we recognize 
why the straightforward expansion fails to work and 


5 M. Gell-Mann and K. Brueckner, Phys. Rev. 106, 364 (1957), 
hereafter referred to as G.B. 
6 A. Klein and R. Prange, Phys. Rev. 112, 994 (1958). 
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proceed accordingly. The expansion which results is 
completely in accord with the physical significance of 
the result we noted in the preceding section. 

In Sec. IV, we obtain equations for the lowest order 
terms in the expansion. We find that the zeroth order 
term describes the Thomas-Fermi distribution and that 
the first-order correction term vanishes, just as in I. 
The equation for the second-order term is quite similar 
to that found in I, the sole difference being in that term 
which in I arose from exchange and here arises from the 
effective interaction. We study this term in detail in 
Sec. V and find that it represents the nonkinetic part 
of the separation energy in both cases. This suggests 
a way to correct our work for an approximation made 
earlier and, also, for the approximation made in using 
the G.B. correlation corrections, which are valid only 
in the high-density limit. 

Section VI contains a summary and a discussion of 
the similarities and differences between this work and 
an earlier paper by Lewis’ on essentially the same 
problem. Our result in this work, then, is an equation 
which determines the lowest correction to the Thomas- 
Fermi model for the effect of correlation, exchange, and 
inhomogeneity. Solutions to this equation for various 
atoms are not presented. 


II. FORMULATION OF THE PROBLEM 


We again consider an atom or an ion to consist of a 
nucleus with charge Ze and infinite mass located at the 
origin, surrounded by JN electrons, each of mass m. We 
neglect spin-dependent forces and all relativistic effects 
in our system. For such a system, the equation relating 
the one-particle and two-particle Green’s function is 


[ih(d 01,)-—H (r:) ]G,(1; 1’) 
+i f a(2po1—2)6.01,2 1’,2+)=hd(1—1’), (2.1a) 


Ay (r)= (— #2 /2m)V?—Ze/\r!, (2.1b) 


v(1—2)=8(4;—b)e/|m—r!. (2.1c) 
This notation is the same as in I: Each numerical 
argument 1, 1’, etc. specifies a spatial coordinate, a 
time, and a spin index. Integration over a numerical 
argument implies summation over the associated spin 
index; the delta function of numerical indices signifies 
the product of a Dirac delta function for each of the 
space and time coordinates with a Kronecker delta 
function of the spin index. The symbol + as a super- 
script to a numerical index indicates that the time 
associated with that index is to be made later by an 
infinitesimal amount. 

The one- and two-particle Green’s functions G, and 
G, are those defined in I [see I, (5.7) ]. They are of use 
in computing the ground state expectation value of 


7H. W. Lewis, Phys. Rev. 111, 1554 (1958). 
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any one-particle or two-particle operator. For example, 
the density of particles at spatial point r,; having spin 
index o; is given by n(1)=—iG,(1;1*). The ground- 
state energy E is also easily determined [see I, (2.3) ]. 

Klein and Prange® have introduced the irreducible 
self-energy operator M by giving an equation defining 
its effect: 


i fa2wA—-2)64(1,2; 1'.2+) 
=- faauanee; ry. ty 


We shall use this definition to define a kernel K (1,2), 
K (1,2) =[ih(0/dt;)—Ho(r:) 6(1—2) —M(1,2) (2. 


such that Eq. (2.1) takes the form 


famxana: 1’)=5(1—1’). (2.4) 


For a system such as ours in which spin-dependent 
forces are neglected, a particle propagates without 
change of spin. That is, the single-particle Green’s 
function vanishes unless its two spin indices are equal, 
but it is otherwise independent of the spin. Hence, we 
need consider Eq. (2.4) only for the case o;=02=o1. 
Let us transform this equation to the mixed position- 
momentum representation by taking the Fourier 
transform with respect to r;—r,’ and ¢,—1/,’, holding 
R=4(r,+1,’) fixed, denoting the transform variables 
by p and wo. 


fetu—npa.—ndQK,2 G,(2; 1’) 


Xexp{—i[p: (m—1m')—w(ti— bh’) h}=h. 


This transformation was used extensively in I, where it 
was shown that the left side of the preceding equation 
could be expressed in terms of the transforms of K and 
G by means of a differential operator of infinite order, 
6, as 

6K (R,pw),G(R,pw) J. 


The transforms K and G are defined by 

K(Ropw)= f d(r—r)d(s—1)K (1.2)aimes 
Xexp{ —i[p- (t1—1re) —w(ti— te) |/h}, 

G(Rpw)= fd(e—r)d(o— 0641 * 2)e1=02 


Xexp{—i[p-(m—te)—w(ti—te) |/h}. (2.6) 


(The operator @ is defined fully and its effect given 
explicitly in I. Its first few terms are given in Appendix 
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B of this paper.) In terms of this notation, the trans- 
form of Eq. (2.4) is 


6LK (R,pw),G(R,po) |=. 
From the definition of K, Eq. (2.3), we find that 


K (R,pw) =w— p?/2m+Ze?/|R| —17(R,pw), (2.8) 


where M is the transform of M(1,2) with o,;=a2. 

The equation defining M, Eq. (2.2), indicates that 
M can be found if both G; and G2 até known. But 
knowledge of the exact G; and G2 usually means that 
the entire many-body problem has been solved exactly. 
This is rarely feasible, and so it is at this point, speci- 
fication of the form of the operator M, that various 
approximations are introduced. For example, the 
Hartree-Fock approximation which we used in I results 
from the choice 


M(1,2)= —i6(1—2) f a(3)A-3)G,(35 34) 
+iv(1—2)G,(1; 2+). 


In this paper, we shall choose an M which embodies 
the approximation used by Gell-Mann and Brueckner 
in their study of the correlation energy of the high- 
density electron gas. The physical content of their 
theory may be stated as a prescription for the con- 
struction of the two-particle Green’s function. The 
results of the original G.B. paper can be obtained from 
a two-particle Green’s function of the form’ 

G2(1,2; 1’,2’)=Go(1; 1')Go(2; 2’) 


—Go(1; 2")Go(2; 1’) 

+ (7 i) f a(syacana (1; 3)Gy(3; 1’) 
X v(3,4)Go(2; 4)Go(4; 2’) 

—(7 ny f a(ayacayavit > 3)Go(3; 2’) 


Xv(3—4)Go(2; 4)Go(4; 1’), 


(2.9) 


where Gp is the single-particle Green’s function in the 
absence of interaction and vu(1,2) is the effective inter- 
action, introduced by Hubbard,’ which satisfies the 
integral equation 


v(1,2)=v(1—2)—(7 i) [ a(3)a(4)o(1-3) 


X Go(3; 4)Go(4; 3)u(4,2). (2.10) 


The last term in Eq. (2.9) gives rise to the second 
order exchange energy (e, in G.B.) which, for the 
8H. Kanezawa and M. Watabe, Progr. Theoret. Phys. (Kyoto) 


23, 408 (1960). 
9 J. Hubbard, Proc. Roy. Soc. (London) A240, 539 (1957). 
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infinite electron gas, is independent of density. In a 
nonuniform electron gas, this energy might possibly 
be a function of density gradient and higher derivatives 
of the density.” The approximation procedure we shall 
be using, however, treats gradient dependence as a 
higher order effect than density dependence and in the 
low-order approximation, with which we shall be con- 
cerned, only the density dependence of e€, would 
appear. We suspect, then, that in some way this last 
term will contribute a constant term to energies we 
may encounter. Let us suppress this term for the time 
being ; it will become apparent (in Sec. V) how to allow 
for its effect. 

It will be possible for us to work with the Green’s 
function G; rather than the “unperturbed”? Green’s 
function Go. This replacement does not follow strictly 
from the equations presented so far, but constitutes a 
simple extension of the Gell-Mann-Brueckner scheme. 

We note that v is symmetric with respect to inter- 
change of its arguments, as can be seen most readily 
from examination of the Neumann series solution of 
(2.10). In Eq. (2.9) we replace Gp by Gi, interchange 
the arguments of v, and, for reasons explained above, 
suppress the last term to obtain 
G,(1,2; 


1’,2’)=Gi(1; 11)G,(2; 2”) 
—G,(1 ; 2')G,(2; 1’) 
+i i) f a3 aes 9G; 1’) 
x v(4,3)Gi(2; 4)G,(4; 2’). 
This expression may be substituted into the left side 


of Eq. (2.2) and the result, after relabeling the variables 
of integration, is 


faawa2e001,2 1.2) faafoa-2 
x fa(3)e(1—3)Gy(3; 34) —9(1—2)G,(15 24) 
+(7 ny f a(3)a(a)Gu(15 201-3) 


(2.11) 


X v(4,2)G1(3; 4)G1(4; 3+) Kae 1"); 


Considered as a function of the difference between its 
two time coordinates, the single-particle Green’s 
function is continuous except at zero. It follows, 
therefore, that the symbol + as a superscript of a 
numerical argument of a given single-particle Green’s 
function has significance only if the two time variables 
of this given function are so tied together that they 
differ only by the infinitesimal which the symbol 
Thus, in the last term Eq. (2.11) 


denotes. of 


10 We are indebted to Dr. M. Lax for this comment. 
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the factor G,(1;2*)G,(4;3) could replace the factor 
G,(1; 2)G,(4;3*) without changing the value of the 
integral. Having made this replacement, we observe 
that the multiplier of —G,(1; 2*) within the brackets 
is just the right side of Eq. (2.10); i.e., it is the effective 
interaction itself. Finally, comparison of this result 
with Eq. (2.2), defining the self-energy operator, 
reveals that we have chosen an M defined by 


M(1,2)= —i8(1—2) f d(a)o(1—3)GuG3 3+) 


+iv(1,2)Gi(1; 2+). (2.12) 
This is the self-energy operator we shall use. It embodies 
the major feature of the G.B. theory in a form very 
similar to its Hartree-Fock counterpart. In Hartree- 
Fock theory, the exchange potential expresses the 
change from the average energy brought about by a 
correlation arising solely from the exclusion principle. 
In the G.B. theory, the repulsion arising from the 
Coulomb force induces a correlation which augments 
the one due to the exclusion principle. Both effects are 
included by substituting the effective interaction for 
the Coulomb interaction in the exchange term. :The 
transform of this self-energy operator is readily evalu- 
ated and, when inserted into Eq. (2.8), gives 


= n(r)e* 
K(R,pw)=0-— ¢ 2m+Ze \R -2f awe dr 
eg 


—i(anhy- f dptde! o(R, p—p’, w—w’) 


XG(R,p’,w") exp(iw0t). (2.13) 


(2.13b) 


n(r)= —1iG, (r,t; 7,07). 


The factor of two in the fourth term on the right of 
Eq. (2.13a) arises from the spin summation. We have 
dropped the # from the exponent because the in- 
finitesimal 0* renders the sign of w, not its size, sig- 
nificant in the evaluation of such integrals. The same 
situation will occur with all quantities which must be 
set equal to zero after an integration is performed. 


Ill. EXPANSION IN POWERS OF i 


We assumed in I that the transform of the single- 
particle Green’s function could be expanded in powers 
of # as 

G(R,pw)=ht S hG;(R,pw), (3.1) 


7=0 


and that a similar expansion for the space-time form 
of the Green’s function is also possible." 


1! Neither the #* which appears somewhat unexpectedly in (3.1) 
nor its unexpected omission in (3.2b) are essential to any of the 
results of I or of this paper. All that is required is that the trans- 
form aad the Green’s function be related by (2.6) and that the 
zeroth (lowest) order term of the transform corresponds to the 
zeroth (lowest) order term of the Green’s function. Powers of A 
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G,(1,2)= >> #G;(1,2), (3.2a) 


= 


dpdw 
6,(1)= f GR) exp[i(p-r—wt)/h], (3.2b) 


r=fr)— t=h— la, 


2 R=i(r,+r:.). 


fo, 


We shall have no further use for the symbol Go to 
denote the single-particle Green’s function without 
interaction or for the symbol G: to denote the two- 
particle Green’s function. To avoid confusion with the 
G; used as expansion coefficients, we shall delete the 
subscript 1 from the single-particle Green’s function 
with interaction, and shall denote this latter by G(1,2) 
or sometimes, simply by G. 

We found in I that the operator @ and the kernel K 
could also be expanded in powers of f# as 


=> hi6;, 3a) 
7=0 


K=> hiK,. 3b) 


These expansions may be inserted into Eq. (2.7) and 
the powers of # separated in such a manner that the 


zeroth order approximation is nonvanishing. The 
resulting set of equations will be 


Oo Ko,Go ]=n-, 
<= 6,[K.,G,.]=0, 


pt+k+ 


(3.4a) 


n>0, (3.4b) 


mn 


The terms 6; are given explicitly in the Appendix of I. 

The coefficients K; may be found by assuming the 

possibility of expanding 0 as a series in powers of h, 
b(R, pw) => h’d;(R,pw), (3.5) 


inserting this series into Eq. (2.13), and separating out 
the various powers of h. We find that 


no(r)e*dr 
R-r 
—i(27) fads’ vo(R, p—p’, w—w’) 


Xf xX 


k+m=j 


K,(R,pw) =w— p?/2m+Ze/|R -2f 


« Go(R,p’,w’) exp(iw’0*), (3.6a) 
n;(r)e*dr t 


R-r 


(2x)* 


dp’ dw’ iGm exp(iw’I*), (3.6b) 
n,(r)= —iG;,(rt; rt*) 


= —i(2r) « f apdaG R,pw) exp(iw0*). (3.6c) 


may be distributed in any way between (3.1) and (3.2b) that 
meets these requirements, and physical quantities such as the 
density, etc., will remain the same. 
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We should like at this point to remind the reader of 
footnote 11. Having reached this point, however, a 
difficulty arises if we follow the technique of simply 
expanding each object in terms of hf. Subsequent 
progress depends on our making a reasonable analysis 
of why this difficulty arises and what may be done to 
obviate it. The results, if any, one obtains, will depend 
on the assumptions one makes at this point, and a 
certain lack of uniqueness is introduced. Thus fore- 
warned, the reader is free to label the subsequent 
argument as heuristic if he so chooses. 

A calculation of the coefficients ¢, must start with 
consideration of the integral equation (2.10) defining 
the effective interaction. Before starting the calculation, 
however, we must point out that these expansions in 
powers of i were motivated by the desire to include 
the effects of the uncertainty principle in a systematic 
manner, as was explained in I. Although we are still 
motivated by that desire, the situation here is some- 
what more complicated than that in I because of the 
appearance of # in a way that is not directly related to 
the uncertainty principle. We refer to the explicit 
appearance of # in Eqs. (2.9) and (2.10). These ap- 
pearances of # have their origin in the perturbation 
expansion and diagrammatic analysis upon which these 
two equations are based. If this explicit # is used for 
expansion purposes, the effective interaction will be 
decomposed into a series of terms in which one of two 
things can happen. If we expand so that positive powers 
of h appear, that is, so that the series is dominated by 
its first few terms as hf is made smaller, then the lowest 
order term which appears is independent of the strength 
of the actual force between particles and there is no 
way of recovering the exchange term in that limit in 
which correlation effects are assumed small. On the 
other hand, if we expand so that negative powers of 
h can appear, then the result is a series containing 
arbitrarily high negative powers of #, which looks very 
much like the series of perturbation terms which G.B. 
have shown how to sum. Neither of these two possi- 
bilities is at all in accord with the physical interpre- 
tation attached to the circumstance that the effective 
interaction replaces the Coulomb potential in the 
exchange term. The interpretation of this, to which we 
called attention at the end of Sec. II, suggests very 
strongly that the effective interaction should be treated 
as an entity of the same sort as the exchange potential. 
This we propose to do, treating the effective interaction 
here in the same way as we treated the exchange po- 
tential in I. There, however, we had the advantage of 
knowing the exchange potential explicitly. Here, on 
the other hand, we have only a recipe, the integral 
equation, for calculating the effective interaction. This 
recipe calls for that h inherited from perturbation 
theory as one of the ingredients. This role of # should 
be suppressed before performing any expansion. The 
simplest method of suppressing this usage is to replace 
h temporarily by the symbol A in each appearance in 
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which it plays the role of the perturbation theory ex- 
pansion parameter. Instead of Eq. (2.10), for example, 
we shall have 


v(1,2)=0(1-2)— fa(ayoa,ao(4.2), (3.7) 
where 


Q(1,4) = (i r) favs) (1—3)G(3,4)G(4,3). (3.8) 


If we now transform these equations to the mixed 
representation, the transform of the integrals may be 
expressed in terms of the transforms of the factors of 
the integrand using the operator @ once again. The 
result is 


b=d—20[0,0], 
O= (i/A)oLa,T], 


(3.9) 
(3.10) 


where 


P= fa r3—14)d (ts—t4)G(3,4)G(4,3) 


Xexp{ —i[p- (r3—14) —w(t3—C4) |, h}. (3.11) 


Again, the factor of two in Eq. (3.9) arises from the 
spin summation. The integral in (3.11) may be also 
expressed using the transform of the Green’s function as 


f= (nit) f dp’ G(R,p’w’)G(R, p+p’, w+’) 


or, using the expansion of the transform, as 


Pr=nr ¥ h0;(R, po), (3.12a) 


dp'dw’ = 
: —h®G,,(R,p’w’) 
(27r)4 


m+n=j 
<h'G,(R, p+p’,w+w’). (3.12b) 
Lest the handling of the powers of # here seem artificial, 
let us note that the form of the set of equations (3.4) 
indicates that each of the coefficients G; contains a 
factor A. The combination h®G; which appears in 
(3.12b) has been chosen only to remove this h de- 
pendence from the terms {). 
We may insert the expansion of @ and of [ into Eq. 
(3.10) with the result that 


O(R,pw) = + #Q;(R, pw), (3.13a) 


7=0 


O;=(4rei/X) YS Oml(1/p?),2,(R,pw) ]. (3.13b) 


m+n=) 


Finally, we may insert the expansions of i, 6, and Q 
into Eq. (3.9) and separate the various powers of h. 
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The coefficient of h”" then satisfies the equation 


rt+k+m=n 


6. Ox,tm]= (4rre? P*)8n,2. (3.14) 


Now let us consider each of the equations of this set 
in turn. The »=0 equation is 


dot 20f Oo, io J=0. 


The operator @ acts on a pair of transforms to produce 
the product of these transforms. Hence, the above 
equation indicates that io is zero. Every term in Eq. 
(3.14) which contains i» may be deleted for this reason. 
Consider now the n=1 equation of this set. Only two 
terms survive the deletion, and they are related by the 
equation 
D1 t+ 260 Qo,i1 ]=0. 


Hence i; also vanishes, and all terms containing 0; may 
be deleted from the set (3.14). In the n=2 equation, 
the terms surviving may be rearranged to yield 


4re*/ p° 
v2(R, pw) = ———___—_—_-. 
1+20 (R,pw) 
The higher order coefficients i; may be expressed in 
terms of #2 and the other Q, (m<j) and certain dif- 
ferentiations of these which are prescribed by the other 
6, operators. We shall not need these higher order 
coefficients here, however. This completes as much of 
the expansion as we shall be using in this paper. A is to 
be replaced by its value of h, and Q» may be evaluated 
using (3.13b). The result, inserted in (3.15), gives 
dre 


to= 


2= ————.. (3.16) 
P+8reiQo/h 


IV. EQUATION FOR THE CORRELATION 
CORRECTION 


Having just found that ip and ; vanish, we may 
examine Eq. (3.6) for Ko and Ky. 


es Pr Ze no(r)=r 
Rn0-—+— -2e f aa, oe 
2m |R R-r 


(4.1b) 


Ry=— 22 f m(ejar R—-r!. 


The zeroth- and first-order equations of the set (3.4) 
may be rewritten as 


Go=h-*/Ko, 
G.i= ~K K, —6,[Ko,Go ] K, . 


(4.2a) 
(4.2b) 
These equations are exactly the same as those we 
encountered in I [see I, Eqs. (3.8), (3.9), and (3.10) ]. 


We found there that 2m (r) was the Thomas-Fermi 
distribution of electrons, and that K, and G, both 
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Fic. 1. Path of integration in the complex w plane 
for recovering G; from G. 


vanished. It is convenient to express (4.la) and (4.2a) 
in the following form: 


Go(R,pw) = h-(w— E)—, (4.3a) 


E= E(R,p) a P 2m + do( R), (4. 


» 


Ze no(r)dr 
oo(R)= _— +2¢ f ° (4. 
R R-r 


¢o is then the usual Thomas-Fermi potential for the 
atom. 

The integrations which yield the space time form 
Go, and the density mo, as indicated by Eqs. (3.2b) and 
(3.6c), are to be carried out as if w were a complex 
variable, with a path of integration in the complex w 
plane which is displaced from the real w axis by an 
infinitesimal amount. The path, shown in Fig. 1, lies 
slightly below the real axis for — » <w<y, crosses the 
real axis at w=y, and lies slightly above the real axis 
for uw<w<+. This choice of path is an expression of 
the fact that the system is in the ground state, as 
explained in I. The constant yu is the chemical potential, 
approximately the energy required to add another 
electron to the system. 

The identity of these equations with those in I means 
that in this case too, the zeroth-order result is the 
Thomas-Fermi distribution and that corrections due to 
inhomogeneity effects, exchange, and correlations are 
not felt until the second order in #. Our main interest 
is to obtain an equation for the first nonvanishing 
correction. This may be done as follows: Write Eq. 
(3.6b) for Ke as 


K,.(R,pw) = —¢2(R)—x(R, pw), (4.4a) 


n,(r)dr 
6.(R)=2¢ f ‘ (4.4b) 
|R—r 


da’ 


dp’ 
v2o(R, p—p’, w—w’) 


x(R,pw) = -f 
(27) 


2ni 


XGo(R,p’,w’) exp(iw’0*). (4.4c) 





THOMAS-FERMI 


We may rearrange the n=2 equation of the set (3.4b) 
so as to exhibit G» 


= ~f, ole /Ky—02 [K» Go), IKo. 


By using the specific form for Ky and Gp given by 
(4.1) and (4.3), this can also be written 


Eqs. 


—h®G,= R, ‘(ao E)? 


+ (w— E)—0.[ (w— E), (w—-E)"]. (4.5) 


The integral of Gs indicated by (3.6c), using the path 
described above, yields the density m2(R). 


dw 
fof 
2m 

K.(R Po) 


Egon E (R, p) | 
)(w— E)0.[ (w— 


(— 2h) no(R) 


Xexp(iw0*) 


+fofe 


X exp (iw* E),(w—E)"1. (4.6) 
The second integral in Eq. (4.6) has been evaluated 


‘in I [see I, Eqs. (4.8)—(4.11) ]. It is equal to 


rm 
12p me dot ( (2m pr 2(R)) (dgo ‘dR): ?], 
F 


(4.7) 


where pr(R) is the Fermi momentum, defined by the 


equation 
ELR,pr(R) =u (4.8) 
Consider now the first integral in Eq. (4.6). The 
substitution of Eqs. (4.3) and (4.4) in this expression 
yields 


dw 
-#:(®) fan f = exp (iw) [w— E(R,p) 7° 


+ (2rh) * f avin’ f 


Xexp(iw0*) exp (iw’0*)[o— 
x [w!— E(R,p’) Pio 


The use of the special path for the w and w’ inte- 
grations becomes somewhat inconvenient. It will be 
easier for us to integrate w and w’ along their real axes, 
provided we compensate by adding small imaginary 
parts to the w—£ denominators so that the poles lie 
above or below the path of integration in the correct 
manner. This may be done by replacing each E(R,p) 
in (4.9) by 


1(p)= 


dw du’ 
2ri Oni 
E(R,p)}° 


R, p—p’,w—w’). (4.9) 


(4.10) 


E(R,p)—iae(p—pr); a— Ot. 
e(x)=+1 +>0 
=—1 <0. 


€(0)=0. 


for 
for 
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It is now possible to introduce new variables 
, ; 
N=0-w, n=», (4.11) 
into the second integral in (4.9). The zeros appearing 
in the exponent are to be interpreted as if written ¢ 


and ¢’, each of which approach zero independently 
through positive values. The second integral becomes 


(2xrh)- *f anap’ f - 


Xexp{iLn' (t+1’) — nt’ J} d2( 
X[n'— A (p)] 


dn dn’ 
2ri 27 
R, p—p’, 0) 


Tn’—n—-A(p)}. (4.12) 


The » and 7’ integrations may be simplified by writing 
the factors following v in the form 


[n—A (p) +4 (’) F*{Ln’—-0—-A (9°) 
—[n’—A(p) }"}—[Tn—A(p) +4 (p’) }? 


X[n’—A(p)}*. (4.13) 


The n’ integration associated with the first two terms 
of (4.13) may be performed by contour integration, 


treating 7 as real. In the limit ¢,t’ — 0+, the contribution 
of these terms to the expression (4.12) will be 


dn 
(2rh) *fanin' f 
2m1 


1(p’) }? 
)S(pr—p)], 


Xi2(R, p—p’, »)[n—A(p)+ 
X Lexp(in0*)S(pr— p’)—exp(—in0* 


where 
S(2)=1 
=() 


x>0 
x<0. 


for 
for 
If the variables p and ’ are interchanged in the second 


term of the integrand, and if the substitution of —7 
for 7 is also made in this term, the result becomes 


dn 
(2rh) »fanin' f - 
2ri 


)S(pr—p’)[n—A(p) +4 (p’) }P 
X[t2(R, p—p’, n) — de( 


X exp (inO* 


R, p’—p, —n)]. (4.14) 


We shall show later that i» is a function of the 
magnitude |p—p’|, and is an even function of 7. 
Hence, the term above vanishes. The contribution of 
the last term in (4.13) to the expression (4.12) may be 
combined with the first term in (4.9) after the inte- 
gration variable in this latter expression is changed 
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We obtain 


| bd , dn : : 
- far o»(R)+ (2rh) 7 iy f —— €xp( — 290" ) 
| 2ri 


X[n—A (p) +A (p’) }'82(R, | p—p’ »| 


from w to 7’. 


dn’ 
xf — exp(in’0*)[m’—A(p)}?. (4.15) 
2ri 


Again, the »’ integration may be performed by 
contour integration, completing the path along the 
real axis by the infinite semicircle in the upper half 
of the n’ plane. For p either greater than or less than 
pr, this integral vanishes. For p= pr, the singularity 
lies astride the contour and the integral becomes 
infinite. This suggests a delta-function, which leads us 
to evaluate the integral so as to exhibit it as follows: 


, 


dn ac 
ae exp(in’0* \[n’—A (p) 
7 


d dn 
J- exp(tn’0*)[m’— A (p) F'+0(a) 
dp 2ri 

d , 

_— S(pr—- 
p dp 

m 


datcaean —6(pr—p)+O(a). 
p 


p)+O(a) 


(4.16) 


The term of order a arises from the imaginary addition 
we made so that the real axis could be used for a path 
of integration. It should be discarded. We 
spherical polar coordinates for p and p’, taking the 
polar axis for p in the direction of p’. The integrand of 
(4.15) is then independent of all angles except 6, the 
angle between p and p’. Hence, expression (4.15) with 
w replacing 7, becomes 


choose 


4ampr(R)d2(R)+[Lmpe(R)/rh® 


=f pip f acoso f 


X[w—A(pr)+A(p)] 


V(R), (4.17a) 


»( —7a*) 


i2(R, |pr—p|,w). (4.17b) 


We return to Eq. (4.6) in which expressions (4.17) 
and (4.7) may now replace the first and second terms 
on the right-hand side. It is possible to eliminate n2(R) 
from this equation using Eq. (4.4b) in the form 


V°¢2(R) = —82re*n.(R). 


The resulting equation for ¢2(R) is 


4me? me* 
V°o2(R) -——pr(R)o2(R) = pr(R)J(R) 
arh® mn’ 
me. "(=) } 
+ valtiaetepatinetdibmans ianeume 
Rd 


fers? 
1 2rh*p p(R) 
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This equation determines the first nonvanishing cor- 
rection to the Thomas-Fermi potential, in 
the Thomas-Fermi potential @o(R), the 
mentum pr(R), and the function J(R), which arises 
from the exchange and correlation effects. In contrast 
to the situation in which only exchange is considered, 
it will no longer be possible to express the dependence 
of J on pr in any simple manner. Still, the dependence 
of J on pr can be exhibited much more explicitly than 
we have done in (4.17b) and, in its more explicit form, 
numerical calculation can be performed. Accordingly, 
the study of J(R) is the subject of the next section. 


terms of 
Fermi mo- 


V. STUDY OF J(R) 


The definition of J/(R) by means of Eq. (4.17b) and 
that of t2 by means of (3.16) leads us to Eq. (3.12b) 
for the definition of Qo: 


2 (R, pw) = (2n)-*h8 f dp’de! Go(R.p'e’) 


XGo(R, p+p’, wt+w’). (5.1) 

The Green’s function Gp which we shall need in order 
to evaluate the expression only partially 
defined by Eq. (4.3a). The missing part of the definition 
is the statement that the path of integration in the 
complex w plane must be the one described in the 
paragraph immediately following Eq. (4.3a). This fact 
leads to manipulations which become quite cumbersome 
when two or more Green’s functions are present, as in 
the expressions above. We may again avoid 
manipulations by replacing the E(R,p) of Eq. (4.3b) 
by the A(p) of Eq. (4.10) and using the real w’ axis 
for the path of integration. In this manner, we obtain 


above is 


these 


] 


doy’ 
( 2r)* y= f ay f 
~“lima—O 2 


£71 
xX [w’— E(R,p’) +iae(p’— pr) 
X[et+w’—E(R, |pt+p’!)+iae( —pr)}". 


The w’ integration may be 
integration, with the result that 


performed by contour 


(2nyrity= f dp'[w— (p?+2p-p’)/2m—2ia | 
R 


1 
-f dp'[w— (p?+2p-p’)/2m-+ 2ia | 
Re 


where the regions R, and R>» are defined by 


p+p \ <pr; 
+p’ > pr. 


R,: |p'|\>pr and 


R2: |p’|<pr 


and 


The variable of integration in the first term of (5.2) 
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may be changed from p’ to q= —(p+p’) so that 


( 2dr )F1Q6 = f 


2m— 2ia }'—[w— (p?+2p-q)/2m+2ia}'}. 


dg{lwt+ (p?+2p-q) 


q| <pr; |p+q! >pr 


(5.3) 


The position dependence of 29 comes about solely 
because the Fermi momentum is position dependent. 
There will be a marked similarity between many of 
the expressions we shall use and analogous expressions 
which appear in the study of the uniform electron gas. 
The expression (5.3) appears in the work of DuBois,” 
for example, where it is called Qo, the propagator for 
density fluctuations in the bare-pair approximation. 
A quantity proportional to it is denoted U*(k,w) in 
Hubbard’s® work. The mathematical formalism we 
shall be using follows closest to that introduced by 
DuBois. 

If we use dimensionless variables x, y, and u, defined 
by x=p/pr, y=w/(pr*/2m) and u=q/pr, then 


(2r)*iQo= 2emp r(R) f(x,y), 


1 1 
cn 
mw |u| <1; |u+x|>1 yt+a?+ 2x-u—2ia 


1 
+ — | (5.4b) 


—y+2°+2x-u—2ia 


The form of f(x,y) gives us some valuable information 
even before the integration is performed. We note that 
f behaves as 1/y* as y— ™, that it is an even function 
of y, and that it is analytic except along two separate 
lines in the complex y plane which are composed of 
those points for which one or the other of the de- 
nominators vanishes for some u within the domain of 
integration. These lines are depicted in Fig. 2. The 
function f depends on the magnitude of x, rather than 
on its direction. 

We may now reconsider the expression for t2 given 
by Eq. (3.16). Using the definition (5.4), we have 


vo (R, pr—Pp, w) =4re pr 2(R) [x*+c(R) f(x,y) ], (5.5a) 


where 
c(R)=2me?/(rhpr), 


x=|pr—p|/pr, 


y=w/(pr*/2m). (5.5d) 


Those assertions about 0; which we made to justify 
setting (4.14) equal to zero are now seen to follow 
directiy from some of those properties of f(x,y) which 
we have just noted. 

This expression for ty is to be inserted into the ex- 
(4.17b) J(R). The variables of 


pression defining 


21). F. DuBois, Ann. Phys. 7, 174 (1959). This reference and 
the next contain references to work in this area. 
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| 
| 


Fic. 2. Branch cuts of f(x,y) in complex y plane. 


integration may be transformed from #, cosé, and w 
to x, y, 3, where z= |p| /pr so that 


x? = 1+2?— 22 cosé. (5.6) 


Thus 


, its dy 
J= tre'pr [ ats f vde f exp(—zy0*) 
0 l—z 21 


X Ly— 14+2?—tae(z—1) FL? +cf(x,y) (5.7) 
The order of integration over x and z may be inter- 
changed, and the z integration, whose limits become 
1+x and |1—x|, may be performed. The result of this 
z integration will depend on whether or not the point 
s=1 lies within the range of integration. 


J=2repe f vd f 


y +ia 


dy ad 
exp(—zy0*)g(x,y) 
2mi 


X [a28+c f(x,y) Py 
y—tat+x(2+x) 


(5.8a) 
g=In +In 

ytta—x(2—x) y—ta 
x<2, (5.8b) 
y—iat+x(x+2) 
x> 2. 


g=In (5.8c) 


: ta+x(x— 2) 


The integral over y can be considered to be a contour 
integral over a path enclosing the entire lower half of 
the complex y plane. Each singularity of the integrand 
will yield a contribution to J(R) and so these singu- 
larities are of interest. They are depicted in Fig. 3. 
Figure 3 indicates the so-called plasmon poles”: 
contributed by the last factor of the integrand, located 
at those points y=+ yo for which 


+c f(x,vo)=0. (5.9) 


A study of this equation indicates that for values of 
x and c for which the solution lies on the principal 
branch of f, that solution is in the second and fourth 
quadrant of the complex y plane. We go into this 


13 J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 (1958). 
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Fic. 3. Singularities of the integrand of Eq. (5.8) 
in complex y plane. 


matter somewhat more carefully in Appendix A of 
this paper. 

Instead of pursuing the steps which lead to the 
conversion of the y integral to integrations over the 
finite-length branch cuts in the lower half plane, we 
shall follow a course which will show the connection 
between this integral and the nonkinetic part of the 
separation energy, the energy required to remove a 
particle of momentum pr. In this way, we shall be 
able to avoid the necessity of a numerical evaluation 
of that integral which results when the former course 
is followed, by taking advantage of numerical results 
others have obtained.*:*? We rewrite (5.8a) as 


"dx dy 
J= 2neipr f f - exp(—iy0*) g(x,y) 
x 2ri 
* dx dy 
-2nepe f f exp(—iy0*)g(x,y) 
x 2mi 


cf(x,y) 
(5.10) 


x+c f(x,y) 


The first integral on the right may be evaluated by 
contour integration. The only singularity of the inte- 
grand in the lower half of the y plane is the cut which 
extends from the axis to x(2— x), and this, only for 
«<2. (See Fig. 3.) The discontinuity of the integrand 
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across the cut is —2zi, and thus, the term is 


2 dx icin 
j= —2netpe f . f dy=—4mre’pr. (5.11) 
0 x 0 


In the second term, the exponential serves to inform 
us that the singularities in the lower half plane con- 
tribute to the y integration—i.e., that the integral 
over the infinite semicircle on the lower half of the y 
plane vanishes. However, since f(x,y) behaves as 1/y* 
for large y (see 5.4b), this exponential is not needed, 
and can be set equal to unity. The path of integration 
may now be rotated from the real axis to the imaginary 
axis without crossing any singularities.“ Rotation of 
the path of integration away from the real axis gives 
y such a large imaginary part that the small imaginary 
additions ta which appear in (5.8) and (5.4b) will have 
no effect. When a is set equal to zero in Eq. (5.4b) 
defining f(x,y), the two terms of the integral cancel 
over that region for which the restriction |u+x|>1 
is violated. Hence, this restriction may be dropped 
and the integration performed, yielding 


1 x(x+2)+y 


1—-{ «+ In 
2x x 


y 2 
x— In 
x 


This form is closely related to Lindhard’s dynamic 
dielectric constant e(k,w),!° a function of wave number 
k and frequency w. In fact, 


f(x,y)=1+ 


x(x—2)+y 


u(x+2)—y 
(5.12) 
x(x—2)—y 


(kw) =1+[c(R)/x? | f(x,y 


We may now insert (5.13) into the second term of 
(5.10) and, on setting the exponential there equal to 
unity and rotating the path of integration from the 
real to the imaginary axis, obtain 


"és i" 1 
Y= —epr f f dyg(x,1y) —|] 
e £4. €(k,tw) 


We note that Eq. (5.12) indicates that f(x,y*)= /*(x,y), 
and that f(x, —y)= f(x,y). This establishes the reality 
of f, and consequently of ¢, along the imaginary axis. 


4 This is the so-called Wentzel transformation. See K. Sawada, 
K. A. Brueckner, N. Fukuda, and R. Brout, Phys. Rev. 108, 507 
(1957). Another way of stating the legitimacy of this step in which 
the exponential is ignored and the path of integration is rotated 
in the complex y plane is the following: The path along the imagi 
nary axis augmented by the infinite semicircle over the right half 
plane encloses the same singularities as does the path along the 
real axis augmented by the infinite semicircle over the lower half 
plane. In neither case does the integral over the infinite semicircle 
contribute 

© J. Lindhard, Kgl 
Medd. 28, No. 8 (1954). 
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We also note that setting a=0 gives (5.8) a form 


ytx(x+2) 
g(x,y) = ln——— (5.15) 

ytx(x— 2)’ 
with the property that g(x,y*)=g*(x,y). Hence inte- 
gration of the product of g(x,y) with an even function 
of y along the imaginary y axis will not contain the 
contribution of the imaginary part of g(x,y), and we 
may replace g by its real part: 


y+3?(x+2)? 


re (2— 2)? 


Reg(x,iy)=3 In — 


—————., (5.16) 
—4x)?+(y/2x)? 


This expression may be inserted into (5.14). Introducing 
v=y/2x, z=x/2, we have 


D LD 1 
pom —sepe f dof a ) 
L 0 € 


xf a tl 
ae +r? 


We have achieved the desired connection between 
our quantity J and a quantity of physical significance 
which appears in the study of the infinite electron gas. 


(5.17) 


(Juinn and Ferrell'® compute the correlation energy of 


an infinite electron gas by studying the self energy of 
an electron near the top of the Fermi sea. Comparison 
with their work reveals that J is 49°h times the ex- 
change energy of an electron at the Fermi surface, 
and that J® is 49°h times the correlation energy of an 
electron at the Fermi surface.'® 

In a uniform system, the separation energy is com- 
posed kinetic energy, potential energy, exchange 
energy, and correlation energy—that is, designating 
the separation energy by — Es, 


Es=pr 
We have found now that 


=4h{Es— pr 


2m+ Eex(pr)t+ Ecorr (pr) 


2m}. (5.18) 


This is a result we encountered before in I, although 
we did not recognize it there. The equation in I, (Eq. 
4.15), can be written in the form of Eq. (4.18) of this 
paper so that a quantity in I can be defined which 
corresponds to the J of this paper. This quantity turns 
out to be equal to —42e’pr, which is 42°h times the 
nonkinetic part of the separation energy for an infinite 
electron gas in the Hartree-Fock approximation. 

This fact suggests the way to include the effect of 

‘6 Their Eq. (5.4) has apparently omitted a minus sign. These 
authors work with A=1. 
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the term which we deleted from Eq: (2.9). Let us recall 
that when one calculates the nonkinetic part of the 
separation energy of an infinite electron gas using the 
theory of G.B., the result is a sum of terms, each term 
arising from one of the members of the right-hand side 
of Eq. (2.9). It seems likely that the contribution to J 
of the deleted term may be included along with the 
others merely by using an expression for Es in which 
the contribution of this term appears. Such an expres- 
sion can be derived from G.B.’s formula for the corre- 
lation energy per particle.'’ It also seems likely that the 
way to go past the Gell-Mann and Brueckner theory 
is to use an expression for the separation energy which 
has validity beyond the high-density limit. Therefore, 
we shall use the general equation, (5.18), for J(R) 
without specifying in detail how the separation energy 
is to be calculated. Inserting this in Eq. (4.18) gives the 
equation for the first correlation and quantum cor- 
rection to the Thomas-Fermi model: 


4me? 4me’ pp 
v6. ( ore. —{ a= 


rh’ ah® | 


2m {ddo\? 
AV-dot ( - ) . (5.19) 
pr°\dR 


VI. SUMMARY AND DISCUSSION 


= 


2m 
me” 


12h p pb 


An equation has been derived which determines the 
first correction to the Thomas-Fermi potential in terms 
of the Fermi momentum of the ordinary Thomas-Fermi 
model and the separation energy of an infinite electron 
This correction describes the change from the 
Thomas-Fermi potential due to exchange, inhomo- 
geneity, and correlation effects, and is the first term of 
higher members can, principle, be 
found using the techniques described in this paper. 

A recent paper by Lewis’ method 
including correlation and exchange effects in the 
Thomas-Fermi model. His approach is based on the 
assumption that the electron cloud surrounding that 
atom behaves locally like an infinite electron gas, and 
therefore that a local separation energy can be ascribed 
to each point in the atom. This separation energy, he 
reasons, must be independent of position if the electron 
distribution is to be in equilibrium. By including suc- 
the contributions of the potential, exchange, 
energies in his expression for the 
separation energy, he obtains successively the Thomas- 
Fermi, the Thomas-Fermi-Dirac, and the Thomas- 
Fermi-Dirac-correlation model of the atom. 

Independently, Tomishima!* proposed 


gas. 


a series whose 


describes a 


cessively 
and _ correlation 


the same 

17 It is possible to relate the correlation energy for an electron 
at the top of the Fermi sea to the average energy per particle for 
the system, using a theorem due to Seitz. See F. Seitz, Modern 
Theory of Solids (McGraw-Hill Book Company, Inc., New York, 
1940) p. 343. This technique is used by Quinn and Ferrell in 
reference 13 

18 Y. Tomishima, Progr. Phys. 


Theoret. (Kyoto) 22, 1 (1959). 
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sequence of models using a slightly different approach. 
This time, the assumption is that the energy of the 
atom is given by the volume integral of an energy 
density which depends only on the local density of 
particles. This energy is then minimized with respect 
to variation of particle density, subject to particle 
conservation. By including successively the various 
contributions to the energy density, Tomishima also 
obtains the various models mentioned before. The 
relationship between his work and that of Lewis, to 
which it is equivalent, arises because of the way the 
separation energy is related to the energy density. 

Both authors utilize the G.B. expression for the 
correlation energy at high densities. Both recognize 
that the expression needs modification at low densities 
and propose changes of the G.B. expression which have 
more or less reasonable low-density limits. Some such 
prescription would have to be used in the application 
of our work. Tomishima’s paper gives numerical results 
which show that the equation he and Lewis propose 
gives an electron distribution rather close to that 
predicted by the Thomas-Fermi-Dirac equation. In 
particular, the difficulty'* of the discontinuity in density 
at the edge of the atom persists, even though corre- 
lation effects are included. A virtue of the technique 
we have proposed is that it does not yield, in the no- 
correlation case, the discontinuity at the edge of the 
atom.” Calculations are now in progress to determine 
if the distribution will behave sensibly at the edge of 
the atom for the present theory, in which the effect of 
correlations is included. 

One may ask how our technique differs from that of 
Lewis and Tomishima for those more or less extended 
systems in which inhomogeneity would not be expected 
to play a major role. All inhomogeneity effects can be 
suppressed in our theory merely by discarding the 9; 
operators for j7>0. If we do this, we can sum the 
expansion and obtain equations almost identical to 
those which describe an infinite medium, the sole 
difference being that the Fermi momentum now depends 
on position. Such a procedure applied to the technique 
in I does, in fact, lead to the Thomas-Fermi-Dirac 
equation. So far, however, we have not been able to 
recover the starting point of the Lewis and Tomishima 
technique by ignoring the inhomogeneities and summing 
the expansion. The difficulty seems to be connected 
with the fact that when correlation effects are intro- 
duced, the electrons no longer occupy a Fermi distri- 
bution in momentum space. It may be possible in some 
other manner to derive the starting point of the Lewis 
and Tomishima theory from ours by ignoring inhomo- 
geneities. We suspect, however, that there may be a 
real difference in content which makes it impossible to 
do so. 

9 N. H. March, Advances in Physics, edited by N. F 


(Taylor and Francis, Ltd., London, 1957), Vol. 6, p. 7. 
* The numerical solution to the equation for the first correction 
to the Thomas-Fermi model in I (4.15) is given in reference 3. 
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APPENDIX 
A. The Plasmon Poles 
The integral (5.4b) defining f(x,y) can be evaluated 

for real y in the limit a— 0 by splitting the integrand 
into its real and imaginary parts using the relationship 

; 1 1 

lim = P-+ini(z). 

on? s-+-80 Z 
The result is 


(A.1a) 


lim 
a—0*; y real 


1 1 
A=- rf du — 
mw Jul <1; |u+x|>1 yt+o?+2x-u 


| 


f(x,y) = A (x,y) +72 (x,y), 


I 
+— 


(A.1b) 


~ y+ 2x-u 


du{6(y+.x°+ 2x-u) 


=f 
rv 


<1; |u+x! >1 


+6(—y+22+2x-u)}. (A.1c) 


These expressions appear, in basically the same form, 
in DuBois” paper. He credits Ferrell with the obser- 
vation that the restriction |u+x|>1 is superfluous in 
the evaluation of A because the two terms of the 
integrand cancel over the region |u+x,/<1. The 
evaluation of each term of = involves calculating the 
area of a plane, perpendicular to x, whose distance from 
the origin depends on x and y and which cuts one, 
both, or neither of the unit spheres which bound the 
region of integration. These spheres are centered on 
the origin and on the point —x. For |x| >2, the spheres 
fail to intersect, and so the form of the result differs from 
that for |x|<2. Upon evaluating the integrals, we 
obtain the result 

1 1 l/y y+x(x+2) 
A=-}: {1 ( +s) | — 

x 2 4\x y+x(x—2) 


~ 


1 lyy - y—x(x+2)| | 
— i ( -*) In|—— , 
4\x y—x(x—2) 


X(x>2; y) x(x+2)<y 


y 
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Y(*<2, y)=0; x(24+a)<y 


iC) } 


x(2—x)<y<a(2+2) 


(A.2b) 


0<y<x(2—x) 


=(x, —y) == (x,y). 


This result was obtained previously by Hubbard,° 
although his A and = differ from ours by a factor 
involving pr and x”. The utility of this result is twofold. 
Firstly, integrals over y involving f can be frequently 
transformed to contour integrals to be evaluated by 
shrinking the contour down around the singularities 
of f. Once these have been identified the limit a— 0 
may be taken. It will turn out that the integrals re- 
maining will involve only A and &, to be integrated 
over finite lengths of the real vy axis. Secondly, this 
result determines the appropriate branch of the function 
which describes f when a#0, and y is anywhere in the 
complex plane. That is, the integral (5.4b) for f can 
be evaluated just as it stands, with the result 


IY 1 1 /y—2ia 
f(x<2, y)=-} x—-tat [1 ( — +s) | 
x| y. 4 x 


l y— 2ia+x(2+~x) 
XIn}] —— — 


: —1(y—2ia) 
y—2ia+x(2—x) 


“y— 2ia+x(2—~x) 
XIn - -— 
L y—2ia 
yt+2ta—x(2—~x) 
In -—-—- 
yt+2ia 


1 1 /y+2ia 2 
seem) 
2 4 x 


yt2ia—x(2+2x) 


+3 (y+ 2ia) 








xin 


yt 2ia—x(2—x) 


1 Zia 1 1 /y—2ia 2 
f{(x>2, y)=-}42—-—+ |1- ( +s) | 
a a 4 x 


y—2ta+x(x+2) | 
y—2ia+x(x—2) 


1 1 /y+2ia $ 
fie) 
2 q v 


xin 


yt 2ia—x(x+2) 
: _ || (A.3b) 
y+2ia+x(x—2) 
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Fic. 4. The curve Im/(x,y)=0. 


The phase of the logarithm of each divisor or dividend 
should be restricted to —r<@<+7, and (A.3) will 
then go over into (A.2) in the limits y real and a — 0. 

This form (A.3) is useful in locating the plasmon pole 
at that yo for which 


+c f(x,vo)=0, 


Ref (x,vo J=—¥" C, (A.4) 


Im f(x,yo) =0. (A.5) 


We regard the position of the pole as being determined 
by the intersection of the curves in the yo plane defined 
by (A.4) and (A.5). Since the curve (A.5) is independent 
of c, it is convenient to study this curve, and to regard 
the position of the pole along it as being determined 
by (A.4). The general behavior of the curve is depicted 
in Fig. 4. The relevant features of the curve are these: 

For y far from the imaginary axis, the curve is 
asymptotic to a straight line whose angle with the real 
axis is proportional to a. 

For y closer to the imaginary axis, the curve ap- 
proaches the end of the branch cut of f(x,y), and, 
crossing the cut, continues on a different sheet of the 
function. The distance of this crossing from the end 
of the cut is also proportional to a. 

The plasmon pole on the sheet of the function which 
is of interest to us always lies in the second and fourth 
quadrant, if it is present at all, and thus the rotation 
of the axis used in Sec. V can be performed without 
crossing any singularities. 

In the limit a— 0, the plasmon pole in the fourth 
quadrant lies just below the real axis to the right of 
the cut. As 2*/c is varied, this pole reaches the end of 
the cut. The value of x for which this occurs is deter- 
mined by (A.4) by setting yo=«(x+2). This value of 
«x, which depends on ¢, is called x,,"% the cutoff mo- 
mentum, or the critical momentum, since for greater 
values of x, the plasmon pole does not appear but seems 
to be imbedded in the continuum. As x is reduced from 
values greater than x, to values less than x,, the plasmon 
state appears at the end of the continuum represented 
by the cut, and detaches itself from this continuum. 
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This behavior was somewhat mysterious when the 
plasmon state was regarded as one of the states arising 
from the continuum. Now that we have traced its 
position onto the nonphysical sheet for *>-,, this 
mystery is dispelled. 


B. Terms in the Operator’! 6 
O.K,G]= KG. 


— dK aG aK aG 
6[K,G]=hi > ( : _ ), 
7¥z\ Ox Op, Opzr OX 


21 The summation of xyz means that xyz are to replace each other 
cyclically. The double summation means that xp, is to be replaced 
by each of the eight other combinations of a component of R and 
a component of p. 
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1/?K &®G &K &G 
efK,6]= (iE ( 1 ) 
Op, dx* 


tv2 2\ Ox Op? 


eK &G eK &G 
get = em 
tu? \Oxdy OP.dp, ApzrOpy Axdy 


2G 


PK 
a 
a 


Pe TU? AXOD, OVOP: 


ih Ce 0 6 ¢ 
x (——-——) 
2 74 \AR, Op, Op. OR; 


XK (R,pw)G(R’,p’w) . 


The full 6 is given by 


exp 


OK,G|=. lim 
L J R’—R; p'—p 
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Absolute Measurement of a Set of Energy Calibration Standards* 


E. H. Beckner, R. L. BrRAmBiett,¢ AND G. C. PHILLIPS 
Rice University, Houston, Texas 


AND 


T. A. Eastwoop 
Atomic Energy of Canada Limited, Chalk River, Ontario, Canada 
(Received May 4, 1961) 


A 180° magnetic spectrometer has been employed to measure the energy of several neutron thresholds 
and y-ray resonances, as well as the energy of the alpha particles emitted by Po”. The primary reason for 
performing these experiments was to obtain a set of energy standards with consistent experimental tech- 
niques for all the measurements. The neutron thresholds studied were Li?(p,) Be?, B"(p,n)C", C¥(p,n)N", 
and F"(p,n)Ne”. The y-ray resonances at 872 kev in F'(p,ay)O"* and at 992 kev in AF7(p,y)Si®® were ob 


served. The same instrument used to make the energy measurements for these experiments was also em- 
ployed to determine the energy of the alpha particles emitted by Po”. 


INTRODUCTION 


ONSIDERABLE effort has been devoted in recent 

years to precise energy measurements of several 
nuclear reactions frequently employed for calibration 
purposes. These measurements have consisted pri- 
marily of the energy determination of neutron thresh- 
olds, y-ray resonances, and the measurements of the 
energy of alpha particles emitted by radioactive sub- 
stances. Generally speaking, the reason for the con- 
tinuous effort to obtain increased accuracy in these 
measurements has stemmed from the extensive use of 
these reactions in calibrating analyzing magnets associ- 
ated with accelerator energy determinations and with 
Q-value and nuclear mass measurements. It seemed of 
some importance to perform a representative set of 
calibrations by employing a single instrument and a 
single analysis technique. This paper describes such a 
set of measurements. 

* Supported in part by the U. S. Atomic Energy Commission. 


¢ Now at Lawrence Radiation Laboratory, Livermore, Calli- 
fornia. 


The present work has been concerned with (1) the 
neutron thresholds in the reactions Li’(p,n)Be‘, 
B"(p,n)C", C8(p,n)N™, and F!*(p,n)Ne'’ and (2) the 
y-ray resonances at 872 kev for the reaction F'*(p,ay)O"® 
and at 992 kev for Al’’(p,7)Si°*. In addition, (3) the 
energy of the alpha particles emitted by Po” has been 
measured with the same instrument. These particular 
reactions were chosen as being those most frequently 
employed in energy calibration measurements. 


EXPERIMENTAL PROCEDURE 


The Rice University Van de Graaff accelerator, with 
associated 90° magnetic analysis, has served as the 
source of monoenergetic protons for these experiments, 
with a 180° magnetic spectrometer’ employed to deter- 
mine the proton energy. The basic procedure has been 
to determine the accelerator bombarding energy as a 
function of the magnetometer frequency of the Van de 
Graaff analyzing magnet by measuring the energy of 


1K. F. Famularo and G. C. Phillips, Phys. Rev. 91, 1195 (1953). 
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Fic. 1. The vacuum tube of the Rice University 180 
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magnetic spectrometer, including the extension tube added for these 


measurements. The radius of curvature of the system is approximately 35 cm. The solid angle defined by the slit system is about 


2X 10~ steradian. 


the protons scattered elastically from a C"” target 
located in the 180° spectrometer. This target could then 
be withdrawn from the beam and the bombarding 
protons would pass through the gap of the magnet and 
strike the second target located in a Faraday cup at 
the end of the extension tube. In this manner the 
bombarding energy was determined as a function of the 
frequency of the Van de Graaff magnetometer, while a 
neutron threshold or y-ray resonance was simultane- 
ously determined as a function of the same frequency. 
Figure 1 shows the vacuum tube of the spectrometer and 
the extension tube with its associated cold trap. The 
advantage in using the 180° spectrometer for the energy 
determination was the fact that field probings could be 
made at any position in its gap so that the magnetic 
field could be corrected for its small inhomogeneity. 
Similar measurements could not be made on the 90° 
Van de Graaff analyzing magnet. 

The 180° magnetic spectrometer was thus employed 
as an absolute instrument, the radius of curvature and 
the magnetic field strength were known for each charged 
particle group. The radius of curvature measurement 
was made in two parts. (1) The distance (2Ro) be- 


tween the target and a reference light-line exposed on 
the photographic plate was measured with two travel- 
ing microscopes and this distance compared to a stand- 
ard meter bar in order to obtain an absolute number for 
the distance. (2) The distance (1o) from the reference 
light line on the photographic plate to the leading edge 
of the particle group was measured with a second micro- 
scope. The radius of curvature for the particle group 
was then obtained from py=3(2Ro+.0). The magnetic 
field measured moment magne- 
tometer located at a standard position in the magnet 
gap. This frequency measurement was corrected for the 
small inhomogeneity of the field to obtain fo, the fre- 
quency corresponding to the magnetic field acting on 


was with a proton 


those particles detected on the photographic plate. The 
Appendix contains the equations employed to obtain 
the particle energies from the corresponding momentum 
measurement fopo. The method employed to correct 
the magnetic field for its small inhomogeneity is also 
described in the Appendix. 

The neutron detection was performed with a slow- 
neutron, paraffin-moderated, BF; proportional counter. 
This counter has been described by Bonner and Cook 
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in their paper on counter-ratio measurements.” Care 
was taken to ensure that at all times the counter sub- 
tended a solid angle larger than the cone of emitted 
neutrons. The y-ray measurements were made with a 
conventional 1 in.X1 in. NaI(T]) crystal. The elastic 
protons were detected in the 180° spectrometer with 
Ilford E-2 photographic plates. 


Neutron Threshold Experiments 


Marion has recommended the adoption of three 
standard procedures for measuring threshold energies’: 
(a) Bombarding beams with the highest possible resolu- 
tion should be used, (b) the neutron detector should 
intercept a solid angle larger than the emitted neutron 
cone for the entire energy range covered, and (c) the ex- 
trapolation procedure for determining the threshold 
energy should utilize a plot of (yield)! versus bombard- 
ing energy. These recommendations have been ad- 
hered to in all the threshold measurements made. The 
beam resolution was always required to be greater 
than R=2000. The neutron counter normally inter- 
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Fic. 2. Representative data obtained on the spectrometer 
photographic plates of the elastic protons from C#(p,p)C™. The 
energy scale indicates the sensitivity available in determining the 
energy of these protons. 


2T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954). 

3J. B. Marion, Proceedings of the International Conference on 
Nuclidic Masses, edited by H. E. Duckworth (University of 
Toronto Press, Toronto, 1960), pp. 184-210. : 
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cepted at least } the total sphere. Recommendation (c) 
was made on the basis of the predicted yield for s-wave 
neutron emission from a thick target. Figures 3-6, 
which show some representative data for the reactions 
studied herein, are seen to be plotted as a function of 
yield rather than (yield). However, investigations were 
made of all these Wata to ensure that the threshold 
energies deduced from these representations were the 
same as those obtained from a (yield)! representation. 
The general implication of these results is in agreement 
with the work of Browne ef a/.,4 who found that ex- 
trapolation over a small region above threshold of a 
plot of yield versus frequency gave the same threshold 
value as that resulting from the (yield)! plot. This con- 
dition could not be expected to extend to measurements 
of neutron threshold which occur with lower cross sec- 
tions than these studied, and which consequently would 
require extrapolation over a larger energy region. 
Newson ef al.° made a careful study of the effects of 
target thickness and beam resolution on the deter- 
mination of the Li’ neutron threshold. These authors 
reported that R=2000 introduced an error of about 
AE=—0.3 kev with respect to the threshold value 
expected for R= ~. Here R is the ratio of beam energy 
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Fic. 3. Neutron counting data obtained from Li’(p,n)Be’. The 
energy sensitivity of this threshold is the highest of all the 
thresholds studied. 


*C. P. Browne, J. A. Galey, J. R. Erskine, and K. W. Warsh, 
Phys. Rev. 120, 905 (1960). 

*H. W. Newson, R. M. Williamson, K. W. Jones, J. A. Gibbons, 
and H. Marshak, Phys. Rev. 108, 1294 (1957). 
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to beam energy inhomogeneity. In addition their target 
thickness investigations showed that targets of about 
5-kev thickness introduced a positive valued error of 
about the same magnitude as that resulting from R 
= 2000. Consequently, the present experiments were 
performed with targets of about 5-kev thickness, since 
the beam resolution was generally about R= 2000. The 
small errors due to these two effects could then be 
expected to cancel each other. 

The measurements of bombarding energy were all 
performed using fresh, self-supporting C” foils for the 
elastic scattering target. These targets were in general 
from 50 to 200 kev thick for the (p,p) reaction. Figure 2 
shows the leading edge of the elastic proton group de- 
tected on the photographic plate, and indicates the 
energy sensitivity available in determining the elastic 
proton energy. 

The second, threshold or resonance, target was always 
freshly prepared and protected from carbon buildup by 
the liquid nitrogen trap immediately in front of it. The 
average bombarding time for a threshold measurement 
was about one hour. Previous measurements on the 
C8(p,n)N™ threshold indicated that carbon buildup 
under these conditions was less than 0.1 kev.® Those 
measurements were made by using a carbon foil en- 
riched to 69% C'* for the elastic target and simultane- 
ously detecting the C™ neutron threshold from it. Since 
the elastic protons from both C” and C® could be de- 
tected on the same photographic plate, it was possible 
to compute the bombarding energy from the position 
of both groups of protons. This information accurately 
determined the amount of C” that developed on the 
front of the target as a function of bombarding time. 


Li? (p,n) Be’ Experiment 
Figure 3 shows a representative display of the count- 
ing data for this threshold. The energy sensitivity is 
seen to be rather good. The experiment was performed 
using targets of enriched Li’F evaporated on tantalum 
disks. The results of ten separate determinations of the 
threshold are shown in Table I. The accuracy of all the 
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TABLE I. The results obtained for the Li’(p,n)Be? 
neutron threshold. 


Deviation (kev) 
from mean 


—0.4 


Threshold value 
(Mev) 


1.8801 
1.8810 +0.5 
1.8799 —0.6 
1.8805 0 
1.8810 +0.5 
1.8795 —1.0 
1.8815 +1.0 
1.8806 +0.1 
1.8803 —0.2 
1.8806 +0.1 
Average=1.8805 Average=-+0.45 


Experiment 
number 


’ 


— 
SOON AUSP WH 


experiments was considered to be about the same so 
that no weighting factor was necessary. 

Table II shows the error assignments made for each 
of various uncertainties present in the measurements 
associated with these experiments. There are six basic 
sources of error in these experiments, (1) the measure- 
ment of xo, the distance from the leading edge of the 
particle group detected to the reference light line on the 
photographic plate, (2) the measurement of 2Ro, the 
distance from the target to the reference light line, 
(3) the measurement of the field strength of the 180° 
spectrometer (frequency measurement), (4) the meas- 
urement of the field strength of the 90° Van de Graaff 
magnet, (5) the error associated with making the cor- 
rection to fiso® for the inhomogeneity of the 180° spec- 
trometer, and (6) the error associated with making the 
threshold or resonance frequency assignment. There are, 
of course, small errors associated with the constants 
employed to make the energy calculations from the 
measured quantities foo) (see Appendix), but these are 
about an order of magnitude smaller than the six basic 
errors considered here. 

For this threshold the rms error was +0.55 kev, 
and the average deviation in the measurements was 
+0.45 kev. The assigned error is +0.8 kev so that these 
measurements yield the value 1.8805+-0.0008 Mev for 


TABLE II. Error assignments for the various errors present in these experiments. 


Error source 


Li?(p,m)Be?7 = B"(p,n)C™ 


. Measurement of xo 3 

. Measurement of 2Ro 6 

. Measurement of f130° 10 

. Measurement of f° 6 
5. Inhomogeneity correction for fi50° 5 
6. Threshold assignment 6 
Number of measurements 10 
Sum error (kev) 1.22 
rms error (kev) 0.55 
Average deviation from mean (kev) 0.45 
Maximum deviation from mean (kev) 1.00 
Assigned error (kev) 0.80 
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TABLE III. Several of the more recent determinations of the 
Li?(p,n)Be? neutron threshold energy. 


Threshold 
energy 
(Mev 


Reference 


Method 


Absolute electric 
Absolute velocity 


1.8822+0.0019 
1.8812+0.0019 
8797+0.0011 
.8814+0.0011 
8812+0.0009 
8803+0.0005 
.8805+0.0008 


Herb ef al.* 

Shoupp ef al.” 

Jones ef al.° 

Jones et al.° 

Bondelid and Kennedy4 
Staub and Winkler® 
Present work 


Absolute electric 
Absolute magnetic 
Absolute magnetic 


1949). 
1949). 
and H. T. Richards, 


*. Snowden, and O. Sala, Phys. Rev. 75, 246 
3. Jennings, and W. Jones, Phys. Rev. 76, 502 
A. Douglas, M. T. McEllistrem, 


vy. 115, 1602 
, 271 (1960). 


1959), 


the Li’(p,2)Be? neutron threshold. This value is com- 
yared in Table III with those obtained by several other 

1 Tat j 
investigators. 


B"(p,n)C" Experiment 


Figure 4 shows a representative display of the count- 
ing data for this experiment. The targets employed 
were enriched B" evaporated on tantalum disks. Table 
II shows the error assignments made for the various 
uncertainties present. This threshold was measured 
twice, with an average deviation in the measurements 
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of +1.1 kev. The value obtained for the B''(p,n)C" 
neutron threshold was 3.0164+0.0015 Mev. 


C8(p,n)N8 Experiment 


Figure 5 shows a representative display of the count- 
ing data for this experiment. The targets employed 
were enriched 69% C* foils on tantalum disks. Table II 
shows the error assignments made for the various un- 
certainties present. This threshold was measured four 
times, with an average deviation in the measurements 
of +0.4 kev. The value obtained for the C"(p,n)N® 
neutron threshold was 3.2353+0.0015 Mev. 


F'9(p,n)Ne'® Experiment 


Figure 6 shows a representative display of the count- 
ing data for this experiment. The targets employed were 
CaF, evaporated on tantalum disks. Table II shows the 
error assignments made for the various uncertainties 
present. This threshold was measured twice, with an 
average deviation in the measurements of +0.5 kev. 
The value obtained for the F'*(p,2)Ne'® neutron 
threshold was 4.2332+0.002 Mev. 


y-Ray Resonance Experiments 


These two experiments were performed in order to 
include energy measurements below 1 Mev and to 
investigate the problems associated with resonance 
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calibration work. The main difficulty in making ac- 
curate resonance measurements originates in the fact 
that the measured width of a resonance results from 
two sources: 


Pneas= (Tat? + T?)}, (1) 


where Ineas= Measured width of resonance, Inat=natu- 
ral width of resonance, and 7=thickness of target 
employed. Fowler et al.’ reported that when Tnar~7, 
the value of the observed resonant energy was affected. 
They determined that 


, sa —_— 
Evoc® = Eman” — al, (2) 


where Ftrue” is the true resonant energy and Ejneas” is 
the measured resonant energy. Equation (2) indicates 
the necessity of knowing accurately the target thick- 
ness, but Eq. (1) shows that obtaining Pineas will not 
determine T unless [nat is Known. 
Equation (2) does not obtain for the 
In this case Ftrue” 


case T>>P nat. 
occurs at the energy corresponding 
to the half-height of the observed resonance. This fact 
suggests that y-ray resonance experiments should em- 
ploy thick targets if the resonant energy is of primary 
interest and [ys is small. Recently Bondelid and 
Kennedy (see Table III, reference d) have developed 
methods for obtaining accurate measurements of That 
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Fic. 6. Neutron counting data obtained from F'*(p,n)Ne". 


7W. A. Fowler, C. C. 
Modern Phys. 20, 236 


Lauritsen, and T. Lauritsen, Revs. 
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Fic. 7. y-ray counting data obtained from F'*(p,ay)O", with a 
1.13-kev thick LiF target. The energy scale has been offset 0.57 
kev so that the center of the resonance corresponds to the true 
resonant energy. 


as well as Eurue” from thick-target experiments even for 
cases of TnatK1 kev. 


F'8(pyary)O"® Experiment 


This experiment was conducted in a manner which 
utilized Eqs. (1) and (2) for the determination of 
Etrue™®. The value Tnat=4.5 kev,’ was employed to deter- 
mine the target thickness and the true resonant energy 
obtained from Eq. (2). The targets employed were LiF 
evaporated on gold. Target thicknesses of from 1.1 to 
5 kev were used for these experiments and were found 
to yield consistent results. Figure 7 shows the resonance 
obtained from the 1.1-kev target. The measured width 
in this case was 4.64 kev, which yields T= 1.13 kev for 
Tnat=4.5 kev. The energy scale shown at the bottom 
of the figure has been offset 7/2=0.57 kev, causing the 
center of the peak to indicate the true resonant energy. 
The resonance was examined three times, with an aver- 
age deviation in the measurements of +0.33 kev. 
Table II shows the error assignment made for the un- 
certainties present in this experiment. The value ob- 
tained for this resonance in F'"(p,ay)O"® was 872.340.5 


kev. 
Al" (py) Si> Experiment 


This experiment was performed utilizing “thick- 
target’? techniques since the resonance possesses a 
natural width of 0.08 kev.’ Figure 8 shows some of the 
data obtained. The targets employed were of aluminum 
evaporated on tungsten disks. Target thicknesses of 
from 3 to 20 kev were used and were found to yield 
Ftrue® independent of 7. For thick-target measurements 
the position of the true resonance energy is determined 
by the beam resolution. When the beam dispersion is 
much larger than Prat(SFbeam=0.5 kev for this experi- 
ment), then the true resonance energy is located at the 
half-height position of the resonance. Table II shows 
the error assignments made for this experiment. The 
resonance was observed three times, with an average 
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Fic. 8. y-ray counting data obtained from AF"(p,y)Si**. The 
assigned resonant energy is the energy found at half-height of the 
peak since T>>Inat (see text). This experiment also gives an inde- 
pendent determination of the energy resolution of the bombarding 
protons, and is seen to yield R~2000. 


deviation in the measurements of +0.28 kev. The 
value obtained for this resonance in Al?’(p,7)Si?* was 
992.2+0.5 kev. 


ABSOLUTE MEASUREMENT OF THE 
Po#” ALPHA PARTICLES 


The first accurate measurement of alpha particle 
velocity was made by Rutherford and Robinson in 
1914.* By 1936, Briggs had made an absolute measure- 
ment of the energy of the alpha particles emitted by 
RaC’ to an accuracy of seven parts in 105. Rytz re- 
cently reported the absolute measurement of the energy 
of alpha particles from several sources to an accuracy 
of about 11 parts in 10°." This is the highest accuracy 
reported since the work of Briggs for these alpha- 
particle energy measurements. Many relative measure- 
ments have been made using a wide variety of stand- 
ards, the most common being RaC’ and one of the most 
recent the Li’(p,7)Be’ neutron threshold.* Despite the 
accuracy reported in the many measurements made 
since 1936, both absolute and relative, the energy values 
obtained for any given emitter are found to vary by 


® E. Rutherford and Robinson, Phil. Mag. 28, 552 (1914). 
* G. H. Briggs, Proc. H. Roy.Soc. (London) A157, 183 (1936). 
0 A. Rytz, Compt. rend 250, 3156 (1960). 
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Fic. 9. Alpha-particle counting data obtained in a 20-minute 
exposure from a source prepared for 10 minutes in the Po 
solution. 


almost 200 parts in 10°. This surprising fact has been 
discussed by Asaro" and found to result primarily from 
the difficulty in obtaining a standard absolute measure- 
ment. The present measurements were made in order 
to assist in current efforts to arrive at a standard value 
for the energy of the alpha particles emitted by Po”. 
The 180° spectrometer was used to make these 
measurements. The source was inserted in the position 
previously occupied by the “elastic scattering” target. 
The energy measurements were accomplished using the 
equations contained in the Appendix to obtain the 
energy values from the momentum measurement /opo. 
The sources for these experiments were prepared by 
currentless-electrodeposition on pure silver foils using 
two slightly different techniques. (1) Nine sources 
were prepared by one of the authors (EHB) by dipping 
the source backings into the polonium solution for 
periods of from 2 to 10 minutes. These sources were 
used immediately after preparation in order to avoid 
the familiar problem of polonium diffusion into the 
backing.” This effect was observed in these experi- 
ments; a source five days old was found to yield an 


"F. Asaro, Proceedings of the International Conference on 
Nuclidic Masses, edited by H. E. Duckworth (University of 
Toronto Press, Toronto, 1960), pp. 223-227. 

21. I. Agpkin and L, L. Goldin, Bull. Acad. Sci. U.S.S.R. Phys. 
Ser. 21, No. 7 (1957). 
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Fic. 10. Alpha-particle counting data obtained from several different sources. Tp is the time which the 
source backing was allowed to remain in the polonium solution. 7g is the exposure time of the spectrograph. 


alpha energy 2 kev lower than the measured energy 
obtained from fresh sources. Several other sources 
were prepared by a second author (TAE) by a some- 
what different technique. (2) These latter sources were 
prepared by placing a small amount of the polonium 
solution directly on the surface of the source backings. 
These sources were also used immediately after their 
preparation; in no case were sources more than six 
hours old employed for these measurements. Sources of 
various activities were employed by allowing the source 
preparation time to range from 2 to 20 minutes. Figure 9 
shows a typical spectrum obtained from a source which 
was prepared for 10 minutes and exposed for 20 minutes. 
Figure 10 shows several spectra obtained from sources 
of varying thicknesses. These sources were exposed 
with the source defining slits set at 0.8-mm separation. 
In Fig. 10 the source preparation time is noted as 7, 
and the exposure time as Tz. 

Source widths of from 0.1 to 0.8 mm were employed 
in these experiments with no detectable difference in 
the value of the measured energy. However, from the 
experiment performed with a slit width of 0.1 mn, it 
was possible to determine that the combined effects of 
the source thickness and the spectrometer resolution 
contributed about 3.5 kev to the measured width of the 
particle group. It was not possible to determine how 
much of this measured width was due to resolution 
effects of the spectrometer, so all that is known about 
the source is that it was less than 3.5 kev thick. This 
source was prepared for 2 minutes by the second method 
mentioned, and was the thinnest source employed in 
these experiments. 


Thirteen determinations were made of the energy of 
the alpha particles emitted by Po”, nine from sources 
prepared by method (1), and four from sources pre- 
pared by method (2). Table IV shows the results of 
these experiments, indicating the values obtained from 
the two types of sources as well as the source width 
employed. The average deviation in these measurements 
was +0.75 kev, with no significant difference detected 
in the energy of the alpha particles obtained from the 
two types of sources. Experiments 8 and 9 were per- 
formed with the same source, but the source was held 


TABLE IV. Results obtained in the measurement of the energy 
of the Po*° alpha particles. 


Measured 


energy 
(Mev) 


0.8 5.3022 
0.8 5.3023 
0.8 5.3041 
0.8 5.3030 
0.8 5.3010 
0.8 5.3040 
0.4 5.3026 
0.4 5.3020 
0.4 5.3017 


Source 
width 
(mm) 


Source 
Experiment prepared 
number by 


EHB 
EHB 
EHB 
EHB 
EHB 
EHB 
EHB 
EHB 
EHB 


Preparation 
time 
(minutes) 


COnoO Ur WH — 
— be 
UmMNnNUumsc © 


EHB average value: 5.3025 
0.4 5.3021 
0.4 5.3037 
0.4 5.3018 
0.1 5.3020 


TAE average value: 5.3024 
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TABLE V. The results of several recent measurements of 
the energy of the Po”! alpha particles. 


Energy (Mev) 


5.2988+0.0021 


3006+0.0026 
3043+0.0029 
3054+0.0010 
2978+0.0015 


Annu 


3048 +0.0006 
3086+0.0030 


mun 


5.3025+0.0015 


Reference energy 


Po** @ particle 
E=7.6804 Mev 

Average value 

Absolute 

Absolute 

Po* a partic le 
E=7.6804 Mev 

Absolute 

Li?(p,n)Be’? Neutron 
threshold = 1.8811 Mev 

Absolute 


Reference 
Lewis and Bowden* 


G. H. Briggs® 

Collins et al.° 

White et al.4 

Agpkin and 
Goldin® 

\. Rytz! 

Browne et al.* 


This work 


rRILLIFS, AND 


EASTWOOD 


TABLE VI. The results of all the experiments reported herein. 
The error assignments are those given in Table II. 


Experiment 


Li?(p,n) Be? 
BU (pn)CU 

C3(p,n)N8 
F9(p,n)Ne® 
F( pay \Or6 
AF7(p,y)Si*8 


Po?!” & particles 


Measured calibra- 
tion energy 
(Mev) 


1.8805-+0.0008 
3.0164+0.0015 
3.2353+0.0015 
4.2332+0.0020 
0.8723+0.0005 
0.9922+0.0005 
5:3025+0.0015 


between the recent results of Browne ef a/. and the 
present work, with no reasonable explanation other 
than instrumental! defects capable of accounting for the 
difference. In particular, the discrepancy cannot result 
from source preparation techniques, since one of the 
authors (TAE) visited the Notre Dame laboratory and 
prepared several sources by method (2) for comparison 
with the sources employed originally in the reported 
experiments. These comparison measurements" re- 
vealed no significant difference in the energy measured 
from sources prepared by Browne ef a/. and those pre- 
pared in a manner identical to method (2) as employed 
for experiments 10, 11, 12, and 13, reported herein. 


*W. B. Lewis an 
1934) 

> G. H. Briggs, Modern Phys 

E. R. Collins, D. D. McKenzie, and 
(London) A216, 219 (1953) 

iF. A. White, F. M. Rour 
Huizenga, Phys. Rev. 109 

Seer 


see ice 


i B. V. Bowden, Pr 


Revs. M 


at an angle of 45° to the normal position for experiment 
8 while being in its regular position for experiment 9. 
The purpose of these experiments was to test for the 
presence of surface contamination on the source. If 
contamination had been present, it would have ap- 
peared to be thicker to the alpha particles detected in 
experiment 8 than those detected in experiment 9, and 
the energy measured in the two cases would have been 
correspondingly different. The results of the experi- 
ments clearly show that no significant amount of sur- 
face contamination was present on the source. 


CONCLUSIONS 


The primary purpose of these experiments was the 
performance of a number of calibration measurements 
under a set of consistent experimental conditions. All 
of the measurements had been made previously (some 
with higher accuracy than that obtained herein), but 
they had been conducted at a wide variety of labora- 
tories and, consequently, employed various experi- 
mental procedures. It was not possible to know if con- 
sistent results could be expected to follow from these 
several measurements. Every possible effort has been 
made to employ consistent techniques in the present 
work, and it is believed that the results are as internally 
consistent as they could be made. Table VI shows the 
results of all the experiments performed. All the meas- 
the 


nucleus are known abso- 


The various error sources for these experiments are 
listed in Table IT, along with the assigned values for the 
errors. The value obtained for the energy of the Po?” 
alpha particles was 5.3025+0.0015 Mev. Table V lists 
several of the more recent determinations of the Po” 
alpha energy. 

Examination of these various results shows that the 
work done with Po** as reference energy yields low 
values for the Po” alpha energy. This value for the 
Po** alpha energy is that obtained by Briggs in 1936,° 
in which the reported experimental error was about 7 
parts in 10°. However, it would seem that this value 
of 7.6804 Mev for the Po*" alpha particles is inconsistent 
with the more recent measurements of the Po?” alpha 
particles. Rytz has recently measured the Po*"* alpha 
particles and obtained a value of 7.6869+ 0.00075 Mev 


urements are absolute insofar as masses of the 
proton, alpha particle, and C 
lutely. The measurements also require knowledge of the 
value of the gyromagnetic ratio and the charge-to-mass 
ratio of the proton, but these constants are known to 


: ; ; > é accuracies of < ‘ 0°. The me s em- 
for their energy. Using this value for these alpha par- peace 9a “goa P na = ; n ; wea th sa 
Page ; : , Jloyed and the constants used in computing these 
ticles would result in considerable improvement in the 9.0 ge aoe . se 
> ; . A tae , energies are contained in the Appendix. The error 
agreement of the various experiments listed in Table V. ceenten Cale 3 in tian Win Makan ook aaa 
. ; ° ° - assignments nave been made on 1l@ Dasis Of actua 
Further improvement is obtained if a somewhat lower a hang . “1 . . 
value for the Li? neutron threshold is used as the refer- ™€@Surements whenever possible, with consideration 
c > S a - ) sno Ss sed as e reter- . 
ence energy in the experiment of Browne ef al.* Marion® _castiees = number “ ea eee ome an, 
- average VI: sent 1e S S Lé ° “ 
has recommended the value 1.8807 Mev for this thresh- “Y*T*8° a a enn * ee ee se | ? 
‘ ‘ . > assigne me r 1easureme as bee 
old, and employing this as the reference energy would ol “ nen ri re . 1% rm ~ sn co plete 
os : : é *s larger than the calculated root-mean-square 
lower the Browne ef al. value for Po” to 5.3075 Mev. a ee 


However, a considerable dis« repancy would still exist 3 C, P. Browne (private communication, 1961 
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error but smaller than a simple arithmetic sum of the 
errors present. 


APPENDIX 


The calculations of the energy of the charged par- 
ticles detected with the magnetic spectrometer were 
made from the following formulas: 


M.+m.\2 

E\= ( ) Eo, for elastic scattering at 180° 
M.—m, 

to incident particles, 


E “id = A (fopo)?, 


E,! = E,!'— AE ret, 


E> = E.//- AF,.1— AE g, 


with 


AE, = (E2"’)?/2mzc?, 


2E ya? 
AE, - : 
mmo)? 


14 (mo+M2) (Ee! 


2r’2* fm, e 

Ao haa), 

10%y 7 \ me mI » 
Here fo= proton magnetometer frequency, with the Har- 
tree correction" included for inhomogeneity of field; po 
radius of curvature of particle m2=}3(2Ro+2%0) ; AF rei 
first order relativistic correc tion; and AE, = correc- 
tion required due to detection of particle m, being made 
at the angle (7—ap) rather than z. Also £;= bombarding 


'D. R. Hartree, Proc. Cambridge Phil. Soc. 21, 746 (1923). 
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energy of particles m, 2= energy of detected particles 
ms, m,=nuclear mass Of bombarding particles, me 
=nuclear mass of detected particles, M.=nuclear mass 
of target nucleus, z=atomic number of detected par- 
ticle, yp=gyromagnetic ratio of proton, m,=mass of 
proton, and (e/m),=charge-to-mass ratio of proton. 
The constants employed for these calculations were: 


Y p= (2.6752340.00004) X 104 radians/sec gauss,!® 


(e/m) »= (9.57946+0.00007) X 108 emu/g,!® 


m y= 1.007596+0.00001 amu,'® 


mye'= 4.002775+0.000002 amu,!® 


mc?= 12.000510+0.000005 amu.!® 


In determining fo for these calculations, the Hartree 
correction made to the measured frequency was 
Af=3Si7Af(0) sinédé, where the target was located at 
6=0° and the detector at 2=180°. The magnetic field 
was measured at 15° intervals to obtain Af(@) for the 
determination of this correction. The field was also 
measured inside the vacuum tube, and compared with 
the field measured at that position when the tube was 
not present, in order to determine that the copper 
vaccum tube did not affect the magnitude of the mag- 
netic field. These measurements made to an 
accuracy of 1 part in 104 in energy and revealed that 
the vacuum tube produced no field change to that 
accuracy. 


were 


'9 E. R. Cohen, K. M. Crowe, and J. W. M. DuMond, Funda- 
mental Constants of Physics (Interscience Publishers, Inc., New 
York, 1957), pp. 266-269. 

‘6 A. H. Wapstra, Physica 22, 378 (1955). 
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Isotope Shift in Axially Asymmetric Nuclei 
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The effect of axial asymmetry on isotope shift, as introduced in the theory of Davydov and Filippov, is 


investigated and is found to be non-negligible. 


therefore provide evidence in favor of or against Davydov-Filippov’s 


AVYDOV and Filippov,’ as a modification of 
Bohr’s*? theory, have assumed that medium- and 
heavy-weight nuclei possess axial asymmetry in order 
to explain systematically the first excited states of even 
atomic nuclei, such as the spin sequence of the excited 
states, the energy of these states, and the probabilities 
of electromagnetic transitions between them.‘ A 
number of publications® now exist which show that 
the nuclei under consideration may in fact be asym- 
metric, but the question demands further investigation 
due to the lack of rigor in these calculations. Some of 
the anomalies explained by the DF theory can also be 
reproduced in other ways without introducing axial 
asymmetry.’ It is therefore of interest to look for 
observable effects of axial asymmetry in order to provide 
additional evidence in favor of or against Davydov- 
Filippov’s model for nonaxial nuclei. 

The introduction of axial asymmetry in nuclei will 
affect a large number of nuclear properties such as 
magnetic moment, moment of inertia, etc., and will 
also affect the isotope shift. A study of these effects may 
show whether axial asymmetry must be introduced to 
account for the anomalies observed in the medium- and 
heavy-weight nuclei. In this note the effect of axial 
asymmetry on the isotope shift j is calculated. 


CLS. Jact/[LS.ep= (fru) forn) 
Bmy 
<r fret aaY t+ anYetasyesrinia] / (4m f ear) 


Evaluating the integrals and keeping the terms to 
within the order f*, one gets 


* Now at Department of Physics, Banaras Hindu University, 
Varanasi (U. P.), India. 

14. S. Davydov and G. F. Nuclear Phys. 8, 237 
(1959), referred to as DF. 

?A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.Jfys. Medd. 
26, No. 14 (1953). 

3A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat. fys. Medd. 27, No. 16 (1953). 

*D. M. Van Patter, Nuclear Phys. 14, 42 (1959/60). 

5C. A. Mallmann and A. K. Kerman, Nuclear Phys. 16, 105 
(1960). 

* A. Davydov and G. Filippov, Nuclear Phys. 10, 654 (1959); 
G. Filippov, J."Exptl. Theoret. Phys. (U.S.S.R.) 38, 1316 (1960) 
(translation: Soviet Phys.—JETP 11, 949 (1960) |]. References to 
the earlierfliterature are given in these papers. 

” 7M." Jean,"Nuclear Phys. 21, 142 (1960). It should be pointed 
out that the DF theory gives better agreement with experiments 
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An accurate experimental study of the isotope shift may 


s theory for deformed nuclei. 


The theory of the isotope shift in deformed nuclei 
with axial symmetry has been considered by Brix and 
Kopfermann,’® by Ford,® by Wilets e¢ al.," and in- 
dependently by Bodmer," and has been recently 
reviewed by Breit.” It has been shown by these authors 
that the isotope shift, in the notation of Breit,'® depends 
on the mean value (r*) weighted in proportion to the 
nuclear charge density. 

Let the radius r to the nuclear surface relative to the 
nuclear axes be given by 


r= Nrf{1+>d.,a,¥+(6,¢) ], (1) 
where 
a_,=0, 


ao=8 cosy; a= 


a2=a_2= (1/V2)8 siny, 
where N is a normalization constant and the other 
symbols have their usual meaning. The normalization 
constant N is evaluated by the requirement of in- 
compressibility of nuclear matter and is given by 


2 1 
vfttie + (-)e § cosy (1— rar "ee 
4n 7\4r 


The ratio of the isotope shift [1.S. ] for the deformed 
volume to that for the spherical volume is 


=) 


p=ry=0- 
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than the work of Jean, which is based on a purely phenomeno- 
logical model. Also, some of the predictions of the DF theory such 
as the equality of the sum of the energies of the first two 2* levels 
and the energy of the first level 3* can be obtained exactly in 
Jean’s work only in the two limiting cases k--0 and k%. 

®P. Brix and H. Kopfermann, Festschr. Akad. Wiss. i. 
Géttingen, Math.-Physik KI. 17 (1951). 

°K. W. ag Phys. Rev. 90, 29 (1953). 

LL. Wilets, D. L. Hill, and K. W. Ford, Phys. Rev. 91, 1488 
(1953). 

1 A. R. Bodmer, Proc. Phys. Soc. (London) 47, 622 (1954). 

2G. Breit, Revs. Modern Phys. 30, 507 (1958). The 8 used 
here is (44/5) times the 8 used by Breit. 
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The first two terms are the same as those obtained 
by Wilets e al." and by Breit” for axially symmetric 
nuclei. Following the work of Wilets e¢ al.,” or Breit,” 
it can be shown that the difference between two such 
shifts for different isotopes of the same element may be 
written as 
AbW (B,y) 3 OF (8,7) 
=- AQp+3)( ~~) (4) 
Aé6W , 10 ON Zz 
where 


5 y 5\3 
ren)=|—#+- 20+3)( )e 
4r Ss 21 4 


Xcosy(1—4 sin) | (5) 


It may be of interest to calculate the effect of axial 
asymmetry for one particular case, ‘namely for the 
isotopes of ¢sGd for which the change in 8 between 
isotopes as determined from the intrinsic nuclear 
deformation® is found to be large, and the value of the 
asymmetry parameter y also varies between 0° and 
30°. The values of 6 for the isotopes »¢4Gd!™, 5,Gd'°®, 
and ¢4Gd'** are found to be approximately 0.48, 0.65, and 
0.73, respectively.‘ Unfortunately, no measurements are 
available on the intrinsic quadrupole moment of ¢4Gd'™. 
The work of Ford" indicates that between 88 and 90 
neutrons there is a marked increase in nuclear de- 
formation. Based on the work of Ford, the value of 8 
is expected to be 0.24 for g,Gd'* and will be assumed 
as such for the present calculation. The values of the 
asymmetry parameter y have been determined, without 
reference to 8, from the expression 


sin?3y = 9x/2(x+1)?, (6) 


where x= ,(2*+)/F,(2*), the ratio of the energies of 
the first two 2+ excited states!®; these values of y are 
found to be 30°, 14°)7 11°, and 0° for Gd!®, Gd!, 


13 A. Bohr and B..R. Mottelson, Phys. Rev. 89, 316 (1953). 

4K. Alder, A. Bohr, T. Huus, B. R. Mottelson, and A. Winther, 
Revs. Modern Phys. 28, 432 (1956). 

16K. W. Ford, Phys. Rev. 95, 1250 (1954). 

16 Nuclear Data Sheets, edited by K. Way ef al. (National 
Research Council and National Academy of Sciences, Washington, 
D. C., 1959). 

17 The value of y=14° for Gd'™ as given here is different from 
that given by DF (y=21°) because DF use F2(2*)/F,(2*) =3.01 
instead of the correct value, 8.114. 
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Gd'®6, and -Gd'§*, respectively. The variations in 
F(6,y) with and without axial asymmetry for the 
isotope shifts of Gd'**—Gd!", Gd**—Gd!*, and 
Gd'*8— Gd"** are found to be 6.0%, 0.1%, and 14.0%, 
respectively. Similar variations are expected in isotopes 
like Sm} 152 154 Qs}86,188 saa Fig'5.200,202, and W182,184 186 
The effect is therefore by no means small, and should 
be observable if the error involved in the experimental 
data on isotope shifts can be reduced to +3% instead 
of the present value of +20%.'8 

The question may be asked whether the effect being 
discussed would be masked by the effect of nuclear 
compressibility. The recent work of Meligy ef al." 
indicates that the observed isotope shifts in nuclei can 
be well accounted for by the volume and deformation 
effects if the nucleus is considered as a sphere in which 
the charge distribution has the general shape deter- 
mined by the electron-nucleus scattering experiments. 
This work indicates that the condition of incompressi- 
bility in nuclear matter is well satisfied, in agreement 
with the calculations of Brueckner and Gammel” who 
find the value of the compressibility ~170 Mev.”! 
The effect of axial asymmetry on isotope shift is found 
not to be masked by such a high value of the com- 
pressibility.” 
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Angular distributions and kinetic-energy spectra of fragments, 
and cross sections for fission of U™* with 63- to 124-Mev C® ions, 
have been measured with the use of a silicon p-m junction detector. 
The distributions have been analyzed in terms of the formation 
of a compound nucleus and subsequent decay by evaporation of 
neutrons in competition with fission. The percent fission from each 
isotope in the evaporation chain has been calculated and the 
over-all angular distribution estimated with the use of the theo 
retical curves of Halpern and Strutinski. At the highest bom- 
barding energies, the observed angular distributions were found 
to be more nearly isotropic than predicted. The mean linear 
nomentum of the fissioning nucleus appears to be less than that 


INTRODUCTION 


T the first Geneva Conference, Bohr developed 
some general ideas for understanding the angular 
distributions of fragments resulting from fission of 
nuclei having excitation energies slightly higher than 
fission barriers. Under the 
nucleus goes over the saddle pass “‘cold”; that is, most 


their these conditions 
of the excitation energy is expended in potential energy 
of deformation towards fission. Therefore, the spectrum 
of energy levels of the highly deformed nuclei at the 
saddle pass should be similar to those of stably deformed 
nuclei at energies near their ground states. Bohr further 
assumes that the nuclei retain axial symmetry through- 
out the deformation, and that the fragments are emitted 
in the direction of the symmetry axis. The fragment 
angular distributions are therefore determined by the 
distributions of the orientations of the symmetry axis 
with respect to the beam. 

Angular distributions based on the Bohr model have 
been worked out quantitatively and extended to higher 
energies by a number of authors.*-* Among these 
treatments, that by Halpern and Strutinski is most 
direc tly applic able to the systems studied in this work.’ 
According. to these authors, the fissioning nucleus may 
be characterized by three quantum numbers: /, the 
total angular momentum; K, the projection of I along 
fragments (thus, in 
along the symmetry 


- and M, the 


the direction of the separating 


keeping with the assumptions, 


axis of the nucleus at the saddle point 


add partment of Chemistry, Massachusetts 
» of Technology, Cambridge, Massachusetts 
r, in ’ the International ( 
ful Use Al 1955 
New York, 1956), Vol. 2, p. 151 
27. Halpern and V. Strutinski, in Proceedings of the Second 
International Conference on the Peaceful Uses of Atomic Ener 
Geneva, 1958 (United Nations, Geneva, 1958), Vol. 15, p. 408 
* James J. Griffin, Phys. Rev. 116, 107 (1959). 
‘VY. M. Strutinski, Soviet Phys.—JETP 
Atomnaya Energ. 2, 508 (1957 
5 L. Wilets and D. M. Chase, Phys. Rev. 103, 1296 


nference on the 


United Nations, 


Geneva, 


3, 638 (1956): 


1956). 


of the heavy ion. A possible explanation for these discrepancies is 
that before the fission event there is competition from reactions 
in which particles are emitted in the forward direction. The 
contribution from this kind of reaction is estimated to be of the 
order of 30% at 95 and 124 Mev. Over the entire range of bom 
barding energies, the most probable total kinetic energy release 
is 186+6 Mev. By correspondence 
nuclei are californium isotopes. The fission cross section increases 
from a value of 40 mb at 63 Mev to 2.4b at 124 Mev. The experi 


mental fission cross sections agree well with the cross sections for 


this suggests that the fissioning 


compound-nucleus formation calculated by use of a square-well 
nuclear potential with a radius parameter r9>=1.5X 10-8 cm 


component of I along the beam direction. For fission 
induced by high-energy heavy ions, / is approximately 
equal to the orbital angular momentum of the bom- 
barding particle / which is perpendicular to the beam 
direction. It is assumed here that M=0, since the spins 
of U*S and C® are zero, and any component of angular 
momentum along the beam from 
emission prior to fission is expected to be negligible 
compared to /. With these assumptions, 
for the angular distribution becomes 


W (8... = farfax f(D) g(K 


X[sin’@..m.— (K/T , (1) 


resulting parti le 


the expression 


where f(/) and g(K) are the distributions in J and A 
of the fissioning nucleus at the saddle point. 

In a classical approximation, the possible values of 
I are distributed uniformly in 7? 
maximum value /,,”. In order to evaluate g(A), Halpern 
and Strutinski have assumed the division of J 
between. rotation perpendicular and rotation parallel 
to the symmetry axis is governed by a Boltzmann 
factor containing the rotational energy. 
in a Gaussian distribution, 


g(K) « exp[—(K2/2K 


trom zero to some 


that 


This results 


where K,? is the mean value of A®. Furthermore, 
is given by 


Ke@=T Ser 


where T is the nuclear temperature an 


The 9’s are rigid-body moments of inertia of the prolate 
saddle-point nucleus, with 9 
respect to the symmetry axis and 9, that with respect 


being the moment with 
to an axis perpendicular to the symmetry axis. All of 
the quantities J,,, J,, and T must be t the 


evaluated at the 
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FISSION OF U* 
state of the fission process where the K distribution is 
fixed. Halpern and Strutinski? used the level-density 
formula p(£)=const exp[2(aé)!], and by assuming 
Sets to be constant, they obtained the relation 


K?=const (k—E,)}, (5) 


where (E—E,) is the excitation energy in excess of the 
fission barrier, Ey, for the particular nucleus under- 
going fission. 

Each of the functions W1(m),Ko, characterized by a 
single parameter p=(/»/2Ko)*, follows a 1/sin@e.m. 
curve in the region around 90 deg and falls below 
1/sin@.m, near 0 deg and 180 deg. 

Griffin? assumes a linear distribution of the form 
g(K)«(K,—K) where K,, is a maximum value of K. 
His predicted distributions are similar to those of 
Halpern and Strutinski, but in some cases go above the 
1/sin@.m. curve. 

Halpern and Strutinski have empirically constructed 
a curve of K,? as a function of (E—E,), using experi- 
mental angular distributions of fragments from 
neutron-, proton-, and He*-induced fission of several 
heavy nuclides.?:*7 It appears that for values of (E— E,) 
less than 10 or 15 Mev, relationship (5) is in disagree- 
ment with experiments. 

The values of parameter p, obtained by fitting the 
experimental angular distributions with theoretical 
curves, were used to estimate the mean excitation 
energy of the fissioning nucleus at the time of fission 
in the reaction between gold and carbon ions.* By 
obtaining this quantity one was able to determine the 
mean number of particles emitted prior to fission. The 
forward motion of the fissioning nuclei was found to be 
consistent with formation of a compound nucleus over 
the entire range of bombarding energies studied. At 
all energies the measured absolute fission cross section 
in the reaction between Au'*? and C” was less than the 
calculated cross section for the formation of a compound 
nucleus for the square-well model with a radius pa- 
rameter ro>=1.5X10-" cm. An appreciable amount of 
the struck nuclei (¢~ 100 to 200 mb) result in neutron- 
evaporation products that survive fission.’ Also, there 
may be large numbers of surviving reaction products 
resulting from emission of charged particles; however, 
these have not been experimentally measured in this 
system. 

We have chosen U** as the target nucleus in our 
investigation because we should expect a deviation 
from this picture. By bombarding with carbon ions, 
nuclei are formed which have low fission barriers (5 
Mev) and high level widths for fission. Any non- 
compound-nucleus processes leading to an excitation 

6 C. T. Coffin and I. Halpern, Phys. Rev. 112, 536 (1958). 

7R. L. Henkel and J. E. Broiley, Jr., Phys. Rev. 103, 1292 
1956). 

8G. E. Gordon, A. E. Larsh, T 
Phys. Rev. 120, 1341 (1960). 


*T. Darrah Thomas and Robert M. Latimer, Lawrence 
Radiation Laboratory, Berkeley (unpublished data, 1960). 
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energy higher than 5 Mev will therefore, in most cases, 
lead to For such which include 
“stripping” and “‘pickup”’ reactions, only part of the 
linear and orbital angular momenta of the heavy ion 


fission. processes, 


is deposited in the fissioning nucleus. This will result 
in a more nearly isotropic fission-fragment distribution 
if these reactions contribute significantly to the fission 
cross section. The fission cross section, therefore, should 
represent the total reaction cross section for processes 
in which at least 5-Mev excitation energy is deposited. 
Ii will be of interest to compare this with any calcu- 
lated values for cross section for compound-nucleus 
formation. 


II. EXPERIMENTAL PROCEDURES 


The experimental arrangement has been described 
in a previous paper.* Carbon-ion beams were obtained 
from the Berkeley heavy-ion linear accelerator (Hilac), 
which accelerates heavy ions to 10.4 Mev/nucleon. 
Occasional lower-energy groups have been observed,’ 
and in order to obtain the 125-Mev component of C®, 
the beam was deflected through 15 deg by a bending 
magnet before reaching the target chamber. The energy 
spread of the beam has been shown to have a standard 
deviation of 0.8%.'' Lower energies were obtained by 
inserting weighed aluminum foils into the beam path. 
The range curve for C” in aluminum, as measured by 
Walton,” was used to estimate the energy. Some of 
the lower energy points were also checked by measuring 
the residual ranges of the ions in nuclear emulsions. 
They agreed to within 1 Mev of the estimated energies. 
We have therefore assigned an uncertainty of 1 Mev 
in the energy. 

Before striking the target, the beam passed through 
two }-in.-diameter collimators, 10 in. apart. Beam 
particles were collected in a Faraday cup at the rear 
of the chamber. Targets were made by vaporizing UF, 
onto 0.03-mil nickel backing foils. 
quently used had 250 yg/cm’ of U** 
withstand beams of up to 10 


Targets most fre- 
and were found to 
® amp/cm’. 

The targets were oriented 45 deg to the beam with 
the uranium layer facing the detector. The detectors 
used were made by diffusion of n- or p-type impurities 
into one: face of a silicon wafer containing an excess of 
the opposite type of impurity.” A more detailed 
account of the properties of these detectors is given 
elsewhere.!® 


The angular position, @;, of the detector could be 


© Albert Ghiorso, Lawrence 
private communication, 1958 
H. L. Reynolds and E. Goldberg, Phys. Rev. 119, 2009 (1960). 

2 John R. Walton, Lawrence Radiation Laboratory, Berkeley 
unpublished data, 1959 / ‘ 
13 William Hansen, Lawrence Radiation Laboratory, Berkeley 
private communication, 1959). i 
4S. S. Friedland, J. W. Mayer, and J. S. Wiggins, Nucleonics 
18, No. 2, 54 (1960). ; 
165A. E. Larsh, G. E 


Radiation Laboratory, Berkeley 


Gordon, and T. Sikkeland, Rev. Sci. 


Instr. 31, 1114 (1960). 
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adjusted to within 1 deg and the angular resolution 
usually was of the order of 3 deg. 

The electronic system used with the semiconductor 
detector has been described in reference 15. A pulse 
generator was used to check the gain and noise level 
of the system and to make corrections for coincidence 
losses. A signal from the Hilac electronic system could 
be used to trigger the pulse generator during the 2-msec 
bursts of particles. 

A Cf spontaneous-fission source was used to 
calibrate the detectors. Energies corresponding to the 
peaks of the Cf spectrum were taken from the time- 
of-flight data of Fraser and Milton.’* An energy 
deficiency has been observed in the spectrum from the 
detectors. The assumption has been made that the 
ionization defect is negligible, owing to the small 
amount of energy required for electron-hole pair 
formation in the semiconductor material.'’? The energy 
loss has been attributed to a ‘“‘window” or “dead layer”’ 
at the surface of the detector.'® Correction for energy 
loss in the detector “‘window,’’ assumed to be silicon, 
was made with the help of the fragment range-energy 
data of Fulmer’ and Schmitt and Leachman." Recent 
measurements have shown that a substantial part of 
the energy defect is due to a different effect, possibly 
an incomplete collection of ions produced in the de- 
tector.2° We have corrected for this loss, which we have 
assumed to be proportional to the mass of the fragment. 
Corrections for energy degradations in the targets were 
determined empirically by bombardment of targets of 
various thicknesses. A thickness of 250 ug/cm? of UF, 
was found to degrade the energy by an amount corre- 
sponding to 60 ug/cm?* of aluminum. The fission frag- 
ments were identified by their range-energy relationship 
in aluminum. 

Figure 1 shows a typical fragment kinetic energy 
spectrum obtained at 90 deg to the beam with a UF, 
target bombarded with 124-Mev C® ions. The large 
number of counts at the low-energy end of the spectrum 
resulted from pileup of pulses produced by scattered 
beam particles and light reaction products. Individual 
pulses from these light particles were clearly dis- 
tinguishable from the pulses produced by fission frag- 
ments because the sensitive counting region could be 
made just slightly longer than the range of the densely 
ionizing fission fragments by varying the voltage applied 
to the detector. Thus, the lighter particles deposited 
only small amounts of energy in the counting region. 
However, pileup of several of the small pulses in the 
electronic system could result in pulses of the size 


16 J. S. Fraser and J. C. D. Milton, in Proceedings of the Second 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1958), Vol. 15, p. 216. 


7G. L. Miller, W. L. Brown, P. F. Donovan, and I. M. 
Mackintosh, I.R.E. Trans. Nuclear Sci. NS-7, 185 (1960). 

18 Clyde Fulmer, Phys. Rev. 108, 1113 (1957). 

9H. W. Schmitt and R. B. Leachman, Phys. Rev. 102, 183 
(1956). 

*” T. Sikkeland, A. E. Larsh, and A. Ghiorso, Lawrence Radi- 
ation Laboratory, Berkeley (private communication, 1960). 
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Fic. 1. Spectrum of fragment kinetic energies from fission of 
U*8 induced by 124-Mev C” ions. Observed at 90 deg to the beam 
with a p-m junction detector reverse-biased by 6 v. 


produced by the fission fragments. This difficulty 
became serious only at forward angles less than about 
40 deg. At those angles a logarithmic subtraction of the 
pileup background was often necessary. 

The same detector was also used to count elastically 
scattered carbon ions for the determination of the total 
cross section for fission. It was found that electrons 
knocked from the target by the beam onto the detector 
had the effect of worsening the resolution of the carbon- 
ion peak, but not the resolution of the pulse-generator 
peak. This effect was overcome by introducing a 
magnetic field of 1000 gauss, 1 cm in length, in front 
of the detector. This field removed most of the electrons. 
Apparently the electrons cause a malfunction of the 
detector. A typical spectrum for 73-Mev carbon ions 
elastically scattered at an angle of 25 deg in the labo- 
ratory system is shown in Fig. 2. On the low-energy 
side of the sharp peak is a tail of inelastically scattered 
ions and reaction products. 


Ill. RESULTS 
A. Angular Distribution of Fission Fragments 


The fragment kinetic energy spectra, obtained at 
various angles, were integrated, corrected for co- 
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Fic. 2. A typical spectrum for 73-Mev C"® ions scattered from 


UF, at a scattering angle of 25 deg in the laboratory system. 
Observed with a p-m junction detector reverse-biased by 9 v. 





FISSION. OF 
incidence loss, and normalized to the same number of 
beam particles. 

Statistical errors were negligible. Possible systematic 
errors arose from inhomogeneous thickness of target, 
errors in angle, and variations in the counting efficiency 
of the detector. A background of fission activity was 
introduced onto the surface of the detector by self- 
transfer of Cf from the calibration source. The 
background therefore had to be determined after each 
calibration. 

Another possible error at lower bombarding energy 
was due to inhomogeneous degrading foils, which, 
because of the rapid change in fission cross section, 
could introduce fluctuations in the counting rate. 
Generally, the errors increased with decreasing counting 
angle and decreasing energy of the carbon ion. Over the 
period of the experiments the standard deviation was 
found to be 3% at 124 Mev and 5% at 73 Mev for the 
differential cross section at 90 deg. For the differential 
cross section relative to 90 deg, we have assigned a 
standard deviation of 5% at 124 Mev, 6% at 95.4 Mev, 
and 7% at 73 Mev. 

The angular distributions in the laboratory system 
for the three bombarding energies are given in Table I 
in units of the differential cross section at 90 deg. The 
distributions were transferred to the coordinate system 
of the fissioning nucleus (hereinafter called the c.m. 
system) by trial until a distribution symmetric about 
90 deg in the new system was obtained. The trans- 


Taste I. Differential cross sections (relative to 90 deg) of 
fission fragments as a function of lab angle, 6z, in the reaction 
between U*8 and C® ions of various energies, >. 


do 6,) | %0°x) 
dw dw 
95.4 Mev 
2.15 


1.94 


124 Mev 


2.51 
(1.92 
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formation was performed by using the parameter X 
defined as 
(X =VsNn ‘vsP), 


where v;sy is the mean velocity of fissioning nucleus 
along the beam axis and v;r the mean velocity of the 
fission fragment in the c.m. system. The relation 
between the laboratory-system angle, @,, and the c.m. 
angle, %.m., is given by 


tan8;=sinOe.m./(X+cosBe.m.). 


The distributions in the c.m. system are shown in Figs. 


3-5, and the values of X? are listed in Table II. 


Fic. 3. Differential 
section (in the 
system of the fissioning 
nucleus) for fission frag- 
ments from the reaction 
between U8 and 73- 
Mev C®; X,,?7=0.018. 
The curve is calculated 
(see text). Experi- 
mental point observed 
in forward hemisphere; 
*—experimental point 
observed in backward 
hemisphere. 
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Fic. 4. Differential cross 
section of fission fragments 
from the reaction between 
U™8 and 95.4-Mev C* ions. 
The transformation to the 
system of the fissioning 
nucleus was performed with 
X,?=0.018. The curve is 
theoretical (see text). + 
Experimental point ob- 
served in forward hemi 
sphere ; *—experimental 
point observed in backward 
hemisphere. 
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Fic. 5. Differential cross 
section of fission fragments 
from the reaction between 
U8 and 124-Mev C® ions. 
The transformation to the 
system the fissioning 
nucleus was performed with 
X »?=0.022. The curve is 
theoretical (see text). + 
Experimental point  ob- 
served in forward hemi 
sphere; »*—experimental 
point observed in backward 
hemisphere 
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Taste II. Various experimental and calculated quantities obtained for fission of U** with C™ ions. (See text for definition of terms.) 
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B. Kinetic Energy Determination 


The most probable kinetic energy in the laboratory 
system, E£,, as a function of lab angle at 73-, 95.4-, and 
124-Mev C® energies, is shown in Figs. 6, 7, and 8. We 
have estimated the error in the energy measurements to 
be of the order of 4%. This involved uncertainty in 
determination of energy degradation in the target and 
the detector ‘“‘window,” and fluctuations in the response 
of the detector. The quoted limit of error attempts to 
take possible systematic effects into account. 

The laboratory energy Er is related to Xn», the most 
probable X value, and £,..,., the most probable kinetic 
energy in the c.m. system, through the equation 


E,=E, 1+-X,,,°+2X, p COSA...) (6) 


’ 


is defined above. 

Equation (6) is valid if £ is a constant inde- 
pendent of @.m.. The values of FE..m. and Xm, were 
adjusted to fit the experimental data. The resulting 


where 6, m 
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Fic. 6. Most prot g) 
from the reaction between U™%* and 73-Mev C® as a function of 
labangle. The curve is calculated for Ec =93 Mev and X,,,?=0.016. 
The points are experimental. 
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curves are shown in Figs. 6-8. The values of XY, are 
given in Table IT. 

The value of £,., to be 9343 Mev, 
independent of bombarding energy. This gives 186+6 
Mev for the total kinetic energy release, which is to be 
compared with 182+5 Mev for the total kinetic energy 
release for the spontaneous fission of Cf." 

The full width at half maximum (FWHM 
kinetic energy distribution for single 
approximately 40 Mev at all angles and bombarding 
energies. In the bombardment of gold with carbon ions, 
the same quantity was found to be 30 Mev. The FWHM 
for the total kinetic energy release for Cf? has been 
determined to be 26 Mev.'® 
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C. Total Fission Cross Section 


The total absolute cross section for fission was deter- 
mined by a direct comparison of the counting rate of 
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Fic. 7. 
from the reaction between U** 
of lab angle. The curve is calculated for Ece=93 
X mp? =0.023. The points are experime ntal. 


Most probable kinetic energy of the fission fragments 
and 95.4-Mev C® as a function 
Mev and 
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carbon ions in the region of pure Coulomb scattering 
with the fission counting rate under the assumption of 
binary fission. 

The differential cross section for elastically scattered 
carbon ions at 73, 95.4, and 124 Mev was then measured 
as a function of lab angle. The contribution to the 
scattering by the nickel foil was determined experi- 
mentally. The influence on the scattering of the fluorine 
in the target should be negligible and was ignored. The 
results were plotted in the c.m. system (relative to the 
elastic scattering system, not the same as for the fis- 
sioning system discussed above), in arbitrary units of 
the Coulomb scattering cross section. The curves were 
characterized by a flat portion at low angles followed 
by a 20% to 30% rise before the sharp drop-off at 
larger angles. Similar curves have been observed in the 
scattering of C” by Au, with the nuclear-emulsion 
technique." 

The flat portion of the curve was assumed to repre- 
sent the region of pure Coulomb scattering from which 
we evaluated the counting efficiency and target thick- 
ness. The values obtained at the two lowest bombarding 
energies agreed to within 7%. The value at 124 Mev 
was 20% off. 

The Coulomb scattering cross section is proportional 
to 1/sin*(@.,.,./2) and our largest error, therefore, arises 
from the uncertainty of 1 deg in the determination of 
the angle. At 124 Mev the flat portion extends to 
approximately 30 deg, and a 1-deg error at this angle 
will give an error of 11% in the efficiency determination. 
At 73 Mev the drop-off is at 90 deg, yielding a corre- 
sponding error of only 4%. For this reason the value 
obtained at 124 Mev was discarded. The absolute 
fission cross sections determined were: 0.464 b at 73 
Mey, 1.50 b at 95.4 Mev, and 2.35 b at 124 Mev. For 
all three values we assign a standard deviation of 10%. 

At other bombarding energies, the differential fission 
cross section at 90 deg in the laboratory system was 











l'1s. 8. Most probable kinetic energy of the fission fragments 
from the reaction between U8 and 124-Mev Cas a function of 
lab angle. The curve is calculated for Ec=93 Mev and X 
=0.023. The points are experimental. 
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Fic. 9. Cross section for fission of U8 with C” ions as a function 
of C® ene rgy. The curve shows the cross section for formation of 
the compound nucleus for a square-well model with a radius 
parameter of 1.5X10— cm. 


measured, and the absolute fission cross section was 
estimated from the known efficiencies and by assuming 
a smooth variation of the integration factor from the 
angular distribution with bombarding energy. The 
errors introduced by this method should be negligible 
because of the small variation of the angular distribution 
from 73 to 124 Mev. The results are given in Fig. 9. In 
the same figure is given the theoretical curve for the 
cross section for compound-nucleus formation as calcu- 
lated by Thomas” from the square-well model, using 
as radius parameter rp>=1.5X10-" cm. The agreement 
is satisfactory. 


IV. DISCUSSION 
A. Introduction 


In Part B of this section we calculate the over-all 
fission-fragment angular distributions and values of 
the quantity X to be expected in the reaction between 
U8 and C® ions if the reactions proceed entirely via 
the compound-nucleus mechanism. In Part C we com- 
pare the results of these calculations with the experi- 
mental observations and propose possible explanations 
for the differences. 


B. Compound-Nucleus Calculations 


Bohr’s original formulation of the concept of a 
compound-nucleus (CN) reaction implies that the 
bombarding particle amalgamates with the target 
nucleus to form a compound nucleus.” In so doing, the. 
particle deposits its total linear and angular momenta 
in the compound nucleus which, after thermal equi- 
librium is established, decays by evaporation of 


‘'T. D. Thomas, Phys. Rev. 116, 703 (1959). 
2 N. Bohr, Nature 137, 344 (1936). 





2118 


particles. In the heavy-element region, fission com- 
petes with the evaporation of particles. 

Monte Carlo calculations performed by Dostrovsky 
indicate that charged-particle evaporation is negligible 
compared with neutron evaporation in the reaction 
between U*® and C” at the excitation energies with 
which we are dealing. We therefore first consider the 
case of neutron evaporation in competition with fission. 
The over-all fission-fragment angular distribution. will 
be a combination of the individual distributions from 
the various fissioning nuclei in the evaporation chain. 
To the fissioning nuclei at each step in the cascade we 
have to assign an angular distribution parameter pen, 
as defined in Sec. I, and a c.m.-transformation pa- 
rameter Xcx?.™ In order to obtain the combined angular 
distribution, we must also estimate the fraction fr of 
the originally formed compound nuclei that is fissioning 
at each step in the chain. 


1. Estimation of the Angular Distribution 


a. Calculation of pox. In order to evaluate pen at a 
given stage in the evaporation chain, one must estimate 
the excitation energy, E, and the maximum value of 
the spin, J,,, for the particular fissioning nucleus. The 
excitation energy of the compound nucleus was com- 
puted by using the bombarding energy and the Q of 
compound-nucleus formation obtained from the mass 
data given by Glass ef al.** Because of barrier-pene- 
tration phenomena in compound-nucleus formation, 
Halpern and Strutinski note that the term 7,” is not 
clearly defined, but may be approximated by 2(2°), 
where (/*) is the average value of the square of the spin 
of the compound nucleus.’ In accord with this approxi- 
mation and the assumptions made in Sec. I, J,,2 is 
given by 

I,.2=2P)=2(P). (7) 


Furthermore, for the large 7 values involved in this 
work, it may be shown that, to a very good approxi- 
mation,”* 

(P) = (9/8) (D?, (8a) 
thus 

T,.2= (9/4) (D?. (8b) 
Mean values of /, and thus J, were taken from the 
compound-nucleus-formation calculations by Thomas”! 
based on the square-well model with ro>= 1.5 10-" cm. 
For later isotopes in the evaporation chain, mean 
values of E were evaluated under the assumption that 
each evaporated neutron reduces the average excitation 


%T. Dostrovsky (private communication via Edward L. 
Hubbard et al.). See E. L. Hubbard, R. M. Main, and R. V. Pyle, 
Phys. Rev. 118, 507 (1960). ; 

* All quantities labeled with the subscript CN refer to the 
calculations made on the assumption that the entire reaction goes 
via the compound-nucleus mechanism. 

78 R. A. Glass, S. G. Thompson, and G. T. Seaborg, J. Inorg. & 
Nuclear Chem. 1, 3 (1955). 

26 (>. E. Gordon, Lawrence Radiation Laboratory, Berkeley 
(unpublished calculations, 1960). : 
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energy by the amount (B,+27), where B, is the 
neutron binding energy and 7 is the nuclear tempera- 
ture. Values for B, were taken from reference 25. The 
shapes of the excitation functions for neutron-evapo- 
ration reactions in this system are consistent with a 
nuclear temperature equal to 1.5 Mev, independent of 
excitation energy.?’* With the high excitation energies 
involved here, the choice of T is not very important 
and we have used a constant value of 1.5 Mev. 

For the change in mean spin along the evaporation 
chain we assumed, using classical arguments, that a 
neutron on the average carries off 1% of the spin of the 
nucleus having a mass of about 250. 

Values for E;, the fission barrier, have been taken 
from Vandenbosch and Seaborg.” K,? was then evalu- 
ated from the curve by Halpern and Strutinski.? 
Estimated values for F, /, K.*, and the resulting values 
of p for the various members of the chain involving 
emission of up to four neutrons at the three bombarding 
energies are summarized in Table II. Note that at the 
two highest bombarding energies the p value has only 
a small variation along the chain. At 73 Mev, however, 
the p value, after the evaporation of four neutrons, has 
increased by a factor of 5. This shows that the assign- 
ment of a mean fissioning nucleus as a representation 
for the distribution is not justified in this case. 

b. Calculation of fr. There are several formulas for 
the calculation of I',/T,;, the ratio of the level width 
for neutron evaporation [, to that for fission Ty. 
Huizenga and Vandenbosch have developed a formula 
which reproduces quite well the more tedious Monte 
Carlo calculations and which takes into account the 
influence of rotational and pairing energies.” If the 
level-density expression p(E£)=const exp[2(aE)'] is 
used, ',,/T'y is given by 


lr, 4A1(E—B,'— Ep) 


Tr, Co 2a(E—E/'— Epr’)'—1] 
Xexp{2a'{ (E—B,’—Er)'— (E—E/'—En’)*}}, (9) 





where Er=rotational energy of the undistorted (i.e., 
spherical) nucleus; Er’= effective rotational energy of 
the nucleus at the saddle point; B,’=B,+A; B, is 
neutron binding and A is the pairing term for the 
residual nucleus; E,’=E,s+Ay;; Ay is the pairing term 
for the fissioning nucleus at the saddle point; E=ex- 
citation energy of the nucleus; Co= h?/(gmr,?) ; ro is the 
nuclear radius parameter; g is the statistical weight for 

274. Ghiorso and T. Sikkeland, in Proceedings of the Second 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1958), Vol. 14, p. 158. 

28 T. Sikkeland, S. G. Thompson, and A. Ghiorso, Phys. Rev. 
112, 543 (1958). 

*% R. Vandenbosch and G. T. 
(1958). ; 

» R. Vandenbosch and J. R. Huizenga, in Nuclear Reactions 


(North-Holland Publishing Company, Amsterdam (to be pub 
lished) ], Vol. 2. 


>} 


Seaborg, Phys. Rev. 110, 507 
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spin (=2 for neutrons), and m is the mass of the 
neutron. 

The mean value of [’,/I'y at each step in the cascade 
may be evaluated by proper choice of the parameters. 
For the constant a in the level density formula we have 
chosen the value 10 Mev. The values of E, Ey, and 
B, have been determined above, and A and A, were 
taken from Huizenga and Vandenbosch.” The rota- 
tional energies are estimated from the formulas 
Er=WP/29 and Er/=h'I?/29,. As given above, I is 
the spin and 9g the effective moment of inertia of the 
spherical nucleus. The quantity 9, is the moment of 
inertia of the saddle-point nucleus, taken about an 
axis perpendicular to the fission axis. 

For the moment of inertia, only an order-of-magni- 
tude estimate can be made. For a nucleus of mass 
number 250, h?/29,ig is about 3 kev, where 9,ig is the 
rigid-body moment of inertia.** We have rather arbi- 
trarily chosen a value of 5 kev for h?/29, as a com- 
promise between the value obtained using J,ig and 
those obtained from the spacings of rotational energy 
levels in the ground-state bands of nuclei in this region.*! 
As stated by Huizenga and Vandenbosch,” the ratio 
Er/Er’ probably lies between 2.5 and 1.25 in fission 
induced by heavy ions. In our case, the choice of this 
ratio is not very critical and we have used the value 
of 2 in our calculations. The values of fr obtained from 
this calculation are listed in Table II. 

The over-all angular distribution of fission fragments 
in the c.m. system predicted by the compound-nucleus- 
reaction assumptions are shown as curves in Figs. 3-5 
together with the experimental angular distributions. 


2. Estimation of Xcx 


The mean value, Xcn, at a certain step in the evapo- 
ration chain is given by 


AEA sr 


A cn’ E, m. 


(10) 


iN 


where Ay=mass of the C” bombarding particle, 
E,=kinetic energy of the C” particle in the laboratory 
system, Acn=mass of the compound nucleus, A;r 
=mean mass of the fission fragments, and F,.m.=the 
mean kinetic energy of the single-fragment spectrum. 
Because of the high excitation energies at which most 
of the fission events occur, one would expect the mass 
and kinetic energy distributions to be symmetric. 
Under this condition, the mean and most probable 
values should be identical. 

Our observation that FE... is independent of bom- 
barding energy has also been observed in the bombard- 
ment of gold with carbon ions.* The value of 93 Mev 
seems reasonable for the fission of Cf isotopes. Terrell’s 
correlation predicts a linear dependence of kinetic 


31 See, for example, R. K. Sheline, Revs. Modern Phys. 32, 1 
(1960). 
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energy release on Z?/A! of the fissioning nucleus®; 
however, this effect gives a negligible variation of /e.m. 
along the evaporation chain. We have therefore ac- 
cepted the value 93 Mev for £,.m. for all the fissioning 
nuclei involved in the calculations. 

The mean mass of the fission fragments, A;sr, is 
given by Asr=}(Asy— >), where 7 is the mean number 
of prompt neutrons emitted in the fission process. 
These neutrons, evaporated as a result of the large 
fragment excitation energies, are emitted in the frame 
of reference of the moving fragments. Leachman** and 
Bondarenko et al.** have plotted # as a function of the 
excitation energy £ of the fissioning nucleus for several 
systems. They obtain the relationship 


b= io + 0.12, (11) 


where i» is presumably the mean number of neutrons 
that would be emitted with spontaneous fission of the 
particular species. From a compilation by Huizenga 
and Vandenbosch® we have obtained the following 
values for 7: 3.6 for Cf®°, 3.4 for Cf*#*, 3.2 for Cf*®, 
3.1 for Cf", and 3.0 for Cf*®. 

Extension of this relationship into the high spin 
values and excitation energies we are dealing with is, 
of course, questionable. There is the possibility that 
the fission fragments will increase their rotational 
energies with increasing spin of the fissioning nucleus, 
resulting in a reduction of the number of emitted 
neutrons. Charged particles may also be emitted. We 
will, lacking other information, assume Eq. (11) still 
valid. 

Because of the small variation in Ayr along an 
evaporation chain, a constant value was used at each 
bombarding energy. The final values of Xcey? therefore 
become equal for all the fissioning nuclei in an evapo- 
ration chain. The results of the calculations are pre- 
sented in Table II. 


C. Comparison of Compound-Nucleus-Model 
Predictions with Experimental Data 


The agreement between the calculated and experi- 
mental values of p (over-all) and X? is quite satis- 
factory at the 73-Mev bombarding energy. At the 
higher bombarding energies, however, we observe 
considerable differences in these quantities. At these 
energies the experimental angular distributions are less 
anisotropic than predicted and, in general, we find for 
the X values: Xcn?>X mp?> X?. 

It is interesting to note that the discrepancies cannot 
be explained on the basis of charged-particle evapo- 
ration prior to fission, since predictions based on such 

* James Terrell, Phys. Rev. 113, 527 (1959). 

3% R. B. Leachman, in Proceedings of the Second International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1958 
(United Nations, Geneva, 1958), p. 229. 

*T. I. Bondarenko, B. D. Kuzminov, L. S. Kutsayeva, L. I. 
Prokhorova, and G. N. Smirenkin, in Proceedings of the Second 
International Conference on the Peaccful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1958), p. 353. 
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an assumption are largely the same as those obtained 
on the assumption of only neutron evaporation in 
competition. The Xcx? values for charged-particle 
evaporation are calculated by using Terrell’s® curve 
to estimate /.... and by choosing reasonable values 
for the mean energy of the evaporated particle. The 
mean linear velocity of the fissioning nucleus will not 
change appreciably in the evaporation, and the re- 
duction of F.... will be approximately compensated 
by the reduction in As. Similarly the p values, in 
charged-particle evaporation, will not differ very much 
from those obtained for neutron evaporation since the 
charged particle will carry off more spin, but will 
reduce the excitation energy more than a neutron. For 
example, emission of an alpha particle will classically 
reduce the mean spin of the nucleus by about 4°, but 
this will be compensated by a 20-Mev reduction in the 
excitation energy. 

There are several possible sources of error in the 
calculations. For the angular distribution, any un- 
certainty in the estimation of the number of fissions 
occurring at each step in the evaporation chain will 
have little effect (except at 73 Mev), since the p value 
has a negligible variation along the chain at the higher 
bombarding energies. Changing the X? values for the 
transformation of the experimental angular distribution 
will also not appreciably alter the distribution in the 
c.m. system. The most susceptible points for introduc- 
tion of errors into the calculation of the p values are 
in the estimations of A,? and the appropriate values of 
I, for the various fissioning nuclei. 


1. Uncertainty in Ke 


In the region where the relation K,?= const. (E—E;)} 
is assumed to be valid, Halpern and Strutinski used the 
value of 31.5-Mev~ for the constant.? We have seen 
that with this value the angular distribution at 73 Mev{ 
is reproduced. If we assume, that the reactions leading’ 
to fission at higher bombarding energies also are CN 
reactions, then the constant has to be of the order of 
50 Mev— at 95 Mev and 68 Mev~ at 124 Mev to give 
a fit to the experimental data. This implies that K¢ 
also is a function of the spin J of the fissioning nucleus. 
Going back to the formula Ko?= 7Ses/h? [Eq. (3) ] and 
applying the formula T=[(1/a)(E—E,)]! for the 
nuclear temperature, find that 7/29 is de- 
creasing with increasing 7. With a= 10, h?/24¢¢ will be 
2.3 kev at 124 Mev ([~45%), 3.2 kev at 95 Mev 
(I~ 33h), and 5 kev at 73 Mev (1 ~19h). In comparison 
h?/29.,, is about 2.4 kev for a heavy spherical nucleus. 
A decrease in %?/29-¢¢ with J is in accordance with the 
predictions that the saddle-point shape will be less 
distorted with higher spin.***6 No quantitative calcu- 
lations have been made of this effect, however. We will 


we 


4 John R. Hiskes, Ph.D. thesis, Part I, Lawrence Radiation 
Laboratory Report UCRL-9275, June, 1960 (unpublished). 
36 G. A. Pik-Pichak, Soviet Phys.—JETP 7, 238 (1958). 
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make the rather questionable assumption that the 
change in #?/29.4: with J will be less than what the 
estimations given above have indicated. The dis- 
crepancies between the calculated angular distributions 
for CN reactions and the experimental distributions 
are attributed to an admixture of non-compound- 
nucleus (NCN) reactions, as will be shown in the 
following paragraph. 


2. Uncertainty in I, 


There are two possible sources for uncertainty in the 
assignments of the average spin (or of /,,”) of the various 
fissioning nuclei. On one hand, it has been noted above 
that one expects [';/I’,, to increase with the spin value 
of the nucleus at a given excitation energy. Thus, in 
the early stages of the evaporation chain, fission will 
occur with greater probability among the high spin 
states, leaving a lower spin distribution than we have 
assumed in the later stages of the chain. This difficulty 
was pointed out in the interpretation of the fission- 
fragment angular distribution resulting from bombard- 
ment of Au” with C” ions.* In that system, the effect 
may be rather serious; however, with U*** and C”, one 
would not expect a strong effect because (a) essentially 
all the compound nuclei eventually fission, and (b) the 
p value obtained is not very sensitive to the stage at 
which fission occurs. On the other hand, uncertainty 
may arise in estimating the average spin change that 
occurs when particles are evaporated. We do not feel 
that large errors have been made in our treatment of 
this problem, although the situation is not totally 
clear.*? 

Apparently the estimated angular distributions for 
a compound-nucleus mechanism are reasonable. Simi- 
larly no large uncertainty in X¢,? is to be expected. 

That some compound-nucleus reactions must occur 
in the reaction between U*** and C™ has been shown by 
studies of spallation reactions of the type (C!,am).27-°8 
We are led to the conclusion that fission in this system 
results both from compound-nucleus reactions and from 
other reactions that, at least at energies above 73 Mev, 
yield less anisotropic angular distributions and smaller 
forward velocities than expected for compound-nucleus 
reactions. If, in the latter type of reactions, particles 
are “stripped” from the carbon ion and emitted in the 
forward direction, high orbital angular and _ linear 
momenta can be carried off. For example, an alpha 
particle emitted in a stripping reaction could reduce the 
spin of the struck nucleus by as much as 20h if its 
kinetic energy were 20 Mev. On the other hand, 
evaporation of an alpha particle would reduce the spin 
by only about 2% on the average at the maximum 
bombarding energy. In both cases the reduction of the 


37 V. E. Viola, H. M. Blann, and T. D. Thomas, in Proceedings 
of the Second Conference on Reactions between Complex Nuclei, 
Gatlinburg (John Wiley & Son, Inc., New York, 1960), p. 224; 
also, T. Kammuri and R. Nakasima, ibid., p. 301. 
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excitation energy of the nucleus is approximately the 
same. Indications for such reactions have also been 
observed by other experimenters. Britt and Quinton 
have measured the energy spectra and angular distri- 
butions of alpha particles and protons emitted in the 
reactions of Au'? and Bi?’ bombarded with various 
heavy ions.*’ For both alpha particles and protons, 
the angular distributions are sharply peaked in the 
forward direction and relatively flat in the backward 
hemisphere. Also, the energy spectra of the alpha 
particles are rather broad and peaked at about 35 Mev 
at far forward angles, suggesting that these particles 


are emitted with nearly the full velocity of the heavy- 
ion beam (10.5 Mev-nucleon). At backward angles, 
the energy spectra are consistent with evaporation of 


the alpha particles from the compound nucleus. These 
results suggest that most of the alpha particles observed 
in the forward hemisphere result from direct inter- 
actions, whereas those found at large angles in the 
backward hemisphere come almost entirely from evapo- 
ration reactions. The various observations by Britt 
and Quinton have led them to the conclusion that the 
dominant direct process is the breakup of the projectile. 
It is also suggested that the breakup is caused by a 
nuclear interaction rather than a Coulomb breakup 
process. It is to be expected that a similar type of alpha 
emission occurs in the reaction between U*%* and C”. 

Ghiorso and Sikkeland showed that products from 
(HI ,anyp) reactions between a heavy element such as 
Cm and heavy ions (HI) have a much shorter range 
than expected if the product nuclei had the total linear 
momentum of the heavy ion.?? They found that even 
with C™® energies as low as 80 Mev the contribution 
from such NCN-type reactions is at least 10% of the 
total compound-nucleus-reaction cross section. The 
dominant group of products result from reactions that 
can be written (C™,2axn). 

In these reactions, which can be characterized by 
the emission of two alpha particles, the residual nuclei 
are left with excitation energies sufficiently high to 
cause fission. It is reasonable to expect that these 
reactions occur at the nuclear surface and involve C™ 
ions having the highest possible impact parameters. 
If we further assume that the alpha particles leave the 
nucleus with the same impact parameter and velocity 
as the incoming ion, the spin and excitation energy, 
and thus the X? and p values of the fissioning nucleus, 
can be evaluated. By adjusting the contributions to the 
fission cross section from the two types of reactions 
CN and NCN to fit the experimental values, we find 
the fraction of the NCN-reaction cross section to be 
about 30% at 95 Mev and 124 Mev. 

By comparison, Britt and Quinton** have found that 
the ratio of the cross section for direct production of 
alpha particles to the calculated cross section for 
compound-nucleus formation® for Bi?’? and C® rises 


88 H. C. Britt and A. R. Quinton, Phys. Rev. (to be published). 
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from a value of approximately 0.15 at 85 Mev to 0.39 
at 126 Mev. A direct comparison between these values 
and our estimate of 30% NCN reactions is not possible 
because one does not know the cross sections for direct 
emission of all other particles (although direct emission 
of protons in this system is known to be small compared 
with that for alpha particles**), or the frequency with 
which two alpha particles are emitted in a given event. 

Some fission doubtless results from nucleon-transfer 
reactions. These reactions will result in small linear and 
orbital angular momentum transfer to the fissioning 
nucleus. The total cross sections observed for these 
types of reactions are, however, only of the order of 
millibarns*® and should therefore have small effect on 
the angular distribution of the fission fragments. 


V. SUMMARY AND CONCLUSION 


The most probable total kinetic release in fission of 
U8 with Cis 1866 Mev, independent of bombarding 
energy. This is consistent with the fissioning nuclei as 
predominantly californium isotopes. The broad kinetic 
energy distributions probably are the result of a broad 
mass-yielc This latter 
observation, suggested by radiochemical studies of the 
fission of U*** with 115-Mev N" ions *’ and preliminary 
work in the U8 and C” system,‘ is likely the result 
of the high-excitation energies at which fission occurs 


1 curve for the fission fragments. 


and the wide range in forward velocity of the fissioning 
nuclei. 

Values for X° and the anisotropies of the angular 
distributions of the fission fragments have been calcu- 
lated on the assumption of purely compound-nucleus- 
reaction mechanisms and compared with the experi- 
mental results. The comparison reveals that above 73 
Mev we have contributions to the fission cross section 
from reactions in which particles are emitted prefer- 
entially in the forward direction prior to the fission 
process.” 

If one assumes the main group of these stripping 
reactions to be of the type (C”,2a), an estimate based 
on rather crude assumptions yields an approximate 


3 Edward L. Hubbard, Lawrence Radiation 
Berkeley (private communication). 

4” N. [. Tarantin, lu. B. Gerlit, L. I. Guseva, B. F. Miasoedov, 
K. V. Filippova, and G. N. Elerov, Soviet Phys.—J. Exptl. 
Theoret. Phys. (USSR) 7, 220 (1958). 

41 Eldon L. Haines, in Lawrence Radiation Laboratory Chem- 
istry Division Semiannual Report, Lawrence Radiation Labo- 
ratory Report UCRL-9093, February, 1960 (unpublished), p. 34. 

2 Note that the agreement between calculated and experimental 
X? values at 73 Mev does not rule out the possibility of some NCN 
reactions leading to fission at that energy. Ghiorso and Sikkeland?? 
have found evidence that some of the products from the (C,2exn) 
reactions with Cm near the Coulomb barrier actually have longer 
ranges than expected from a CN reaction. They suggest that the 
« particles in these cases are emitted preferentially in the backward 
hemisphere. Later Alexander and Winsberg [J. M. Alexander and 
L. Winsberg, Phys. Rev. 121, 529 (1961) ] used the same argument 
to explain their observation that NCN reactions in the Bi® and 
HI systems at energies near the Coulomb barrier actually yield 
higher X? values than predicted for CN reactions. 
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30% contribution to the fission cross section from this 
kind of reaction at 95 and 124 Mev. This value has to 
be regarded as an upper limit due to the possible increase 
of K¢ with J. 

The fission cross sections observed agree well with 
calculated cross sections for compound-nucleus for- 
mation based on the square-well nuclear potential with 
radius parameter ro=1.5X10~* cm. From our obser- 
vations, it would appear that the calculated cross 
sections would be more aptly termed the “interaction 
cross section for reactions leading to deposition of 
excitation energies of more than 5 Mev.” 

It is evident that only charged-particle-fission- 
fragment-coincidence experiments can give a clearer 
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picture of the reactions occurring prior to the fission 
process. 
ACKNOWLEDGMENTS 

We acknowledge the contributions from Bruce D. 
Wilkins of this Laboratory and Dr. John R. Walton, 
Lawrence Radiation Laboratory (Livermore), in the 
early stages of this work. Discussions with Dr. John R. 
Huizenga of Argonne National Laboratory and Dr. 
Albert Ghiorso and Dr. Stanley G. Thompson of this 
Laboratory are appreciated. S. Hargis and R. Garrett 
were most helpful in the plotting of numerous curves. 
We wish to thank Charles A. Corum for the mechanical 
design of our experimental equipment. The Hilac crew 
was most helpful between and during bombardments. 








NUMBER 6 SEPTEMBER 1961 





is, 





Studies of Stripping and Pickup Reactions on the Basis of the Pairing Plus 


Quadrupole-Quadrupole Interaction Model* 


Suro Yosurpat 


Radiation Laboratory, University of Pittsburgh, Pittsburgh, Pennsylvania 


(Received November 16, 1960) 


Cross sections for (¢d,p) and (d,#) reactions in units of the single-particle cross sections (the spectroscopic 


factors) are calculated for spherical nuclei. It is assumed that the protons fill a closed shell and that only 
neutrons in an unfilled shell interact with each other through the pairing and quadrupole-quadrupole 
interactions. First the pairing interactions problem is solved by introducing quasi-particles according to 
Belyaev. Next the quadrupole-quadrupole interaction is diagonalized, taking into accout two quasi-particle 
states for the first excited state of even-even nuclei. Using these wave functions the spectroscopic factors 
are obtained in simple form, and are evaluated numerically for the case of the Sn isotopes. Comparison is 
made with experiments for the transitions to the ground states of even-even and even-odd isotopes as 


1. INTRODUCTION 


HE importance of deuteron stripping and pickup 
reactions as a tool of nuclear spectroscopy has 
been emphasized by many authors. These reactions 
provide rather direct information on the wave functions 
of low-lying nuclear states. Macfarlane and French! 
gave the most elaborate and complete reviews of these 
reactions, mainly based on the shell model, while 
Satchler? summarized studies of the stripping reactions 
based on the collective model. For deformed nuclei with 
rotational spectra Satchler gave a straightforward 
prescription for analysis of experimental data and work 
has been published along this line.* However for the 
vibrational spectra further detailed calculations like 
the intermediate coupling theory may be necessary to 
analyze experimental data. 
* This work was supported by the Office of Naval Research. 
+ On leave of absence from Institute for Nuclear Study, Uni- 
versity of Tokyo, Tokyo, Japan. 
1M. H. Macfarlane and J. B. French, Revs. Modern Phys. 32, 
567 (1960) 
2G. R. Satchler, Ann. Phys. 3, 275 (1958). 


34. E. Litherland, H. McManus, E. B. Paul, D. A. Bromley, 
and H. E. Gove, Can. J. Phys. 36, 378 (1958). 


well as to the vibrational states of even-even isotopes. Agreement in both cases is fairly good. 








Recently another aspect of nuclear structure was 
revealed by the Copenhagen group‘ in analogy with 
superconductivity in solid state physics. The pairing 
force is responsible for this new aspect of structure and 
the existence of an energy gap in the intrinsic spectra 
of deformed even-even nuclei was the first experimental 
support for it. The powerful mathematical method of 
superconductivity® was applied in the nuclear case by 
Belyaev® and further detailed comparisons with experi- 
ments have been carried out successfully by Kisslinger 
and Sorensen.’ The latter authors treated single closed- 
shell nuclei and calculated the energy spectra, electro- 
magnetic moments, and transition rates. To study the 


4A. Bohr, B. R. Mottelson, and D. Pines, Phys. Rev. 110, 
936 (1958). 

5 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). N. N. Bogoliubov, Nuovo cimento 7, 794 
(1958). J. G. Valatin, ibid. 7, 843 (1958). N. N. Bogoliubov, 
V. V. Tolmachev, and D. V. Shirko, A New Method in the Theory 
of Superconductivity (Consultants Bureau, New York, 1959). 

6S. T. Belyaev, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 31, No. 11 (1959). 

7L. S. Kisslinger and R. A. Sorensen, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 32, No. 9 (1960). 
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vibrational states they assumed the cranking model.® 
These states also have been studied by Baranger and 
other people® using more refined methods. 

The pairing forces cause a strong configuration 
mixing among the nucleon states in the unfilled shell, 
which is difficult to treat by usual shell model calcu- 
lations. This configuration mixing gives rise to the 
energy gap, and to secondary effects, like the deviation 
of the moment of inertia from the rigid-body value.” 
However its effects may be seen directly by studying 
the stripping and pickup process. In fact Cohen and 
Price" have made experiments with (d,p) and (d,t) 
reactions in a wide range of atomic numbers, and found 
many facts which seem difficult to explain by the simple 
shell model. This paper was inspired by their work and 
will give theoretical considerations of the (d,p) and 
(d,t) reactions based on the superconductive nature of 
nuclei. For the vibrational state the Tamm-Dancoff 
method will be applied and rather simple and explicit 
formulas for the reduced width will be presented. 

The (d,p) and (d,t) cross sections may be expressed as! 


doa,z/dQ= Raz > ae Sida,z(1,0,0), x=p,t (1.1 ) 
where R,,, is the statistical factor and is given by 
Rap=(2y+1)/(2N:+1), Rar=1. (1.2) 


J; and J are the spin of the target and residual nucleus 
respectively. The second factor in Eq. (1.1), Si), is 
called the spectroscopic factor, which gives the proba- 
bility of the appearance of the single particle state in 
the parent nuclear wave function. The last factor is 
the single-particle cross section and is considered as a 
function of orbital angular momentum / of the stripped 
or captured neutron, the Q value, and the angle of the 
outgoing particle @. 

The spectroscopic factor S; may be expressed as a 
sum of overlap integrals between the parent nucleus 
and a free state composed of the daughter nucleus and 
a captured or stripped neutron with angular momentum 
j. That is, 

= Limts Si, 


S;=AW ya |Psrau(j,J0)). 


(1.3) 
where 
(1.4) 


In the last equation, A is the mass number of the 
parent nucleus and WV yy is its wave function, J and M 
being its spin and the Z component. ®y(j,Jo) is given 
by 
Pyu(jJo= X& (imJoMo|IM)bjm¥somo, (1.5) 
m,M 


where (jmJ oMo|JM) is the Clebsch-Gordan coefficient, 
jm is the spin-angle part of the captured or stripped 





® D. R. Inglis, Phys. Rev. 96, 1059 (1954); 97, 701 (1955). 

9M. Baranger, Phys. Rev. 120, 957 (1960). For similar works 
see references in Baranger’s paper. 

1 A. B. Migdal, J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 249 
(1959); [translation Soviet Phys.—JETP 10, 176 (1960)]. J. J. 
Griffin and M. Rich, Phys. Rev. 118, 850 (1960). 
1B. L. Cohen and R. E. Price, Phys. Rev. 118, 1582 (1960). 
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neutron, and Wyo is the wave function of the daughter 
nucleus with spin Jo and Z component Mo. This 
spectroscopic factor corresponds also to the reduced 
width in units of the single-particle reduced width. 

* As for the single-particle cross section $(/,0,0), the 
dependences on J, Q, and @ are known empirically." 
Therefore the knowledge of the spectroscopic factor is 
sufficient to discuss the cross section. The spectroscopic 
factor may be calculated easily once the wave functions 
are given. In Sec. 2 the necessary formulas for the 
nuclear wave function based on the pairing interaction 
model will be summarized. Then the spectroscopic 
factor will be calculated in Sec. 3 for the ground states 
or single-particle states. Section 4 will be devoted to 
the construction of the wave function of the vibrational 
states and in the following section (Sec. 5), these wave 
functions will be applied to the calculation of the 
spectroscopic factor for vibrational states. These results 
will be compared with experiments in Sec. 6 and 
discussions will be presented. 


2. PAIRING INTERACTION 


In this section the nuclear model based on the pairing 
interaction will be summarized in order to give necessary 
wave functions for the calculation of the spectroscopic 
factor. We follow the work of Belyaev® but use the 
Condon and Shortley® phase for the wave function. 
It is also assumed that only one kind of nucleons 
(neutrons) are active while the other kind of nucleons 
(protons) form a closed shell and will not be taken into 
account in the calculation. The vacuum state |0) will 
be understood to stand for the state where all states in 
filled shells are occupied and none of the unfilled shell 
is occupied. The Hamiltonian for the pairing interaction 
then is given by 


. , ir , , $ ; 
Ho= Zz €;2jm'djm— 4G >, (— } Qj'm’'Aj'—m’ 
jm j'm’ 


XE (—)- aj mdjm, (2.1) 


ym 


where the first term of the right-hand side represents 
the sum of the single-particle energies (of the shell 
model states) while the second term represents the 
pairing interactions among nucleons in the unfilled 
shell. ajm* and aj, are the creation and annihilation 
operators of the shell model state with spin 7 and Z 
component m. Also ¢; is the single-particle energy of 
the shell model state j, and G is the strength of the 
pairing interaction. To specify a shell model state, 
quantum numbers other than j and m will be necessary, 
but they will be suppressed unless they are needed. 
Following the procedure of Bogoliubov and Valatin® 
the operators djm' and ajm now will be transformed 
into new operators by a canonical transformation. As 
this transformation mixes states with different mass 
Cordon and G. H 


BE. U. Shortley, The Theory of Atomic 


Spectra (Cambridge University Press, New York, 1951). 
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number, it is introduce 


Hamiltonian 


necessary to the auxiliary 


Hy’ =Ho-dv\ Dd 


, 
Qjm'Ajm, 


where J is the chemical potential, serving as a Lagrange 
multiplier to take into account the constraint that for 
the solution YW the average occupation number equals 
the number » of nucleons in the unfilled shell; 
(V| > ajm'ajim|¥)=n. The Bogoliubov and Valatin® 
transformation is given by 


djm= U jajmt V; 
and V, 


where U’, satisfy 


U 2+V7=1. (2.4) 


The coefficients U; and V; are chosen so that the 
new Hamiltonian in terms of a;, and a;,,' will not 
contain terms like ata? and aa. Therefore the following 


l 
ns are obtained 


mage 
[(e;—d)2+47]} 


The transformed Hamiltonian takes the form 


H ‘ =const+>- Ea m Q 


+terms containing foura’s, (2.9) 


the second term the transformed 


single-particle energy, and 


where represents 


E;=([(e;—A)?+A*]}}. (2.10) 
In this new representation the nuclear state is specified 
by the various occupation numbers of the new particle 
states which are called the quasi-particle states. The 
last term of (2.9) will be neglected. The quasi-particle 
states are the elementary excitations with respect to a 
new vacuum, which is the ground state of an even-even 
nucleus. In terms of the old representation, the wave 
function of the new vacuum is expressed as 


Wo= [I (Uj4+Vj(—)-"a,n'a (2.11) 


It is easily shown that 
mV (), (2.12) 


The odd nucleus then is the state with one quasi- 
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particle and the wave function is given by 
agu Vo. 
The number of nucleons is obtained as 
2j+1 
> 


2 
5 2 


R= 


(2.14) 


where the first term represents the contribution from 
the new vacuum and the second term is the contribution 
from the quasi-particles. 

Equations (2.5) and (2.14) are the basic equations, 
and A and XQ will be obtained if €;, G, and » are given, 
A is the lowest energy of the quasi-particle as seen from 
(2.10). After A and \ are derived U’; and V; may be 
calculated from (2.7) and (2.8) and accordingly the 
energy and the wave function will be obtained. Numer- 
ical values of A and X are tabulated by Kisslinger and 
Sorensen’ for the single closed shell nuclei. 

It is noted that the values of U; and V; differ from 
nucleus and change smoothly with 


to another ( 
increasing mass number. In the 


one 
will 
become necessary to treat the even-even nucleus with 
nucleon number » and the even-odd nucleus with 
nucleon number n+1 in calculating the overlap integral. 


If the former wave function is denoted by V 


next section it 


, in which 
U; and V; are adjusted to give the average nucleon 
number m, then the latter wave function given by 
Eq. (2.13) aya"¥o will no longer correspond to the state 
with a nucleon number w-+1. Instead for this nucleus 
Eq. (2.14) once again gives the average nucleon number 
n, because the contribution from the one quasi-particle 
JM is very smali if the odd nucleus is in the ground or 
low excited state, where ey~X. In order to get the 
odd-nuclear wave function with nucleon number +1, 
it is necessary to use slightly different U,;’ and V,’ 
from those used in the even-even nucleus. Let that 
vacuum state be denoted by Wo’ which the 
average nucleon number m1, and those quasi-particle 
operators by ajm'' and aj’ which are obtained by 
replacing U; and V; by U,’ and V;’. Then the vacuum 
state with prime may be expressed in terms of the 
original vacuum state and its operators as 


gives 


w= Tl (VV /+U,U,)01 


X(VjV/+U,U,’- "a j—m'Qjm' Wo. (2.16) 


Neglecting the higher order terms, the last equation is 
expressed approximately 


Y,/~ 
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where 

AU ;=U;/'-U;j. (2.18) 
For the one quasi-particle state it is easy to prove that 


tt / / 
Qim Wo ~A jn’ Vo ’ (2.19) 


where higher order terms are neglected. 


3. GROUND-STATE SPECTROSCOPIC FACTOR 


The spectroscopic factor is expressed in the second 
quantization form as 


Sj= (Vou |Pou(j,Jo)?, (3.1) 
where Vy is the wave function of the parent nucleus 
with spin J and Z component M, while 


Pyu(jJo= dL (jmJoM (3.2) 


m, Mo 


JIM) jm'¥ so Mo. 


In the last equation Wso7o is the wave function of the 
daughter nucleus with spin Jo and Z component Mo, 
and j and m are the spin and Z component of the 
captured or stripped nucleon. 

We first consider the case of the odd parent nucleus. 
If the ground state of the even-even nucleus is denoted 
by W, and the parent even-odd nucleus by aya/'Vo, 
then the spectroscopic factor is expressed as 


> 


. / , + 9 > 
S;=(asu ‘Vo | djm'Vo). (9.9) 


By using (2.17), 
gives the result 


(2.19), and (2.3), the last equation 


35 6,,UL, (3.4) 


where Uy’ is the probability of the orbit with spin J in 
the even-even nucleus being empty. The correction 
factor given by (2.17) plays no role in this expression, 
in which U; and V; apply to the daughter nucleus, but 
would if the U; and V; of the parent nucleus were 
used. If we use the U; and V; for the parent nucleus, 
then we have. 


Sj=(asu'WVo| djm'Vo YP =57;(U s+ AU 5), 

which agrees with (3.4) because of the correction term 
AU 5. (3.4) may be given the interpretation 
that one nucleon is captured by the even-even nucleus 
into the orbit 7 and that the probability is proportional 


Equation 


to the probability of the orbit 7 being empty. 

Next let us consider the case of an even-even parent 
nucleus. If the wave function of the parent nucleus is 
denoted by Wo and that of the odd nucleus by avo.y' Wo’, 
then the spectroscopic factor is obtained 


S;=6505(2J o+1) Vise’, 


where Vys,? is again the probability of the orbit with 
spin Jo in the even-even nucleus being occupied. The 
interpretation is similar to the previous case; one 
nucleon at the level 7 is stripped from the even-even 
nucleus and the probability is proportional to the 
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number of nucleons occupying the orbit 7, that is 
(2Jo+1)V sc? [see (2.14) |. It is noted that the spectro- 
scopic factor is described by U and V of the even-even 
nucleus irrespective of which nucleus actually is the 
parent. In our treatment the state of the odd nucleus 
has been described as being the ground state, but in 
fact it may be any state of that nucleus. For any single 
quasi-particle state the formulas (3.4) and (3.5) should 
be valid. These two facts make it possible to obtain all 
the values of U; and V; for the even-even nucleus from 
the set of experimental cross section of (d,p) and (d,t) 
reaction for single quasi-particle states.' 

Here we have to that the number of 
nucleons has not been taken into account exactly, due 
to the introduction of the Bogoliubov and Valatin® 
transformation. It is expected that the error in the 
nucleon number # may be proportional to ./m, and our 


remember 


results also may contain some errors. To test this it is 
convenient to compare our results with the shell model 
results in a simple case. Let us assume that the con- 
figuration is pure j”, then the equations (2.5)—(2.8) and 
(2.14) become very simple and the following solution 
may be obtained easily 
e—A=G(2j- 2n)/4, A=G[n(2j+1—n) }} (3.6) 
the single particle energy of the orbit 7. 
and (2.8) we obtain 


whe re «¢€ is 
7 


From (2. 


1— 


If these are put into (3.4) and (3.5), then 


for odd parent nucleus, 
(3.8) 


yn for even-even parent nucleus, 


where 7” is the number of nucleons 7 in the even-even 
nuclei. These results agree exactly with those obtained 
from the From this we 


may expect that our results should be very accurate 


usual shell mode! calculation.! 
despite the inaccurate treatment of nucleon number. 


4. VIBRATIONAL STATE 
In considering the vibrational state of even-even 
nuclei, the quadrupole-quadrupole interaction," 


Ho-o= —} 


* ] mojym}, (4.1) 
is taken into account in addition to the pairing inter- 


action. In the last equation, x is the coupling constant 
B. L. Cohen and 


‘J. P. Elliott, 
(1958 


R. E. Price, Phys. Rev. 121, 1441 (1961). 
Proc. Roy. Soc. (London), A245, 128, 562 
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[this corresponds to (h/m)*x in the Kisslinger and 
Sorensen paper’ ] and Y2, are the second order spherical 
harmonics. Harmonic oscillator single-particle wave 
functions are assumed in order to make the calculation 
easy. The dimensionless oscillator potential v is given by 


(4.2) 


v= (mwo/h)r’, 


where r is the radial coordinate of the single particle, 
m is the mass of the nucleon, and wo is the angular 
frequency of the harmonic oscillator. 

After applying the Bogoliubov and Valatin transfor- 
mation® (2.3), the Q-Q interaction is expressed in a 
normal form: 


He-e=—(x/10) S (p’ 


ji ji’ 3252" 


X[uie'ittin'in X(—)*At( jo’ jo2—w) At (jr jr2u) 


Yt je) (jr'|| Y20|| 71) 


+ j2'jo0j1'j1 Do (—)*Al (fo! jo2—p)A"( jr’ fr2yp) 


u 


+3ujo'jottii'i At( jo j22u)A (j1' ji2u) 


+0j2'jojr'j1 2 A°( jo’ jo2u)A (jy ji2y) 
+415 Joujy'1 y+ (- \4 4 (j2' jo2u)A (jr ji2—p) 


—35( — )7 


My jo'jodi1't1 2 (—)’W (po jojr' jij 20) 
XAt( ji’ jo'vK) A (jr jovx) J, 
where 


At(jijoadp) = 2. (jm Jom» Ap )ajymlajome . 


mim? 


A (jijaAu) = > (jm, jm Au }Ajam20j 1m}, 


mime 


A°(jijodu)= Lo (—) t(j mi jomz| dy) 


mim2 
xX (@jimy'aj2—m2— $6j1525m1, —m2). 


The first two lines of (4.4) represent a pair of quasi- 
particle creation and annihilation operators, respec- 
tively, and the last line represents the quadrupole 
transition operator (for A=2). Also ujyje and vj;j2 are 
the following combinations of U; and V;: 


Ui1j2=UAVietViaU io, virjig= Ui Uin— VisVio. (4.5) 


In Eq. (4.3), (j’|| ¥20|| 7) is the reduced matrix element 
of the nondimensional quadrupole transition operator 


and is given by 


(Nl j'\| Foe 


(N'l’\v! NI), (4.6) 


SHIRO YOSHIDA 


TaBLe I. The radial integrals (N’l’|0| NJ). 


(N'l’ |>| NZ) 
N+3 
—3((N+14+2+1)(N—i+141)}! 
4 (N+1+142)(N+/+3+2)} 
—((N+14+2+1)(N—14+1¥1)} 
4[ (N—I2)(N—14+22)}) 





where N is the principal quantum number of the 
harmonic oscillator wave function, such that the energy 
is hwo(N+3). The radial integrals (N’l’|v| NJ) are given 
in Table I. 

The transformed Q-(Q interaction has terms like ata’, 
aa, and ata which were not included in Eq. (4.3). 
However, these terms need not be carried because they 
should have been eliminated together with correspond- 
ing terms in the pairing interaction by choosing an 
appropriate transformation (2.3), or should have been 
included in the single quasi-particle energy given in 
(2.9). Constant terms were also neglected, because we 
have no interest in them. 

The problem of the pairing plus the Q—Q interaction 
may be solved in various approximations and is known 
to give rise to the vibrational spectra in some circum- 
stances. Kisslinger and Sorensen’ used the cranking 
model® under the adiabatic assumption, but their wave 
function is not convenient for our purpose. Baranger® 
used the method of the linearized equation of motion, 
which is believed to be the most refined treatment so 
far obtained, but with this method it is difficult to give 
the explicit form of the wave function. The Tamm- 
Dancoff approximation, which is a further approxi- 
mation to the latter method,® gives the explicit wave 
function. We will use this approximation. The wave 
function for the excited state with spin 2 of the even- 
even nucleus is assumed to be a superposition of two 
quasi-particle states with resultant angular momentum 
2, whose coefficients are chosen so that the Hamiltonian 
is diagonalized. The first excited state wave function 
is written as 

Vow=Qom™o, 
where 
Qomt= > firioAt(jrj22M). 


7132 
Then the Schrédinger equation is expressed as 


O= (H—hw)Vom=( > firie(Eiit+Ej2— hw) At(j1j22M) 


3132 


—(x/20) > (j;’ 


933473" 34’ 


ja’) (Js\| V20\| ja) 


XK uis'is'Uisia DL At( js’ ja'2u)A (ja ja2u) 
» 


Xd firi2At(jij22M) Wo, (4.9) 
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where hw is the excitation energy of the state. The 
term in (4.3) with the Racah coefficient was neglected 
as it is unimportant and makes the calculation complex.® 
Using the following relation: 


A (ji jo'N'y’). 1! (jijoru)¥ o= by Oy? a (Os 515.52" jo 
+ (—) 2’ *'5 51505 j0'i1) Vo, 


which is easily verified, the equation becomes 
firig(Ent+En— hw) — (x, 10) (j1\| V 20|| jo)airi2 
x ze Fii'ie' (ji'|| Y o0|| jo’) uir'io’=0. 


ji’ j2’ 
The solution is easily obtained as 


. (jill Y 20] J2)Uiri2 
ee, (4.12) 
Ej, t+Ejo—thw 
where C is a constant to be determined later. The eigen- 
value equation is 
(ji\| V20|| j2)?airie? 

1= (x/10) }}§ ——_——_— 

17 Ej, tEjo— tw 


(4.13) 


from which hw may be determined. The normalization 
of the wave function requires 
(Vo! OopQoy" Vo)= Gus, (4.14) 


from which we obtain 


7 firi?= }. 


nije 


(4.15) 


The constant C in (4.12) is determined by (4.15), and 
we obtain 


; 1 (fil| Vor) jo) asso 
Jis2=- % —_ = 


V2 Ejnt+En—ho 


(3 You jo’)u 9! 2 -} 
| & {= mbit 1 . (4.16) 


ji’ j2’ Ej, +Ejo—tw 


The operators Q),' and Qy, satisfy the following 
approximate boson commutation relations 


[On ws Orut = 8x rbye us 

LOxw Oru] sa LOn wt Ona! ]=0, 
whose vacuum expectation values are exact, and which 
are expected to be approximately valid for the case of a 


small number of quasi-particles. From the Schrédinger 
equation (4.9) we obtain 


(4.17) 


HQo,'Vo~haQeo,'Vo, Oo,' HV oO, 
from which the approximate commutation relation, 


[HOo,t rhoo,t, (4.18) 
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follows. The second excited state may be described as 


1 
Vou =—D (2y'2p| IM)Qy'QauWo, 


VZ up’ 


(4.19) 


both because this wave function satisfies the following 
approximate Schrédinger equation 


HY yy? ~2hoW yu, (4.20) 


which is easily verified by using (4.18), and because it 
satisfies the normalization equation 


(Woy? | Vou) =1. (4.21) 


Therefore it is seen that the choice of the wave functions 
(4.7) and (4.8) give rise in fact to the vibrational 
spectra if the commutation relations (4.17) and (4.18) 
are satisfied in a good approximation. 

When the vibrational of an 
even-even nucleus is considered in a stripping calcu- 
lation, an improved wave function for the odd nucleus 
becomes necessary. The three quasi-particle states 
should be included in addition to the one quasi-particle 
state. The simplest way to get the improved wave 
function is to take the Q—(— force as a perturbation 
and to make a first order calculation. The result is 
shown as 


second-excited state 


Vyu=([ay uit> C; > ( 2ujm JM oul jm! Mo, (4.22) 
j um 
where 
x j 
Cito eee Ry 
[5(27+1)} 


XY (fill Vee!| j2)uiriefirie/(Ey— Ej— hw). 
3132 


5. SPECTROSCOPIC FACTOR FOR 
VIBRATIONAL STATES 


We are now ready to calculate the spectroscopic 
factor for the vibrational states using the wave functions 
that were obtained in the last section. Let us begin 
with the first vibrational state. First the parent nucleus 
is assumed to be even-odd, for which the notations 
without prime will be used. The notations with prime 
will be used for the even-even daughter nucleus. Then 
the spectroscopic factor (3.1) may be expressed by 
using (3.2), (4.7), and (4.23) as 


p'm’ 


S;= (lay wit> C;} > (2u’ j’m’ JM \Oeu a; m't [Wo 
7 


XX] mI oMo| IM) (U jajm' 


mMo 


+-V j(—)™a;-m)Oroaro’My’)2, (5.1) 
where JM and J Mp» are the spin and its Z component 


for the parent and daughter nucleus, respectively. 
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Using the following relation: 

A" (frjo2uyWVo' Al (frjo2du)Wr’, 
which may be proved easily, Eq. (5.1) is simplified < 
25 +1 


are referred to the even-odd nucleus 
referred to nucleus. In 
obtaining the first term in the absolute square of the 
2.17) was utilized, but the second 
ulated neglecting the difference between V 


where U; and V 


while f;,’ is the even-even 


last equation, Eq. 

term is cal 

and Wy’. 
The trea 


nucleus 1 


ment t] ase of the 


even-even parent 
s simila 


1e previous case. Only the result 


is presented : 


2F +1 
(5.4) 

23 +1 
where U’; and V; are referred to the even-odd nucleus 
is referred nucleus. 
spin of the parent and daughter nuclei, 


again and fj, to the even-even 
J and Jo are 
as in the previous case. 
] 
i 


respectively, just 
Next the second-excited state is ¢ onsidered. The wave 
4.19) is used instead of (4.7 


the previous cases, and the commutation relation (4.17) is 


function 


which was used in 
fully utilized to simplify the expression. The calculation 
so much different from the previous case, so the 
will be presented. If the parent nucleus is 


€ spec troscopl Tac 


tor is given by 


(5.6) 


In the above two equations U’; and V; are referred to 


the odd nucleus and is referred to the even-even 
J and Jo are the spin of the parent and the 
daughter nucleus, tively. The 
for the difference between WV 


nucleus. 
correction factor 
and W,’ omitted. It 
and (5.6) 


respet 


is 
the results (5.5 


should be mentioned that 


are only given in crude approximation as the approxi- 


mate commutation relations (4.18) were used, and the 
/ 


correction term given by (2.17) is omitted. The wave 


function (4.19) itself is also approximate because the 


wave functions of the second-excited states with 2 and 


be expected to be mixed with the first-excited 


tate > 
SLAL all ii 


ground state, respectively, even if the 
number of the quasi-particles is restricted to 4. It may 
be very interesting to study the second- or higher- 
excited states of even-even nuclei through the stripping 


and pickup process by using improved wave functions. 
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6. DISCUSSIONS AND COMPARISON 
WITH EXPERIMENTS 


In this section the theoretical predictions for the 
reactions of Sn isotopes will be compared with the 
experimental results of Cohen and Price.!! Later the 
validity of the approximations involved in the present 
theory will be discussed. The cross section is given by 
(1.1), in which the single-particle cross section $(/,0,6) 
is considered first. Cohen Price" the 
following empirical rule for ¢(/,0,0) from experimental 
data of known reactions: 


and obtained 


o, p(l,0,0) =: F,(1,0)A 2) dar (1,00 F,(L@)A2, (6.1 


where F,(/,6) and F,(/,@) are functions of angle and 
angular momentum transfer, and at a certain angle 
near 30°, the dependence on / was found to be 


F,(1,0)/F(l+1, 0)=2. 6.2) 
In Eq. (6.1), A is a constant and its value is around 
1.18. Q is the Q value of the reaction, measured in Mev. 
The spectroscopic factor may be calculated usin 
results of the preceding sections. The parameters e€;, A, 
and A are adopted from Kisslinger and Sorensen,’ from 
which U; and V; are For the vibrational 
state, the strength of the Q—(Q interaction «x is fixed by 
4.13) inserting the experimental value of the 
the even-even nucleus. Then the coefficient C 
three quasi-particle state i 
function is obtained from (4.23 
(5.6) give the spectroscopic factors for the 


g the 


calculated. 


hw for 
for the 


n the odd nucleus wave 


. Then formulas (5.3 
vibrational 
State. 

The theoretical and 
ratios for the ground state transitions are 
Table Il. The ratio is taken of the reaction with odd 
target nucleus to that with even target The 
agreement is fairly good considering the experimental 
errors and the theoretical uncertainty the 

may be 


experime ntal’! cross-section 


listed in 
nucleus. 


concerning 
Here it 
instructive to present in contrast the interpretation by 
the simple shell model." The transitions Sn 
and Sn"'8(d,p)Sn"° are considered as (Aj1/2)*512— 
(Ayy2)* and respectively. The 
former transition is forbidden, so the ratios of these 
two reactions should be zero. T of Sn'*(d,p) is 
the same. On the other hand for the d,t) reaction, 
Sn'!8(d,t)Sn"" is forbidden and the 
table should be infinite. But these 
experiment. In our theory the pairing interaction is taken 


single particle energy spectra €;. 


a,p on? 


I \4 (1 4 
(11/2 > \/14) $1/2, 


> case 


ratio listed in the 
do not agree with 
into account and because of the strong configuration 
mixing resulting from the pairing interaction, transi- 
tions like Sn""?(d,p)Sn forbidden. 

For the first-excited state the 


> no longer are 
strength of the Q-O 
interaction x is calculated as explained before and its 
values are 0.129, 0.125, and 0.127 Mev for Sn''®, Sn 

and Sn”, respectively. The calculated result 
in Table III 


The agreement is not bad. It is noted that the correction 


s are given 


together with the experimental data. 





STRIPPING AND PICKUP 
TABLE II. The ratio of the ground-state cross sections, 
(even-odd — even-even)/(even-even — even-odd). 


Transition Theoretical Experimental" 
d,p Snls d,p) 
'(d,p)/Sn™8(d,p) 
d,t)/Sn"'8(d,t) 
'(d,t)/Sn""8(d,é) 


0.41 
0.51 
O.83 
0.63 


0.27 
0.27 
0.76 
0.67 


rm with C; in (5.3) and (5.4) is not important and 
its effect to the spectroscopic factor is less than 10% 
in the case of Sn. The orbital angular momentum / of 
the captured or stripped neutron is fixed uniquely by 
the selection rule in the case of Sn isotopes because 
the spin of the odd isotopes is }. However in the general 
, many values of / are allowed and the theory may 
predict each contribution. 

\s we used many approximations in our calculation, 


Cant 


it may be important to discuss their validity. The 
effect of the inaccurate treatment of the nucleon 
number was already considered in Sec. 3. In the 
following discussion approximations concerning the 
vibrational state will be examined. 
Tamm-Dancoff method in 
obtaining the wave function of the vibrational state. 
However it is known that the method of linearized 
equations of motion is superior to the present method.’ 
One reason why we did not use the better approximation 
is that a similar approximation has not yet become 
available for the odd nucleus and therefore the improve- 
ment only of the wave function of the even-even 
little meaning. But it 
compare these two approximations with each other and 
with other approximations. 

The method of linearized equations of motion gives 
the following eigenvalue equation? 


First of all we used the 


nucleus has is interesting to 


(6.3) 


2— (Iu)? 
On the other hand, Kisslinger and Sorensen’ used the 
cranking model to evaluate the excitation energy of the 
vibrational state. The excitation energy is given by 


: (71|| Vou! 72)?aes 150" 
eS 


a 0 
x}1-- 5 


aw 


(f1|| Vor 


J2)Uy 


(6.4) 


The third method we consider is the simplified generator 
coordinate method used by Ferrell and Visscher.'® The 


S. G. Nilsson, Kgl. Danske 
29, No. 16 (1959 
\. Ferrell and W. M. Visscher, Phys 
75 (1956 
Fano and G. Racah, Jrreducible 
ne., New York, 1959) 


Videnskab. Selskab, Mat.-fys 
Rev. 102, 450 (1956); 


Tensorial Sets (Academic 
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TABLE III. The ratio of the first excited vibrational state cross 
section to the ground-state cross section. 


Experimental" 


Transition Theoretical 
0.13 
0.13 
0.26 
0.26 


on’ d,p) 0.33 
Sn!9(d,p) 0.14 
Sn!" (dt ().24 
Sn!!9(d4 0.36 


trial-wave function is constructed by first solving the 


deformed single-partic le potential problem, 


Hu=Ho—Bha>d. ; iY 0 (Oi¢ (6.5) 


where Hy represents the spherical, independent quasi- 
particle Hamiltonian and the last term represents the 
deformed part of the independent-particle potential. 
8 is the deformation parameter and r;, 4;, 
the polar coordinates of the ith nucleon. V; 


and g; are 
is given by 
(4.2) with r replaced by r;. The solution of (6.5) is 
obtained as a function of 8 and denoted by ¥(@). Then 
the wave function for the vibrational state is given by 


WVoo= NV (0/08)¥ (8) |p (6.6) 


with spin 2 and Z component 0. NV is the normalization 


constant. The result is expressed as 
a - am f5y 04 


11(j17220)Wo, (6.7) 


where fiij2 is slightly different from that for the 


Tamm-Dancoff method, namely 


(6.8) 


The excitation energy is obtained as the expectation 
value of the original Hamiltonian H = Ho'+H@_@; 


V 20|| j2)%e / (ja\| Yzel] jo)eesnie 
Ejt+kEjs tit Ej2 


it~ - > —|. (6.9) 
10 Si 


mom) be 


Figure 1 shows the excitation energy fw as a function 
of the strength of the Q—-O force, calculated using various 
of these methods. The calculation was carried through 
for Sn'!5, and Kisslinger and Sorensen’s U; and V; 
were used again. The experimental value of Aw for Sn"'’ 
is indicated in Fig. 1. It is noted that the cranking 
model gives excellent agreement with the curve obtained 
for large x by the method of linearized equations of 
motion. However the Tamm-Dancoff and the simplified 
generating coordinate methods are poor approximations 
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for the strong-coupling case. Therefore an improvement 
of the wave function by using the method of linearized 
equations of motion is very desirable, especially for 
the case of strong coupling. However for the case of 
the Sn isotopes the results of the Tamm-Dancoff 
method do not seem so bad. 

Next we consider the accuracy of the commutation 
relations (4.18) which were used in the calculation of 
the spectroscopic factor. These approximate commu- 
tation relations made the calculations simple. For the 
zero quasi-particle state they are correct, so they are 
also expected to be a good approximation for states 
with a small number of quasi-particles. To show this 
the normalization integrals for the three quasi-particle 
state and for the second excited state of the even-even 
nucleus were calculated. They are given by 


(> (2y’ jm’ | IM) Qoy aj mV 
pA > (Qu jm JIM )Q>o,'a m' Vo) 
= 1+ 20> 5: f53?(—)7-"W (7 j7jJ ; 22), 


¥Y (2yr/2ye" | JM )Q2u1* 0242 Wo 
x > (2u:2pu2 JM \O2u1'O2u2'Wo) 


nh 
sfivigX je 


2 


=1—200)° fisiofisisfis , (6.11) 


where X( ) is the Wigner 9—j symbol. If the 
commutation relations (4.17) are used both these 
normalization constants should be unity. Numerical 
calculations were carried out for the case of Sn"* and 
the following results are obtained: The three quasi- 
particle normalization constants are 0.83, 0.99, and 0.99 
for J=1/2, j=3/2; J=1/2, j=5/2; J=j=11/2, 
respectively. For the second vibrational states the 
calculation was done only for J=0, and the result is 
0.70. 

In treating the vibrational state the term with the 
Racah coefficient in the Q—Q interaction (4.3) has not 
been taken into account, and the interaction has been 
assumed to take place only among nucleons in the 
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x(Mey) 


Fic. 1. Excitation energy of the first vibrational state for 
even-even nuclei as a function of the strength of the Q-0Q inter- 
action. The curves are calculated by using the following various 
approximations for Sn"8: (1) method of the linearized equation 
of motion; (2) cranking model; (3) Tamm-Dancoff method; 
(4) simplified generator coordinate method; (5a) the first-order 
perturbation calculation; (5b) the second-order perturbation 
calculation. 


incomplete shell. To examine these two effects it is 
convenient to use the method of the simplified gener- 
ating coordinate. An actual calculation was done for 
Sn"8 and the contribution to the excitation energy from 
the term with the Racah coefficient was found to be 
5% of the principal contribution. The contribution to 
the vibrational state wave function from the excitation 
of two quasi-particles other than the two quasi-particles 
in the unfilled shell was estimated to be 40% of the total 
contribution for Sn’. If this effect is taken into account 
in the calculation of the spectroscopic factor, then the 
results may be changed. However in this case also the 
wave function of the odd state should be treated on a 
similar basis. 
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Decay of Rh!” — Ru!” 


F. K. McGowan AnD P. H. STELSON 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received May 8, 1961) 


The singles and coincident spectra of the gamma rays from the decay of Rh, which was produced by the 
(p,m) reaction on ruthenium containing 97.2% Ru, have been measured with scintillation spectrometers. 
The energies (in kev) of the gamma rays are: 415+4, 475+5, 630+6, 69547, 745+8, 765+8, 1050+10, 
1105+8, 1110+11, 1365+10, 1565413, 1795415, 20404-14, and 511 (annihilation gamma rays). Spins of 
the levels in Ru’ which are consistent with the directional angular correlations of gamma-ray cascades are: 
475(2+-), 1105(2+ and 4+, doublet), 1525(3), 1840(0+), 1870(3, 4, 5, or 6), 2040(2+-), 2220(3), and 
2270(?). A value of £2/M12> 225 for the 630-kev transition (2+ — 2+) was deduced from the composite 
correlation of the 630-475 kev cascades. The branching ratio of cascade to crossover transitions from the 
decay of the second 2+ state is 1.5+0.3. The intensity of the annihilation gamma rays decays with a half-life 
of 205+ 10 days. Gamma-ray spectra have been measured as a function of time for 920 days and a change in 
the relative population of the states is observed. From this we infer the existence of a long-lived isomeric 


state in Rh’, 


I. INTRODUCTION 


H'” is known to decay by 8~ emission to the ground 
state of Pd’ and by 8* emission and orbital elec- 
tron capture to the ground state and excited states of 
Ru! The (210+10)-day half-life for this activity has 
been observed by several groups of workers.?~4 Hisatake 
and Kurbatov® from their investigation of the decay of 
Rh’ have proposed energy levels in Ru™ at 0.475, 
1.106, 1.565, 1.875, and 2.255 Mev. The state at 1.106 
Mev probably corresponds to the second 2+ state at 
(1100+9) kev observed in Coulomb excitation.® The 
number of crossover decays from the second 2+ state 
was not measured in the Coulomb excitation experi- 
ments. A knowledge of the ratio of cascade to crossover 
transitions from the second 2+ state is needed to de- 
termine the B(£2)’s for the cascade and the cross-over 
transitions. This ratio must be determined by another 
experiment such as radioactive decay measurements. 
The interpretation of the decay scheme by Hisatake and 
Kurbatov gives a value of cascade/crossover ~ 100 for 
the decay of the second 2+ state. This value appears to 
be unreasonably large compared with branching ratio 
values of 1.5 to 4 from the decay of second 2+ states of 
other even-even medium weight nuclei. Because of this 
unsatisfactory situation, we have re-examined the decay 
of Rh'®, 


II. EXPERIMENTAL PROCEDURE AND RESULTS 


Rh! was produced with the 22-Mev proton cyclotron 
at ORNL by the (,”) reaction on a 50-mg sample of 
ruthenium containing 97.2% Ru’. The beam energy 


1 See, for instance, Nuclear Data Sheets, National Academy of 
Sciences, National Research Council (U. S. Government Printing 
Office, Washington, D. C.). 

2.N. Hole, Arkiv. Mat. Astron. Fysik 34B, No. 5 (1947). 

*D. B. Kochendorfer and D. J. Farmer, Phys. Rev. 96, 855 
(1954). 

*K. Hisatake, J. T. Jones, and J. D. Kurbatov, Bull. Am. Phys. 
Soc. 1, No. 5, 271 (1956). 

5K. Hisatake and J. D. Kurbatov, Bull. Am. Phys. Soc. 3, 315 
(1958). 

6 P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. 2, 267 
(1957) and Phys. Rev. 121, 209 (1961). 


was degraded to enhance the yield of Rh’ relative to 
Rh from the Ru'®(p,22)Rh'™ reaction. Sources of 
Rh' were prepared by a chemical separation of the 
rhodium from the ruthenium. 

The gamma rays from the decay of Rh™ were de- 
tected with a 3X3 in. Nal scintillation spectrometer. 
Pulse-height spectra were measured with a 120-channel 
analyzer of Bell-Kelley design’ and with a RCL 256- 
channel analyzer. For the coincident spectra and the 
angular correlation measurements, two 3X3 in. Nal 
scintillation spectrometers were used with a fast-slow 
coincident circuit having a resolving time, 27, of either 
0.12 or 0.06 psec. 


A. Gamma-Ray Spectra 


The singles gamma-ray spectrum of Rh, which was 
taken 255 days after preparation of the source, is shown 
in Figs. 1 and 2. The low-energy portion of the spectrum 


630 


1050-1110 
+ 695 





PULSE HEIGHT 


Fic. 1. Pulse-height spectrum of the gamma rays 
(low energy) from Rh". 
7P. R. Bell and G. G. Kelley, Oak Ridge National Laboratory 
Report ORNL-1620, 1953 (unpublished) ; and Oak Ridge National 
Laboratory Report ORNL-1975, 1955 (unpublished). 
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Fic. 2. Pulse-height spectrum of the gamma rays 


high energy) from Rh'. 


in Fig. 1 was decomposed into 5 gamma rays plus a 
composite peak at 1050 to 1110 kev. The gamma rays of 
127 and 190 kev are probably due to the decay of Rh 

~5 year) because a spectrum of the gamma rays from 
a Rh sample taken 10 days after preparation of the 
source contained an intense gamma ray of 304 kev. This 
gamma ray is attributed to Rh! (4.7-day isomeric 
state). Evidence for the 415-kev gamma ray is brought 
out more < learly by some of the coincident spectra 


measurements. The high-energy portion of the spectrum 


in Fig. 2 was decomposed into gamma rays of 1365+ 10, 
1565+ 13, 1795415, and 2040+ 14 kev and possibly one 
of 2270 kev. A gamma ray of 2270 kev does fit into the 
dec ay St heme to be discussed in Sec. 


IIl. Gamma rays 
from K* (1.46 Mev) and ThC” (2.615 Mev) in the back- 
ground spectrum served as convenient standards for 
energy calibration of the spectrum in Fig. 2. The results 
from an analysis of this singles spectrum are given in 
Table I. Corrections for sum peaks from cascade gamma 
rays have been applied to the intensities given in Table 


ras_e [. Relative int of gamn 


a rays from Rh” 


Relative 


0.27 


0.074 
0.064 


31.6 +19 
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I. The intensity of the annihilation radiation was ob- 
tained from measurements of the coincident spectrum 
of the annihilation gamma rays from the Rh! 
and a Na™ source. 


source 
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Fic. 4. Pulse-height spectrum of the gamma rays 
from Rh'? with a 50-kev gate at 475 key 


high energy 
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5. Pulse-height spectrum of the gamma rays from Rh!°? with 
a 50-kev gate at 630 kev 


B. Gamma-Gamma Angular Correlations 


The directional angular correlations of several gamma- 
ray cascades were measured with single-channel gate 
positions as follows: gates 50 kev wide at 475, 630, 765, 
and 1050 kev, a gate 30 kev wide at 695 kev, and a gate 
160 kev wide positioned about the composite peak at 
1050 to 1110 kev. Representative coincident spectra 
taken at @=90° are shown in Figs. 3-9. The distance 
between the source and each detector was 14 cm. 

Many corrections must be applied to obtain the in- 
tensities from the angular correlation measurements 
because there are pulses from other gamma rays and 
from coincident sums of gamma rays in cascade in the 
gating window. For example, the following corrections 
were made to obtain the intensities of the 475-kev 
gamma ray in the 475-630 kev angular correlation 


695 kev DUE T 
¥ 1050-kev y-RAY 
® PULSES IN THE 


Fic. 6. Pulse-height spectrum of the gamma rays from Rh! with 
a 30-kev gate at 695 kev. 
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7. Pulse-height spectrum of the gamma rays from Rh! with 
a 50-kev gate at 765 kev. 


measurements : removal of the Compton distributions of 
the 1110-, 765-, and 695-kev gamma rays under the 
475-kev peak in the coincident spectrum and removal of 
counts in' the 475-kev peak due to pulses from the 695-, 
1050-, and 1110-kev gamma rays in the gating window. 
The positron group, leaving Ru in the first excited 
state at 475 kev, was also troublesome in several of the 
angular correlation measurements at 6=0° and 10°. A 
coincident-sum pulse from one of the annihilation 
gamma rays and the 475-kev gamma ray, which fell 


102 __. p, 102 
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3 x 3in Nol CRYSTAL 
A= 14cm 


@ = 90° 
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Fic. 8. Pulse-height spectrum of the gamma rays from Rh! 
a 50-kev gate at 1050 kev 


with 
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Sa composite peak in the coincident spectrum for @=0° 

Rh 02 —e Ry 102 and 10°. 

COINCIDENT SPECTRUM, ; : ; De 
1050-180 kev GATE After each correction was applied to the intensities in 
ike = opal the angular correlation measurements, a least-squares 


Accmnsen 


695 ev) @=90deg | analysis of the data in terms of a series of Legendre 


polynomials, 
630 kev) 


W (@) = Ay’ +A! P2(cosé)+ A 4 Ps(cos@), 


was carried out on an IBM-704. In this way the change 
in the coefficients A, could be traced as each correction 
was applied to the data. In Table II are listed the 
angular distribution coefficients which have been cor- 
rected for finite angular resolution.’ An entry for a 
cascade with two sets of coefficients A, corresponds in 
one case with the gate including the first gamma ray and 
in the other case with the gate including the second 
gamma ray. 

The coincident spectra were also analyzed to obtain 
the absolute intensities of the gamma rays. These 
intensities are given in Table III, together with the 
intensities obtained from the singles spectrum. Correc- 

ae Or tions have been made for coincidences which result from 
PULSE HEIGHT pulses of other gamma rays and from coincident sums of 

Fic. 9. Pulse-height spectrum of the gamma rays (low energy) 84™mMa-ray cascades in the gating window. This ex- 
from Rh‘ with a 160-kev gate at 1050-1110 kev. plains why no intensities are included in Table III for 

some of the peaks which appear in the coincident 

within the single channel gate, gave rise to 51l-kev spectra. The coincident spectrum below 900 kev was not 
pulses in the coincident spectrum. As a result, the in- recorded with a 50-kev gate at 475 kev. For this reason 
tensity of the 475-kev gamma ray was obtained froma __ no entries appear for the intensities of the 415-, 630-, 


TABLE II. Angular distribution coefficients of the terms in the correlation function expressed in Legendre polynomials. 


Cascade Decay 
(E, in kev) A; A, sequence 


1365-475, 0.29 40.04 1.00 +0.13 0(Q)2(E2)0_ 


1565-475 — (0.20 +0.02) 0.30 +0.03 2(D,Q)2(E2)0 2.8+0.2 


; . ? 1 
— (0.26 +£0.03 — (0.003+0.05) 3D 403 (E20 ~aeee 


0.043+0.005 0.146+0.010 [4(Q)2(E2)0 
\2(M1,E2)2(E2)0 


0.113+0.011 0.007 +0.017 (3(D,Q)4(Q)2 (3.1+0.2) X10 
765-630 0.107 +0.010 — (0.010+0.018) )4(D,Q)4(Q)2 — (2.4+0.4) X10 
|5(D,Q)4(Q)2 — (3.0+0.4) X10" 
(6(Q)4(Q)2 


0.08 +0.02 0.02 +0.03 (3(D,Q)4(Q)2(E2)0 (3.10.2) X10 

0.14 +0.03 0.02 +0.04 )4(D,Q)4(Q)2(E2)0 — (2.4+0.4) X10 
5(D,Q)4(Q)2(E2)0 — (3.4+0.4) X10 
\6(Q)4(Q)2(E2)0 


— (0.274+0.015) 0.019+0.024 3(D,Q)2(E2)0 (2.60.15) X 107 


{—(3.8+0.2) x10— (2.6 107") 
695-1050 — (0.048+0.010 — (0.003+0.02) 3(D,Q)3(D,Q)2 | or 


3.4+0.2 
1110-630 — (0.32 +0.02) — (0.03 +0.03) 3(D,Q)4(Q)2 — (2.4+0.4) X 107 
1795-475 — (0.17 +0.03) 0.03 +0.05 


* It is not possible to fit this angular correlation with a single cascade originating from a state at 1105 kev. 


" §M. E. Rose, Phys. Rev. 91, 610 (1953). 
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695-, and 765-kev gamma rays under column 3 of 
Table III. However, it is clear from the other entries in 
this table that the 475-kev gamma ray is in coincidence 
with the 415-, 630-, 695-, and 765-kev gamma rays. 


III. DISCUSSION 


An energy level diagram, which is compatible with 
most of the results tabulated in Tables II and III, is 
given in Fig. 10. The number in parentheses accom- 
panying the energy of the transition is the relative 
intensity of the gamma ray. The first and second 2+ 
states at 475 and 1105 kev have been observed in 
Coulomb excitation.® 


A. Evidence for 4+ State at 1105 kev 


Both the singles and coincident spectra show that the 
peak at 1050 to 1110 kev is a complex of gamma rays. 
There are strong coincident rates between gamma rays 
in this peak and both the 475- and 630-kev gamma rays. 
This indicates that a 1100-kev gamma ray exists above 
the second 2+ state at 1105 kev. (One might argue that 
perhaps 475- and 630-kev gamma rays exist above the 
second 2+ state and that these could account for the 
observed coincidences. However, if this were the case, 
then 475-475 kev and 630-630 kev coincidences would 
have been observed.) It is found that there are essen- 
tially no coincidences between 1100-kev gamma rays 
and other 1100-kev gamma rays (see column headed 
1050-1110 kev gate). This indicates that there is no 
crossover decay of a state at 1100 kev. On the other 
hand, there are strong coincident rates between the 
gamma ray of 695 kev and gamma rays of 475, 630, and 
1105 kev. The possibility that all four y-rays are in 
cascade is ruled out by the available decay energy. One 
is therefore forced to the conclusion that there must be 
two states at 1105 kev; one a 2+ state with crossover 
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Fic. 10. Transitions and energy levels in Ru '? which occur in 
the decay Rh. Energies of the transitions are in kev. The relative 
intensities of the gamma rays in parentheses accompanying the 
energies of the transitions correspond to measurements taken 378 
days after preparation of the source of Rh! 


decay and one a 0+ or 4+ state with no crossover 
decay. It is conceivable that there is a triplet of states 
of the type 0+, 2+, and 4+ at 1105 kev. However, the 
observed angular correlation of the 630-475 kev cascade 
(see below) gives strong evidence for population of a 4+ 
state, but indicates little, if any, population of a 0+ 
State. 

The coincident measurements show that the 765-kev 
transition terminates on the 4+ state at 1105 kev. The 
coincident spectrum shown in Fig. 7 indicates a very 
small intensity for 1105-kev gamma rays. The observed 
intensities for the 1050- and 1105-kev peaks are at- 
tributed to pulses of the 695- and 745-kev gamma rays 
which are in the 765-kev gate. The intensities of the 
1050- and 1105-kev gamma rays under the column 


TABLE ITI. Intensities of the gamma rays from Rh’ in the singles and coincident spectra taken 378 days after preparation of the source. 


oa 


Singles 475 630 
(108 y’s/sec) (108 y’s/sec) (108 +’s/sec) 


415+5 3.4 +10 2.30.5 
475+5 90 +5 21.1+2.0 
630+6 18.0 +1.1 
695+7 10.6 +0.7 
745+8 


E, (kev) 





2.50.3 


765+8 7.8 +0.6 7.5+0.8 
1050+10 
1105+8 
1110+11 
1165+15 


1050— 1110 


4.4+0.4 


19.3 +1.2 14.6 +1.5 
0.72+0.10 
0.29+0.04 
1795+15 0.07+0.02 
2040+ 14 0.06+0.02 


0.62+0.10 
0.22+0.05 
0,060.02 


1365+10 
1565+13 


Gating gamma ray 
695 765 
(10° y’s/sec) (108 y’s/sec) 
3.2 +0.5 _ 


10.5 +1.2 
2.26+0.30 


1050-1110 
(108 y’s/sec) 


1050 
(108 y’s/sec) 


10.4+1.5 


9.1+1.4 
0.7+0.2 


<0.02 
0.05+0,02 
0.05+0.02 
0.3 +0.1 


0.8 40.1 \* 
0.29-+0.06 | 


® The intensities of these gamma rays result from coincidences with pulses of the 745-kev gamma rays which occur within the 765-kev gate. 
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TABLE IV. Analysis of the angular correlation data. 


Initial state 
position 
kev 


1525 


Decay 
sequence 


Cascade 


(E, in kev 


1050-475 
0(Q)2(Q)0 
1(D,Q)2(Q)0 
2(D,Q)2(Q)0 
(D,Q)2(Q)0 
D,Q)2(Q)0 
D,Q)2(Q)0 
Q)2(Q)0 


0. 
—0. 
—0, 
—(). 
—0. 
0. 
0. 
1110-630 — (0. 
5(D,Q)4(Q)2 
D,Q)4(Q)2 
D,Q)4(Q)2 As> 
D,Q)4(Q)2 
Q)4(Q)2 


765-630 


0 


0.043+0.005 
0.102 
0.468 
260 
0.043 
0.043 


Q 2 Vv 0 

D,Q)2(Q)0 
D,Q)2(Q)0 
D,Q)2(Q)0 
D,Q)2(Q)0 


—0 


? 
? 


headed 765-kev gate in Table III are the values re- 
sulting from the 745-kev gamma ray in the gate. 


B. Angular Correlation Results 


The results from the 1365-475 and 1565-475 kev 
angular correlation measurements are consistent with 
states of spins 0 and 2 at 1840 and 2040 kev, respec- 
tively. Spins l‘and 3 for the state at 2040 kev do not fit 
the data because Ay<0 for the decay sequences 
1(D,Q)2(Q)0 and 3(D,Q)2(Q)0. The mixing ratio of 
dipole and quadrupole radiation in the 2 — 2 transition 
is 6=2.8+0.2, where 6 is defined as (Q/D)! in the 
notation of Biedenharn and Rose.® 

The angular correlation coefficients for the 1050-475 
kev cascade are given in Table IV. Also given in 
Table IV are the theoretical correlation coefficients 
which occur for different spin values of the 1525-kev 
level. For spins 1, 2, and 3 the value of the mixing ratio 
6 is chosen to give the best agreement between the 
theoretical and experimental coefficients. The experi- 
mental coefficients are consistent with the spin sequence 
3(D,Q)2(Q)0 with 6=2.6X10. Although the spin se- 
quence 1(D,Q)2(Q)0, is consistent with the angular 
correlation data, it is excluded because the crossover 
transition of 1525 kev is not observed in the singles 
spectrum. Spins greater than 4 for the 1525-kev level are 

*L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 729 
(1953). 


— (0.274+0.015) 
3571 

274 

274 

274 

274 

274 


32 +0.02) -* 
—0.32 
—().32 


~0.32 
0.2 


0.113+0,.011 
0.107+0.010 
0.102 
0.110 
0.110 
0.110 
200 


Ay A, 


0.019+0.024 
1.143 
0.001 
0.158 
0.288 
—0.005 
—0.081 
102 0.009 
0.03 
0.01 
~0.05 
for all 6, 
0.01 
0.093 


+0.03 


0.007 
0.010 
0.009 
0.005 
0.008 
0.016 
0.093 


+0.017 
£0.018 


30K 10— 
4x10 
1x 107 


0.146+0.010 
0.009 . 
0.146 
0.146 
0.023 
0.319 


not considered because only dipole and quadrupole 
radiations for the 1050-kev transition are consistent 
with the fact that the 695-1050 kev gamma rays are in 
prompt coincidence. 

An analysis of the angular correlation data for the 
1110-630 kev cascade is given in Table IV. Spin 2 for the 
intermediate state at 1105 kev is excluded because the 
intensity of the 1105-kev gamma ray in the coincident 
spectrum with the gate at 1050 to 1110 kev is only 1% 
of the 630-kev gamma-ray intensity. The experimental 
coefficients are in good agreement with the theoretical 
coefficients for the spin sequences 5(D,Q)4(Q)2 and 
3(D,Q)4(Q)2. However the assignment of spin 5 to the 
level at 2220 kev does not fit the results from the angular 
correlation measurements of the 695-1050-kev cascade 
which also originates from this level. For instance, the 
coefficient A» for the sequence 5((Y)3(D,Q)2 is —0.163; 
whereas, the experimental coefficient 1, for the 695 
1050-kev cascade is — (0.048+0.010). The results from 
the angular correlation data for the 695-1050-kev cas- 
cade are also consistent with spin assignments of 2 and 4 
for the 2220-kev level. With the assumption that the 
1110-630-kev and 695—1050-kev cascades originate from 
the same state at 2220 kev, the correlation functions for 
these cascades are compatible only with the assignment 
of spin 3. 

The composite correlation involving the 1050-475 kev 
and 1110-475 kev cascades was also measured. Within 
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experimental error this composite correlation function 
is equal to the correlation function for the 1050-475 kev 
cascade which was obtained with a gate at 1050 kev. 
This means that the coefficients in the correlation func- 
tion for the 1-3 cascade involving the 1110- and 475-kev 
gamma rays are A»= — (0.26+0.03) and A4~0. The 1-3 
correlation should be identical with the 1-2 correlation 
for the decay sequence 3(D,Q)4(Q)2(Q)0. In view of a 
possible error in the removal of the effect of the annihi- 
lation radiation from the data at 0° in the 1-3 correla- 
tion, the results are compatible with this statement. 

The results from an analysis of the 765-630 kev 
angular correlation are consistent with spin assignments 
3, 4, 5, or 6 for the state at 1870 kev (see Table IV). The 
1-3 correlation involving the 765- and 475-kev gamma 
rays is also compatible with these spin assignments, i.e., 
the 1-3 and 1-2 correlation functions should be identical. 

It is not possible to fit the 630-475 kev angular corre- 
lation with a single cascade originating from a state at 
1105 kev. Assuming a 2+, 4+ doublet and using the 
relative intensities of the 630-kev gamma rays given in 
Fig. 10, a value of E2/M12>225 for the 630-kev 
2+ — 2+ transition is obtained. The sign of 6 is 
probably positive. 

The observed value for A, of +0.146 allows a limit to 
be placed on the amount of population of a possible 0+ 
state at 1105 kev. The A, coefficient for a 0O—> 2-0 
correlation is quite large (+ 1.143). The comparison of 
the observed A, to that for a 0-—> 2-0 correlation 
indicates that the population of 0+ state can be no 
more than 7% of the population of the 4+ state. 

A summary of the decay sequences, which fit the 
angular correlation data, is given in column 4 of 
Table Il. In a triple cascade with the intermediate 
radiation mixed, it is not possible to define 6 so that the 
intermediate state j always occurs in the same position 
in the reduced matrix element’ for the two double 
cascades, e.g., the mixed transition is first transition in 
the 1050-475 kev cascade and the same mixed transition 
is the second transition in the 695-1050 kev cascade. 
However, if the convention of reference 9 is followed, 
then 6,= —6é.. Although the angular correlation of the 
1795-475 kev cascade was measured, no attempt was 
made to analyze the data because several coincident 
sum peaks contributed appreciably to the intensities. 


Rh!®2—+Ru!°? 


C. Branching Ratio of Second 2+ State 

The branching ratio of cascade to crossover transi- 
tions from the decay of the second 2+ state at 1105 kev 
is 1.5+0.3. This was obtained from the gamma-ray 
intensities with the gate at 695 kev. This value is in line 
with observed branching ratios from the decay of the 
second 2+ states in other even-even nuclei of medium 
weight. This branching ratio is also consistent with the 
“singles” intensities of the 630- and 1105-kev gamma 
rays in Table III. For instance, the difference between 
the “singles” intensity for the composite peak at 1050- 
1110 kev and the intensity with the gate at 475 kev is 
4.7X10° y’s/sec of 1105 kev. Of this intensity, two- 
thirds results from direct 8 decay to the second 2+ 
state at 1105 kev. The summed intensity of the 630-kev 
gamma rays from direct 6 decay to the second 2+ state 
(4.6X 10° y’s/sec) and from gamma-ray decay to the 4+ 
and second 2+ states with gates at 695, 765, and 1110 
kev is 19.2 108 y’s/sec. This value is in good agreement 
with the “singles” intensity for the 630-kev gamma rays. 


D. Long-Lived Isomer in Rh'” 


After completion of most of the measurements, we 
noticed that several of the gamma rays were not de- 
caying with the generally accepted half-life of 210 days 
for Rh. An examination of the relative intensities in 
Tables I and III supports this point. The relative in- 
tensities of the gamma rays as a function of time are 
shown in Table V. The intensity of the annihilation 
radiation, which was obtained from measurements of 
the coincident spectrum of the annihilation gamma rays 
from the Rh™ source and a Na™ source, was measured 
at 6, 19, and 30 months after preparation of the source. 
The intensity of the 8+ groups is decaying with a half- 
life of 205+10 days. This is in agreement with the half- 
life observed by several groups of workers.?~* Relative 
intensities of the gamma rays are given in Table V be- 
cause the first 3 entries are from measurements with 
sources of Rh’ of different strengths. A change in the 
relative population of the states in Ru is observed. 
From this we infer the existence of a long-lived isomeric 
state in Rh™®™, 

From the measurements taken 920 days after prepara- 
tion of the Rh source we noticed the following changes 


TABLE V. Relative intensities of the gamma rays from Rh!® as a function of time. 


Decay time (days) 150 


E, (kev) 


475 
475 
630 
695 
765 


1050 


511 


0M, E. Rose, Oak Ridge National Laboratory Report 


ORNL-2516, 1958 


255 


378 


131.6 131.6 
100 
20.1 
11.8 
8. 


21. 


unpublished 
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TABLE VI. Log(/t) values for the 8-decay groups from Rh'®? 
(210 days). 


Final 
state 


Type of Intensity 
decay 


(%) 


log(ft) logLft(We?—1)] 


Ground state B- 19.7 9.54 
Ground state gr 7.8 9.03 
Ground state _€ capture 13.9 8.9 


475(2+) Br 
475(2+) € capture 
1105(2+) € capture 


1525 (3) 


1840(0+) 
2040(2+) 


€ capture 
€ capture 
€ capture 


in the singles spectrum of the gamma rays. In addition 
to the 127- and 190-kev gamma rays from the decay of 
Rh, a gamma ray of 320 kev stands out clearly above 
the Compton distributions of the higher energy gamma 
rays. This gamma ray is interpreted as the crossover 
transition of the 127-190 kev cascade in Ru™. The 
415-kev gamma ray is prominent in the singles spec- 
trum. The high energy portion of the composite peak at 
1050-1110 kev is decaying more rapidly than the low 
energy portion. This is in agreement with the observa- 
tion of direct 8-decay by Rh’ (210 day) to the 2+ state 
at 1105 kev. The 1365-kev gamma ray from the decay 
of the 0+ state at 1840 kev does not stand out clearly in 
the singles spectrum. Direct 8 decay by Rh (210 day) 
to the 0+ state at 1840 kev would account for this 
observation. The 1565- and 1795-kev gamma rays are 
still present in the spectrum. 


E. Log(ft) Values 


The relative intensities of the gamma rays in paren- 
theses accompanying the energies of the transitions in 
Fig. 10 correspond to measurements taken 378 days 
after preparation of the source of Rh'™. From a knowl- 
edge of the intensities of the transitions into and out of 
each state in Ru™, it is possible to obtain the relative 
intensities of the 8-decay groups from Rh™ (210 days). 
Values of the intensities and comparative half-lives for 
the 6-decay groups of Rh™ are given in Table VI. The 
8-decay groups to the states at 1870, 2220, and 2270 kev 
in Ru™ are omitted because these states are probably 
populated by 8 decay from the long-lived isomeric state 
of Rh. The same statement may be true of the 1525- 
kev state. In any case the omission of this group would 
not change appreciably the log( ft) values in Table VI. 
The relative intensity of the 8 decay group was taken 
from measurements of other workers! (8+/8-=0.6). The 
relative intensities of the 6+ groups to the ground and 
475-kev states in Ru’ were taken from the work of 
Hisatake and Kurbatov.® To obtain the intensity of «€ 
capture to the ground state of Ru’, we used the ratio 
(fx/ f+) for allowed transitions from computations by 
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Feenberg and Trigg" and by Zweifel.” The ratio of Ly 
to K capture was taken from calculations by Rose and 
Jackson." The log ( ft) values for the ground-state groups 
to Pd and Ru'™ are characteristic of first-forbidden 
unique transitions (AJ=2, yes). On the other hand, the 
comparative half-lives for the first-forbidden non- 
unique transitions (based on a 2- assignment to Rh‘) 
are rather large. The K/8* ratio for unique first-for- 
bidden transitions has been shown to be close to the 
value for allowed transitions multiplied by the factor 
2(Wo+1)/(Wo—1), where W> is the maximum positron 
energy, in units of moc’, including the rest mass.* The 
inclusion of this factor for the ground-state group in- 
creases the log(ft) values by 1.5%-2% in Table VI 
except for the e-capture group to the ground state. The 
log (ft) for this group is decreased by 5%. An alternative 
assignment to Rh’ would be 1— with abnormally large 
log (ft) values for all the 8-decay groups from Rh'™. The 
relative parities of the states in Ru'™ are based on a 


102 


negative parity assignment to Rh™. 


F. Comparison with Nuclear Models 


Several modifications of the phonon model and al- 
ternative interpretations have been suggested in recent 
years to account for the low-lying levels in even-even 
nuclei. A comparison of the predictions of these models 
with the observed levels in Ru™ is given in Fig. 11. To 
determine the parameters in these models one needs, in 
addition to the energy of the first 2+ state, the energy 
and spin of one or more additional levels. These addi- 
tional levels which fix the parameters are indicated by 
dashed lines in Fig. 11. Scharff-Goldhaber and Weneser'® 
considered the weak coupling of the configuration (f7;2)4 
with J=0 to the phonon states. Raz'® extended this 
approach by coupling (f7)2)* states with J =0, 2, 4, and 6 
to the phonon states. The energy ievel spectrum for an 
energy ratio of 2.32 for the two 2+ states is shown in 
Fig. 11. For a definition of the parameters the reader is 
referred to the original papers. 

Wilets and Jean"’ have given a collective approach of 
the surface oscillations in the ‘“‘adiabatic” approxima- 
tion. The level spectrum for a displaced harmonic 
oscillator (y unstable) is shown in Fig. 11. The J=2+ 
and 4+ states are degenerate. 

Davydov and Filippov'* have considered in some 
detail the level spectrum for an asymmetric rotor in the 
“adiabatic” approximation (fixed 8 and y). They intro- 
duced a restriction on the moments of inertia given by 


1 E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 
(1950). 

2 Pp. F. Zweifel, Phys. Rev. 107, 329 (1957). 

13M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 

4 J. Konijn, B. van Nooijen, A. L. Hagedorn, and A. H. 
Wapstra, Nuclear Phys. 9, 296 (1958). 

18G. Scharff-Goldhaber and J. Weneser, Phys 
(1955). 

16 B. James Raz, Phys. Rev. 114, 1116 (1959). 

17G, Wilets and M. Jean, Phys. Rev. 102, 788 (1956) 

18 A. S. Davydov and G. F. Filippov, Nuclear Phys. 8, 237 
(1958), 


Rev. 98, 212 
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the hydrodynamical model. More recently, Davydov 
and Chaban” have relaxed the ‘“‘adiabatic” approxima- 
tion for the asymmetric rotor by taking into account the 
coupling between rotational and 8-vibrational motions. 
The nucleus is rigid with respect to a change of the 
equilibrium value of the parameter y which determines 
the deviation of the nuclear shape from axial symmetry. 
The nonadiabaticity parameter u is proportional to the 
ratio of the root-mean-square of the zero-point vibration 
amplitude in the ground state to the deformation Bp. 
The inclusion of the rotation-vibration interaction 
changes appreciably the level spectrum of the Davydov- 
Filippov model. In Fig. 11 the parameters y and yu were 
adjusted to reproduce the two 2+ and the 4+4 states in 
Ru. The predicted positions for the 3+, 4+, and 6+ 
states are in fair agreement with those observed in 
Ru’. The predicted 0+ state is, however, too low in 
energy to fit the 0+ state in Ru’. Alternatively, one 
can use the two 2+ and the 0+ states in Ru™ to adjust 
y and u. In this case the predicted positions of the 4+ 
state lies slightly above the second 2+ state. The 
predicted positions for the 3+, 6+, and second 4+ 
states are still in fair agreement with those observed in 
Ru, Either choice of parameters reproduces a good 
portion of the level spectrum in Ru™. However, in both 
cases the parameter p is very large. This means that the 
zero-point amplitude of the 8 vibration is comparable 
with the deformation. For large u the model of Davydov- 
Chaban should probably be modified to include some y 
instability (y vibrations). 

Finally, Mallmann” has considered the level spectrum 


19 A. S. Davydov and A. A. Chaban, Nuclear Phys. 20, 499 
(1960). A. A. Chaban, Soviet Physics—-JETP 11, 1174 (1960) and 
J. Exptl. Theoret. Phys. (USSR) 38, 1630 (1960). For extensive 
numerical results see P. P. Day, E. D. Klema, and C. A. 
Mallmann, Argonne National Laboratory Report ANL-6220, 1960 
(unpublished). 

20°C, A. Mallmann (submitted for publication in Nuclear 
Phys.). 


—-Ru!°? 








Fic. 11. Comparison of the level spectrum in Ru! with the 
predictions by various nuclear models which have been suggested 
to account for the low-lying levels in even-even nuclei. 


from an asymmetric rotor with no restrictions on the 
moments of inertia. The rotation-vibration interaction 
is introduced as a small perturbation to the general 
asymmetric rotor. The spin and energy of four levels are, 
however, required to adjust the parameters. As a result 
only the prediction for the position of the spin 6 state 
may be compared with the possible spin 6 state in Ru, 

Note added in proof. Evidence for a 2+ and 4+ 
doublet at 1105 kev in Ru™ has been obtained from 
Coulomb excitation by Eccleshall, Adams, and Yates 
at Aldermaston (private communication). 
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The energy distribution of prompt neutrons resulting from the thermal-neutron-induced fission of Pu™! 
is measured, Fast time-of-flight techniques are employed in the neutron energy range 0.3 to 6.0 Mev 
Proton recoils in emulsions are utilized for the measurement of neutron energies from 1.6 to 7.0 Mev. The ex 
perimentally determined Pu™! fission neutron spectrum is well represented by the Maxwellian distribution, 
N(E) « Ete~#'T, where E is the neutron energy in Mev, N(E) the number of neutrons per unit energy 
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interval, and 7 =1.335+0.034 Mev. The measured average Pu! fission neutron energy is 2.002+0.051 Mev. 


INTRODUCTION 


AS the result of "a number of measurements the 
energy spectrum of prompt fission neutrons 
emitted following the fission of U™** is well known.'7 
Similar experimental measurements of the fission neu- 
tron spectra of U** and Pu** have been reported.*:*” 
In addition, the neutron spectrum resulting from the 
spontaneous fission of Cf**? has been measured.'':” The 
experimental results are, generally, consistent with the 
statistical theory of prompt fission neutron emission.” 
In order to obtain information that will extend our 
knowledge of the fission process and to provide data 
useful in applied work this study of the prompt fission 
neutron spectrum of Pu*! was undertaken. 


EXPERIMENTAL METHOD 


Two sets of experiments, separated by about eighteen 
months, were carried out. The first group of measure- 
ments utilized proton recoils in nuclear emulsions to 
determine the spectrum of fission neutrons in the energy 
range 1.6 to 7.0 Mev. The fissile Pu**! sample consisted 
of ~3 mg of metallic oxide. This sample was placed in 
a well collimated beam of thermal neutrons from the 
Argonne National Laboratory CP-5 reactor. The effec- 
tive purity of the sample was such that > 90% of the fis- 
sions were due to Pu*'. The sample was surrounded by a 
set of Ilford C-2 emulsions. The fission neutrons leaving 
t This work supported by the U. S. Atomic Energy Commission. 
' B. E. Watt, Phys. Rev. 87, 1037 (1952). 
2,N. Nereson, Phys. Rev. $5, 600 (1952). 
3 Bonner, Terrell, and Rinehart, Phys. Rev. 87, 1032 (1952). 
*Cranberg, Frye, Nereson, and Rosen, Phys. Rev. 103, 662 
1956). 


‘D. L. Hill, Phys. Rev. 87, 1034 


1952). 


°K. N. Mukhin, L. M. Barkov, and Gerasimova, Physics of 


Nuclear Fission (Pergamon Press, New York, 1958), p. 82. 
7D. B. Nicodemus and H. H. Staub, Phys. Rev. 89, 1288 (1953).. 
Smith, Fields, Sjoblom, and Roberts, Phys. Rev. 114, 135 
1959). 
*K. M. Henry and M. P. Haydon, Oak Ridge National Labora- 
tory Report ORNL-2081, 1956 (unpublished). 
1 N. Nereson, Phys. Rev. 88, 823 (1952). 
't Smith, Fields, and Roberts, Phys. Rev. 108, 411 (1957). 
2 FE. Hjalmar, H. Slatis, and S. Thompson, Phys. Rev. 100, 
1542 (1955). 
3 J. Terrell, Phys. Rev. 113, 527 (1959). 


the sample were incident on the emulsion surfaces at 
tangential angles of 3-10°. The emulsions were processed 
using temperature controlled development methods" 
and were impregnated with wood resin to reduce shrink- 
age. Proton recoil tracks within the emulsions were ac- 
cepted for measurement if they fell within a pyramidal 
volume whose apex angle was ~ 20° and whose axis 
was collinear with the fission neutron direction. Cor- 
rections were made for the probability of proton escape 
from the emulsion.'® More than 2000 tracks resulting 
from Pu*" fission neutrons were measured. Under identi- 
cal experimental conditions a similar number of tracks 
resulting from U*** fission neutrons were examined. 
Above a neutron energy of 1.6 Mev, the measured spec- 
trum of U™** fission neutrons was in good agreement with 
the accepted distribution.'~? 

The second set of measurements utilized fast time-of- 
flight techniques to determine the Pu*" fission neutron 
distribution throughout the neutron energy range 0.3 
to 6.0 Mev.'® Approximately 1 mg fissile samples of 
U* and of Pu*', both with an isotopic purity of >96%, 
were placed within a gas scintillation counter.’? This 
counter was constructed in such a manner that the U** 
and Pu*' samples could be interchanged in the active 
volume without disturbing the geometric arrangement 
of the apparatus. A fission neutron flight path extended 
from the fissile source, through a conical collimator, 
94 cm to a neutron detector. This detector consisted of 
a plastic scintillator coupled to a RCA 6342 photo- 
multiplier tube.'*!* Pulsed-beam time-of-flight studies 
had previously demonstrated that the collimator em- 
ployed would cause essentially no distortion of the 


4 CC. C. Dilworth, G. P. S. Occhialini, and R. M 
162, 102 (1948). 

16 L. Rosen, Nucleonics 11, 32 (1953). 

16. Cranberg, Proceedings of the International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 4, Paper P/577. 

17C, Eggler and C. M. Huddleston, Nucleonics 14, 34 (1956). 

18 Pilot “B’’, Pilot Chemical Company, Waltham, Massa 
chusetts. 

19 Radio Corporation of America, Tube Division, Trenton, New 
Jersey. 
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PROMPT FISSION NEl 
fission neutron spectrum.” The experimental arrange- 
ment is shown schematically in Fig. 1. 

A well-defined beam of thermal neutrons incident on 
the gas scintillator induced fissions in the Pu®*! or U?* 
samples. Some of the resulting fission neutrons proceeded 
down the collimated flight path and interacted with the 
neutron detector. The time between the response of the 
fission counter and the detection of the neutron in the 
plastic scintillator was converted, in an analog manner, 
to a voltage pulse. The distribution of voltage pulses 
and therefore neutron flight times was recorded with 
the aid of a multichannel pulse height analyzer. By 
interchanging the Pu*! and U**° samples within the gas 
scintillator a direct comparison of the velocity spectra 
of prompt fission neutrons from the two isotopes was 
obtained. This comparison method was free from errors 
associated with the absolute sensitivity of the neutron 
detector. A typical experimental distribution of fission 
neutrons from Pu**! is shown in Fig. 2. 


EXPERIMENTAL RESULTS AND CONCLUSIONS 
Theory, based upon Weisskopf’s nuclear evaporation 
model, predicts a Maxwellian distribution of fission 
neutron energies in the laboratory system.*! This dis- 

tribution is of the form 
N(E) « Ete-*!T, (1) 


where £ is the neutron energy in Mev, NV (£:) is the num- 
ber of neutrons per unit energy interval and T is a 
“temperature” constant. This theoretically predicted 
distribution is in good agreement with experimentally 
measured fission neutron spectra.” 


PILE FACE 
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ORGANIC 
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Fic. 1. Schematic diagram of the experimental apparatus. 
*” A. B. Smith and P. A. Moldauer, Bull. Am. Phys. Soc. 5, 409 
(1960). 
21 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), pp. 365-374. 
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Fic. 2. Experimentally determined velocity spectrum of neutrons 
resulting from the thermal-neutron-induced fission of Pu?#!, 


The time-of-flight method, as utilized in this experi- 
ment, determines the energy-dependent ratio 


R(E)=N(E)Pu™!/N (£)U", (2) 


of the Pu**! fission neutron spectrum to that of U5. 
In order to convert these ratio measurements to Pu**! 
fission spectra it was assumed that the U*® fission 
neutron spectrum was Maxwellian in shape, [Eq. (1) 
above | with a temperature constant T=1.290 Mev. 
This assumption was based upon the analysis of the 
experimental measurements summarized in Table I.¥ 
Utilizing the above assumption of time-of-flight ratio 
measurements were converted to Pu* fission neutron 
spectra. The results of a typical measurement are 
shown in Fig. 3. The figure also presents the results of 
the emulsion measurements. The solid curve in the figure 
corresponds to a least squares fit of a Maxwellian dis- 
tribution [Eq. (1)] to the experimental data. As is 
indicated in Fig. 3, the Maxwellian distribution is an 
excellent description of the experimentally measured 
Pu**! fission neutron spectrum. The weighted average 
Maxwellian temperature obtained from nine sets of data 
is T=1.335+0.034 Mev. It follows directly that the 
average Pu’ fission neutron energy E=37=2.002 
+0.051 Mev. The errors quoted pertain to this work 
only and are relative to the assumed U*® “standard” 
value T=1.290 Mev. The results of this experiment 
are compared with other known fission spectra in 
Table I. 

Statistical arguments have been used to relate the 
average number of neutrons emitted per fission, 7, to 
the average fission neutron energy, F. Terrell obtained 
the following correlation. 


E=0.78+0.62(5+1)!. (3) 


This expression combined with the measured E(Pu*") 
=2.002 Mev leads to a value (Pu!) = 2.88. The fis- 





Energy range 


(Mev) 


Fissile nuclide 
0.180-3.0 
0.35-12.0 
1.0-12.0 
0.4-7.0 
3.3-17.0 


U*-+- nun 


V 
wu 


3-11.0 
8.0 


= 


A 


SMITH, 


SJOBLOM, 


AND 


ROBERTS 


Taste I. Characteristics of fission neutron spectra. 





Method 


E (Mev)* 
average energy 


E (Mev)> 
combined 
average 





Time-of-flight 
Photoplate 
Photoplate 
Photoplate 
Proportional counter 
Threshold detector 
Proportional counter 


1.916+0.04 
1.95240.013 

1.91 +0.040 
2.055+0.040 
1.854+0.010 
E(U™5) +0.02+0.01 
2.17+0.10 
2.2340.13 


1.935-4.0.05 _ 


1.93+0.06 


Maxwellian 


temperature_in 


Mev T=2E. 
Combined 
average. 
See Eq. (1) 


1.290-4.0.032 


1.287+0.040 


Reference 


4 


Photoplate 

Threshold detector 

Photoplate 

Time of flight and 
photoplate 

2. Threshold detector 

2. Threshold detector 

1.0-12.0 Photoplate 

0.6-8.0 Photoplate 

0.3-9.0 Time of flight and 
photoplate 

Photoplate 

Photoplate 

Time of flight 


V 


rhe bo 


0-10.0 
0.30-8.0 


Pu™® +n 


2.0-10.0 
1.4-7.0 
0.3-4.0 


Cf spontaneous 


E(U**)+0.07+0.02 
E(U**5)+0.08+0.02 
1.87 +0.05 6 
2.275+0.04 
2.002+0.051 


2.12+0.24 
2.35+0.08 11 
2.13+0.05 11 


E(U*) +0.06+0.02 


2.00+0.05 1.333+0.033 


10 
This 
experiment 

1.466+0.066 12 


2.002+0.051 1.33540.034 


2.2+0.1 





* Data fr 


ym Terrell where applicable. All averages result from least-squares fit of Maxwellian to experimental data. 


> U5, Pu®, and Cf*8? values are from Terrell.4 Other averages formed by weighting at present authors’ discretion. 


e J. A. Grund! and J. R. Neuer, Bull. Am. Phys. Soc. 1, 95 (1956). 


¢V. P. Kovalev, V. N. Andreev, M. N. Nilolaev, and A. G. Guseinov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1069 


sion neutron spectra of Pu*’ and U** measured by the 
time-of-flight method, as described above, were nor- 
malized to the same number of fission events recorded 
in the fission counter for the respective samples. The 
resulting normalized Pu* and U™® spectra were inte- 





N(E)~ VE exp(-£/T) 
= 2.002 « 0.051 Mev 


AXWELLIAN = 


titi 4 


Ltitiiintl 3 


Lipiitl 











Fic. 3. Typical experimental measurement of the Pu™" fission 
neutron energy spectrum. Circular points are from time-of-flight 
measurements; square points are the result of the measurement 
of proton recoil tracks in nuclear emulsions. The solid curve 
represents a least-squares fit of a Maxwellian distribution to the 
experimental points. 


1957). 


grated to obtain the ratio 


b(Pu")/6(U*) = 1.185+0.074. (4) 
Assuming #(U™*) = 2.43+0.03, it follows that (Pu**) 
equals 2.88+0.18.” This value is in fortuitously good 
agreement with the predictions of Eq. (3) above. In- 
deed, other work indicates that #(Pu’*!) is ~2.95.2%-*6 
A ¢ritical test of Eq. (3) must await more precise ex- 
perimental studies of more widely varying E and > 
values than have thus far been completed.?’:** 
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Nuclear Magnetic Moment Ratio and Linewidths of N“ and N* 


H. R. Brooker, P. J. Haicu, anp T. A. Scott 
Department of Physics, University of Florida, Gainesville, Florida 
(Received May 10, 1961) 


The ratio of the nuclear magnetic moment of N"™ to that of N" in liquid nitrogen has been measured using 
the technique of nuclear magnetic resonance. The value obtained is (14) /u (15) =1.4257641+0.0000010. 
The true linewidths (between points of maximum slope) have been determined to be 24-4 cps for N™ and 


<4 cps for N¥, 


INTRODUCTION 


HE strong, narrow, nuclear magnetic resonances 
(NMR) found in N" and N* in liquid nitrogen 
offer a straightforward way to measure the magnetic 
moment ratio of these isotopes. A liquid nitrogen 
sample, half N' and half N'®, would enable one to 
measure the resonance frequencies of both isotopes in 
the same sample coil with the same magnetic field 
and the same chemical environment for both. Previous 
measurements'!? of this ratio have been made in 
chemical solutions in which the linewidths were broader. 
The result presented here is in excellent agreement with 
the result of Anderson, et a/.5 who measured the moment 
ratio in a solution of NH,Cl using the technique of 
nuclear double resonance. 


EXPERIMENTAL DETAILS 


The sample used was 964 cc (NTP) of nitrogen gas 
in which the N™ content had been enriched to 46.8%.‘ 
This was condensed into a 1.5-cc glass vial by pumping 
on an external liquid nitrogen bath. Measurements were 
made at about 68°K or about 5° above the triple point. 

In order to reduce microphonics which arise when 
an rf coil is placed in a bubbling helium bath, the sample 
vial was placed inside a brass tube which contained 
nitrogen exchange gas. This tube also served as the 
ground coaxial lead to the rf coil wound around the vial. 
The cryostat was a typical metal Dewar with a tail that 
fitted between the poles of an electromagnet. 

The magnet was a 12-in. Varian with a 2}-in. gap. 
Regulation of the magnet current (as specified by the 
manufacturer) was within 1 part in 10’. The marginal 
oscillator was a modified Pound-Watkins-Knight® type. 
The detected signal was amplified by a narrow-band 
amplifier, displayed on an oscilloscope, passed through 
a lock-in detector, and recorded on a Brown recorder. 
Frequencies were read from a Hewlett-Packard 524-D 
counter. 


1 W. G. Proctor and F. C. Yu, Phys. Rev. 81, 20 (1951). 

2H. E. Walchli, Oak Ridge National Laboratory Report 
ORNL-1775 and Suppl. II (unpublished). 

3L. W. Anderson, F. M. Pipkin, and J. C. Baird, Phys. Rev. 
116, 87 (1959). 

‘ Prepared by the Isomet Corporation. 

5 The entire electronic circuitry consisted of standard, although 
modified, circuits whose essential features will be found in G. D. 
Watkins, thesis, Harvard University, 1952 (unpublished), and 
J. M. Mays, H. R. Moore, and G. G. Schulman, Revs. Sci. Instr. 
29, 300 (1958). 


Magnetic modulation was used, and because of the 
very narrow linewidths it was necessary to use low 
modulation frequencies (10, 20, and 30 cps) and low 
modulation amplitudes (0.05 gauss peak-to-peak) in 
order to avoid excessive modulation broadening® of the 
lines. The rf level was also kept low to reduce the degree 
of saturation and the associated line distortion. The 
rate of sweep of the oscillator frequency was of the 
order of 0.2 cps/sec which was about the short time 
limit of stability of the oscillator. 

The resonance frequency was determined by ob- 
serving the point at which the signal on the oscilloscope 
passed through zero. At this instant the frequency 
counter was read. Since the counter counts for 1 sec 
and displays for 1 sec, and since it counts only to the 
nearest cycle, the error in any one reading was of the 
order of 1.5 cps. However, this error was averaged out 
by taking a large number of readings with both upward 
and downward sweep. Measurements of the N" 
resonance were alternated with measuren ents of the 
N'® resonance at about 20-min intervals. By plotting 
a smooth curve of resonance frequency versus time for 
each isotope, one could interpolate between points to 
obtain the resonance frequencies at the same time, thus 
compensating for the. slow drift in magnetic field.’ 
This drift, caused by a slow variation in temperature 
and/or current was of the order of 1.2 cps/min and 
usually monotonic for periods of many hours. The 
magnetic field was approximately 7966 gauss. 

Linewidths were measured by 
markers on the recorder trace. 


making frequency 


RESULTS AND DISCUSSION 
NMR Moment Ratio 
The average of 50 readings using 10-cps modulation is 


v(15)/v(14) = 2u(15)/u(14) 
or 


1.4027566+0.0000010 


u(14)/u(15) = 1.4257641+0.0000010. 


The errors indicated are three times the probable error, 

the factor three being introduced to make allowance 

for any systematic error which might remain unknown. 

This error corresponds to a frequency error of 1.5 cps. 
6K. Halbach, Phys. Rev. 119, 1230 (1960). 


7M. W. Rice, thesis, Harvard University, 1958 (unpublished) 
Chap. II-c. 
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Fic. 1. Experimental linewidths between points of maximum 
slope plotted versus modulation frequency. The solid curves are 
plotted from Eq. (3), where »ms has been taken as 24 cps and 0 cps 
for Nand N*, respectively. 


The maximum deviation for any one reading was only 
0.0000011. Errors due to interpolation on the graph 
were found to be negligible; the ratio changing by less 
than 0.0000001 when linear interpolation was used. 

The result of Anderson et ai.’ is 


y(15)/v(14) = —1.4027576+0.0000015, 


where the error is six probable errors. 
Linewidths 


The effect of modulation frequency on the linewidth 
is illustrated in Fig. 1. In order to obtain the true 
linewidths from these data, it is necessary to account 
for the effe ts of modulation frequency and amplitude 
as well as the effects of magnetic-field inhomogeneity 
and partial saturation by the rf field. 

Halbach® has dealt with this problem and gives the 
relationship for second moments as 


3+ (yHn)*/4, (1) 


2 — (4° )—+ 


\Q”" /exp— \H Wan” 


where (w*)-x, and (w*) are the experimental and true 
values of the second moment, 
times the modulation frequency, y is the magnetogyric 
ratio, and H,, is the peak modulation amplitude. In 
order to utilize this relationship for determining true 
linewidths between points of maximum slope (herein- 
after designated simply as “‘linewidths”’) it is necessary 


respectively, Wm is 2x 


I. Contributions to the observed linewidths (v5), 
field inhomogeneity, AH». ° 


TABLE 





true linewidths, v,, 


1 2 3 4 
Modula 
treque ( 

Isotope cps Vine’ exy Vins” 
N' 10 810+ 240 576 
N 10 260+ 130 0 
Nu 20 1280+ 290 576 
N'5 20 810+ 160 0 
Nu x0 2360+ 530 576 
N15 30 1760+380 0 


8E. R. Andrew, Nuclear Magnetic Resonance 


BROOKER, HAIGH, 


xp due to modulation frequency, v»,; 


Cambridge University Press, New York, 1956), | 


ARD SCOTT 

to know the relationship between second moment and 
the linewidth. This in turn requires a knowledge of 
the shape function. If one assumes, for example, that 
both the true line shape and the experimentally ob- 
served line shape are of Gaussian form, the relationship 
between second moment and linewidth is* 


{w”) = Wms"/4, (2) 


where wms is 27 times the linewidth between points of 
maximum slope. Using this in Eq. (1) and changing 
to frequencies instead of angular frequencies gives 


= Vins? t4m?/3+ (vH»,)*/ 44, (3) 


( Vins) xp 


The line shapes of N"™ and N" in the liquid state are 
probably closely Lorentzian so Eq. (3) cannot be 
rigorously true. However, since the second moment of a 
Lorentzian line is infinite, we use a Gaussian shape 
here in order to arrive at an equation which will at least 
be approximately true. Furthermore, it must be pointed 
out that this equation is valid only for negligible 
saturation and negligible broadening due to magnetic- 
field inhomogeneity—conditions which are not quite 
satisfied for N“ and certainly not satisfied for N°. The 
correction to the right-hand side of Eq. (3) due to 
magnetic-field gradient would be of the order of 
(yAH>/2xr)*, where AH, is the variation in the static 
field across the sample. But all these effects would 
certainly modify Eq. (3) in the following manner: Since 
the observed line is distorted, there should be a multi- 
plicative factor in front of (v¥ms?)exp Which would be a 
function of vm, Hm, AHo, and H,; where H, is the rf 
field in the coil. Table I shows the magnitude of the 
corrections due to ym, Hm, and AH», and along with 
Fig. 1 shows that the agreement is worse for higher 
modulation frequencies because of the effects mentioned. 
In view of the relatively large errors in (vn.)ex,) (deter- 
mined mainly by oscillator instability) improvement 
in the theory would not greatly improve the results. 
Extrapolation of the curve in Fig. 1 to zero modulation 
frequency eliminates the major source of broadening 
and also ensures that the assumption that both the 
experimental and true line shapes are the same is more 
nearly correct. This also reduces the error arising if 


modulation amplitude, //,,; and magnetic 
t 


», have been taken as 24 and 0 cps for N“ and N'5, respective) 


5 6 ] 8 
um ol 
columns 
4p,,.2/3 yHm)?/4x? yAH)?/4r 4+5+6+7 
133 69 10 778 
133 137 20 290 
533 69 10 1178 
533 137 20 690 
1200 69 10 1845 
1200 137 20 1357 
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g(v) is not Gaussian. For N“ the difference between 
(VinsJexp ANd Yms for ym=O is only 4%. The true line- 
widths have been set at 
Vms(14)=24+4 cps, 
Vms(15)<4 cps. 
The true linewidth of N" is probably less than 1 cps 
due to lack of an efficient relaxation mechanism. From 
these data and with the assumption of Lorentzian line 
shapes, the relaxation times are 
T2(14)=1/ (V3arvms) =0.007+0.001 sec, 
T.(15)>0.05 sec. 
The relaxation 7, has been determined for N“ by 
the method of progressive saturation. The value found is 
T,(14)=0.004+0.002 sec. 


Due to the long 7, for N’* it was not possible to use the 
method of progressive saturation. Experiments to 
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measure relaxation times 7; and 7; for both isotopes 
by means of spin echo techniques are being planned. 

Note added in proof. These measurements are now in 
progress and reveal a very interesting and complex 
behavior for the relaxation of liquid nitrogen. In addi- 
tion to the 7, detected here, there is a second one about 
ten times longer in the isotopic mixture. These are 
presumably associated with N™ in the N¥—N*™ and 
N“—N® molecules. The resonance with the longer re- 
laxation time was almost totally saturated relative to 
the other resonance throughout the cw work reported 
here and so was not noticed. A full discussion will be 
submitted for publication shortly.® 
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Stripping Analysis of the Be*(Li’,a)B" Reaction* 
J. J. Leicu 


School of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received May 15, 1961) 


An analysis of the angular distributions of @ particles from the Be®(Li*,«) B" reactions has been carried out 
using a simple “lump” stripping model. Both the normal stripping mode and that exchange mode commonly 
called “heavy-particle stripping’’ have been incorporated in the analysis. The model assumes that the Li® and 
the Be® nuclei may be represented by the two-cluster configurations “‘alpha particle plus deuteron” and 
“alpha particle plus He®” respectively. The angular distribution calculated for the first excited state reaction 
provides a satisfactory fit to previously published experimental results at a laboratory bombarding energy of 
3.25 Mev. The theoretical angular distribution for the ground state reaction is less successful but does show 





the principle features of the experimentally observed angular distribution. 


I. INTRODUCTION 


NGULAR distributions of a particles from the 

Be®(Li®,a)B" reactions leading to the ground and 
the first-excited state of B" have recently been published! 
for laboratory bombarding energies ranging from 2 to 4 
Mev. It was suggested in that report that the character 
of the angular distributions indicated some direct- 
interaction mechanism for the reaction. An analysis 
based on an elementary form of stripping theory has 
therefore been attempted. Both the normal or ‘‘pro- 
jectile stripping” mode and that exchange mode called 
“heavy-particle stripping’” or “target stripping” have 
been included in the analysis, as has the interference 


* This work was supported in part by the joint program of the 
U. S. Atomic Energy Commission and the Office of Naval Re- 
search. 

' J. J. Leigh and J. M. Blair, Phys. Rev. 121, 246 (1961). 

2. Madansky and G. E. Owen, Phys. Rev. 99, 1608 (1955) ; 
G. E. Owen and L. Madansky, ibid. 105, 1766 (1957). 


term between the two modes. No compound nucleus 
contribution has been included. 


II. CLUSTER MODEL OF THE INTERACTING NUCLEI 


In calculating the scattering amplitude for the pro- 
jectile-stripping mode it is assumed that the Li® 
projectile may be represented by the two-cluster con- 
figuration a(1)+d, where d indicates a deuteron. The 
internal structures of both clusters are neglected. a(1) 
and d are taken to be in a relative S state.* In the pro- 
jectile-stripping mode the deuteron is stripped from the 
Li® and captured by the Be® target nucleus, leaving a(1) 
as the outgoing a particle. For the target-stripping mode 
the Be’ target is assumed to be described at the time of 
interaction by the two-cluster configuration a(2)+ He’. 
Again the internal structures of the two clusters are 


» 


3 J. L. Gammel, B. J 


f Hill, and R. M. Thaler, Phys. Rev. 119, 
267 (1960). 
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neglected and they are taken to be in a relative S state. 
In the target-stripping mode the He’ cluster is stripped 
from the Be’ and captured by the Li® projectile, leaving 
a(2) as the outgoing a particle. 

a(1) and a(2) are taken to have the spin and parity 
(J*=0*) of free a particles. With the above S-state 
assumptions and the known spin and parity of the 
ground states of Li® (J*=1*) and Be® (3/27), this 
implies that the spin and parity of d are those of a free 
deuteron (1*), and that the He® cluster (which is 
unbound in the free state) has the spin and parity (3/27) 
of the He*+- state of least excitation. 

Both Coulomb and nuclear interactions between the 
projectile P (Li®) and the target T (Be®), and between 
the residual nucleus R (B") and the outgoing particle 
a(1) or a(2), are neglected. These are serious simplifi- 
cations at the low energies of interest here. It is well 
known, however, that the two types of interactions 
frequently result only in a smoothing of the stripping 
angular distributions without shifting the angular posi- 
tions of their extrema. Such an effect also seems to 
appear in the present analysis. 


Ill. DIFFERENTIAL CROSS SECTION EXPRESSION 


Under the usual stripping assumptions, the scattering 
amplitude may be written as* 


T= TP+ TD, (1) 
where 


Ty? = furore yWi(x)dx (2) 


is the scattering amplitude due to the projectile- 
stripping mode and 


T= fur (x)V wacnWi(x)dx (3) 


is the scattering amplitude for the target-stripping 
mode. The wave functions W(x) and ¥;(x) are those of 
the initial and the final states of the system and x is a 
collective symbol for the (vector) positions of the 
various nuclei and clusters involved. The factor of two 
in Eq. (3) arises from the two equivalent a@ particles in 
Be’, either of which may appear as the outgoing a 
particle a(2) in the target stripping mode. V gaq1) and 
V way are the nuclear interaction potential operators 
describing respectively, the interaction between the two 
clusters of Li®, and between the two clusters of Be’. 

In plane-wave approximation we write the initial- 
state asymptotic wave function as 


Wi(x)=e'*P RPY p(r)Ep(J pM p) 
Xeikr RT r(p)icr(JrM 7). (4) 


Here kp and kr are the wave vectors of the motion of P 
and T relative to the center-of-mass of the system, and 


‘T. Fulton and G. E. Owen, Phys. Rev. 108, 789 (1957). 
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Rp and Rr. are the corresponding positions. yp(r) and 
¥7r(p) are the S-state internal motion radial wave func- 
tions for the a+d system composing Li® and the a+He® 
system composing Be’. £,(/,M,) is the total angular- 
momentum function of particle g corresponding to total 
angular momentum J, with projection M,. For the 
projectile- and target-stripping modes, respectively, the 
asymptotic final state wave functions are 


v;(x)=e™ a(t) -Rai)S. (jotta) 
Keke Rey .P)(|Ra—Rr|)Er(JeMr) (5) 
and 


¥ (x)= eta Ra, (jouta) 
Kee Ray AM (|Ra—Rp} )Er(J eM). 


Here Sa(jata) is the spin function of the outgoing 
particle with spin j, and projection pe. (Note, however, 
that ja=Ha=0.) k, and kz are the wave vectors of the 
motion of the outgoing @ particle and the residual- 
nucleus relative to the center-of-mass of the system, and 
R, and Rg are the corresponding positions. Ry is the 
position of the He’ cluster relative to the center-of-mass 
of the system. Yr” and Wr” are the radial wave 
functions of the residual nucleus, describing it in terms 
of the configurations Be’+d and Li®+ He’, respectively. 

In order to evaluate the matrix elements (2) and (3) 
it is convenient to express the angular parts of the 
initial-state wave function (4) in terms of those of the 
final state. It is rather arbitrarily assumed at this point 
that the angular momenta combine according to the 
J-J coupling scheme, but Z-S- and channel-spin cou- 
pling could also be considered. The procedure followed 
in expanding y; closely parallels that given by Edwards® 
for a (dn) reaction. The result for the projectile 
stripping mode is 


Yi=et® ac -RaveikR RAG p(K,)g 14) (kira) 
Xvr(p)l pér (J eM R Sa (Jalta), (6) 


where, symbolically, 


r= > 


JRMRI&Maua 


(jattaj atta| J pM p) 


X(japal (d)m(d)|JaMaXJrMrJ aM a\TrM x). 


The notation (jm j2m:|JM) is used for the Clebsch- 
Gordan coefficient corresponding to the vector addition 
jitje=J, mi+m,=M. Other quantities in (6) are the 
usual form factor 


Gr(Ki)= fe® WY p(r)dr, 


and 


guea= [Prose Td sinbdédd 


=i€®{4e[ 21(d)+1]} ja (kira), 


°S. Edwards, Jr., Phys. Rev. 113, 1277 (1959). 
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in which VY x4@),0(0,6) and jx (kira) are respectively, a 
spherical harmonic, and a spherical Bessel function. 
il(d) is the capture orbital angular momentum of the 
deuteron relative to the center-of-mass of the residual 
nucleus. The wave vectors which appear as a result of 
coordinate transformations are defined by 


K,= k,.— (M./M p)kp, 
k,= kp— (M7/Mr)ka, 


in which M, is the mass of particle g. The position of the 
deuteron relative to the center-of-mass of the target 
nucleus is given by the vector re=Ra—Rr=Raqyt+r 
—Rr. In establishing (6), k; is chosen to define the axis 
of quantization. 

In evaluating the matrix element (2), the method of 
the “kinematical form factor’’*:* has been used, with the 
result 


T\=Cp J vst (x)Wslx)dx, (7) 
where 
h’tkp? k,? 2kp-k, 
Cp= Tocmctbtanny- + =} 
2luar da M « 


is the kinematical form factor. 7... is the total kinetic 
energy of the system in the initial state, egaq is the 
binding energy of the deuteron in Li®, and yp, is the 
reduced mass of particles p and gq. 

The usual stripping-theory cutoff or interaction 
radius R; was introduced by means of a 6-function 
interaction multiplying the potential Vgaqa). Thus, 
putting (5) and (6) into (2) and using (7) gives 


P= fon "(ra)VcacnGe(Ki)Bu0 (br Wr(@)E nr 
=T pC pGp(K}) 
Xf vu (ra)B(re—Ridgucn (bar dWx(odr 


= (i)"®D pC pG p(Ky) ja (Ri Ri) Ap. 


Ap is an overlap integral defined by 
Ap= {4n[21(d)+1]}} f Vr?" (rar(p)dr, 


the integration being over all space. 

The target stripping mode is treated in a way exactly 
analogous to that given for the projectile-stripping 
mode. k; is again used as the axis of quantization. No 
transformation of axes of angular momentum functions 
is necessary because comparison of the present stripping 
analysis with experiment shows that the capture angular 
momentum #/(H) of the He® cluster relative to the 

6 G. E. Owen, L. Madansky, and S. Edwards, Jr., Phys. Rev. 
113, 1575 (1959). 
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center-of-mass of the residual nucleus cannot reasonably 
take any value other than zero. The only remaining 
preferred axis is therefore k;. A more complete discus- 
sion of the various axes of quantization can be found in 
reference 5. Again using a 6-function approximation to 
introduce an interaction radius Re, the target-stripping 
amplitude is found to be 


To? =1 OT pC G7 (Ke) jm (koR2)Az, 
with 


Ap=2{4e[21(H)+1}}3 f va’ (on Wr(rdr, 
Hekp? he? 
Cr=To.m.t€H#a(2)—— —_+— -+- 


2lunp MHe 


Gr(K2)= f exp(—iK2- o)¥r(p)do, 





2kp : ~) 
Mz J 


Tr= (jattajuuu|JrM 1) 


JRMRJHMHLH 


X(juunl (H)m(H) | JuMn) 


X(JuM uJ pM p| J eMp), 
K;=k.— (M./Mr)kr, 


ky = kr— (M p/M e)ka, 
exH= Raw Rp— = Ru— Rp. 


€#a(2) is the binding energy of an a particle in Be’ and Rz 
is again a cutoff radius. jy is the intrinsic (spin) angular 
momentum of the He’ cluster, and gy is the position of 
that cluster relative to the center-of-mass of the Li® 
projectile. 

Conservation of parity and angular momentum re- 
quires that /(d) and /(#) be even integers not greater 
than 4 if the residual nucleus B" is left in its ground 
state (J*=3/2-) and not greater than 2 if the B" is left 
in its first excited state (1/2-). It has already been 
pointed out that/(H)=0 is required by the experimental 
results. . 

The differential cross section do/dQ, which is pro- 
portional to the squared modulus of the scattering 
amplitude Jo, can now be written as 


da/dQ« |CpG p(K1)j a (ki Ri) 2 
+ |ArAp"CrGr(Ke) jm (keR2) |? 
+2(—1)8%6, a0 PE rArAPC pG pC rGrj xa jun, 
(8) 
where # is any non-negative even integer. 
The transforms Gp and Gr were evaluated using the 


zero-range approximation wave functions, 


Vp(r)=(a/2r)'ye-@ = and = Wr(p)= (8/2) tp e-F, 


with 
and 


(ha)? = 2p da€ dat) (h8)?= 2una€na. 


The products CpGp and C7Gr turn out to be nearly 
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Fic. 1. Angular distributions at a laboratory bombarding energy 
of 3.25 Mev for the Be®(Li*,2)B"™ reactions, leaving B" in its 
ground state (upper plate) and in its first-excited state (lower 
plate). The solid lines are the theoretical results from this paper 
and the solid circles are the experimental points from reference 1. 
© is the center-of-mass scattering angle. 


independent of the scattering angle for the experimental 
conditions of reference 1, so only their mean values were 
used in computing theoretical angular distributions. 

Upon forming the product of the six Clebsch-Gordan 
coefficients and then doing the requisite sum, it is 
readily found by the usual methods of Racah algebra 
that [Tpf!'r=0 if /(d)¥0 and that if /(d)=0 then 
['pf'r=1 or 3 if the B" is left in its ground or first 
excited state, respectively. 


( 
1 
2 


IV. RESULTS AND CONCLUSION 


The differential cross section in the form of Eq. (8), 
with arbitrary normalizing factors, has been evaluated 


LEIGH 


TABLE I. Parameters used in Eq. (8) to calculate the theoretical 
angular distributions shown in Fig. 1. 


R; (f) 





R2 (f) bd) WA) ArAp 


B" ground state 6.0 By 5 0 0 
B" first-excited state 6.0 * p 2 0 


0.28 
0.23 


for the Be®(Li®,a)B" reaction leading to the ground and 
the first excited states of B". Because of the restricted 
range of bombarding energies for which complete ex- 
perimental angular distributions were available and 
because of the limited success in fitting the ground-state 
experimental results, the evaluation of Eq. (8) has been 
carried out only for a laboratory bombarding energy of 
3.25 Mev. The results are shown in Fig. 1. The parame- 
ters used to obtain the curves shown in the figure are 
given in Table I. 

The calculated angular distribution for the first ex- 
cited state reaction is considered to be in satisfactory 
agreement with the experimental results. The partial 
failure of the theory in treating the ground-state reac- 
tion does not seem to be serious in view of the grossly 
simplified analysis used here. Improvement might be 
sought in a more realistic treatment, such as a distorted- 
wave Born-approximation calculation’ or a multi- 
nucleon stripping calculation.’ The present work how- 
ever does that the 
mechanism is primarily one of stripping. 


seem to demonstrate reaction 
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Gamma-Gamma Directional Correlation in Mg”t+ 


D. W. GLasGow* AND LARRY SCHECTER 
Oregon State University, Corvallis, Oregon 
(Received May 1, 1961) 


The directional correlation between the 1.368-Mev gamma ray and the 2.75-Mev gamma ray of Mg* 
was measured in an effort to strengthen the spin and parity assignment of the 4.12-Mev state. The data yield 
a least-squares solid-angle-corrected correlation function W (@) = 1+ (0.102+0.003) P2(cos@) + (0.009+0.005) 
X P,(cos@). This is consistent with the assignment (4+) for the 4.12-Mev state and analysis indicates that 
there can be at most 0.003% M3 radiation mixed with pure £2 radiation in the 2.75-Mev gamma ray 


transition. 


I. INTRODUCTION 


HE assignment of the 1.368-Mev state in Mg*‘ is 

well established as a (2+) state.’ The assign- 
ment of the 4.12-Mev state is not so certain. Some of the 
internal pair production coefficient measurements imply 
that the 2.75-Mev gamma ray emitted in the transition 
from the 4.12- to the 1.368-Mev state could be either 
F1 or E2.-* One measurement of the internal con- 
version coefficient of this transition implies a much 
higher multipolarity.® Since the ground state of Na™ 
is almost certainly (4+)** the analysis of the beta 
decay fixes the parity of the 4.12-Mev state as even 
but leaves some uncertainty in the spin assignment. 
Recent measurements on the polarization-direction cor- 
relation’ infer a (4+) assignment but this in turn rests 
on the results of the older directional correlation work 
of Brady and Deutsch.” Since the collective nuclear 
model predicts a (4+) upper state for even-even Mg” 
it seemed worthwhile to try to strengthen its assign- 
ment by directional correlation and to estimate the mag- 
nitude of mixing in the upper transition. 


II. PROCEDURE 


The gamma-ray spectrometer consisted of a pair of 
l-in. by 1.5-in. diam Nal crystals optically coupled to 
DuMont K-1719 photomultiplier tubes. The crystals 
were unshielded so that the simplified correctons of 
Rose"! for the finite solid angle could be determined and 
used to compare the raw data with the theory of angular 
correlation. The conventional fast-slow coincidence 
method was used. The slow channels were set to accept 
only the full-energy peak of the appropriate radiation. 


+ This work was performed under the auspices of the’ U. S 
\tomic Energy Commission 

* Now with General Electric Company, Richland, Washington 
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(1958). 

*T. V. Estulin, V. S. Popov, and F. E. Chukreev, Soviet Phys 
JETP 3, 866 (1957). 

0 EF, L. Brady and M. Deutsch, Phys. Rev. 78, 558 (1952). 
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Corrections were made for chance coincidences by using 
the inchoherent source method to determine the resolv- 
ing time of the fast coincidence circuit. The resolving 
time was 70 nsec for the pulse shapes used in this ex- 
periment. The angular settings were accurate to +0.25°. 
The theory was compared with the experiment by modi- 
fying the theory to take account of the finite solid angle 
using the correction curves of Stanford and Rivers.” 
Care was taken to demonstrate that these corrections 
were appropriate for the spectrometer geometry.” A 
trial directional correlation experiment using the cas-_ 
cade gamma ray of Ni® showed the over-all procedure 
to be satisfactory. 
III. RESULTS 

The results are shown in Fig. 1. A least-squares analy- 
sis of the data yields the directional correlation coeffi- 
cients. These coefficients, when corrected for the finite 
solid angle of the detectors, lead to an experimental 


directional correlation function 


W (6)=1+ (0.102+0.003) Ps(cos@) 
+ (0.009+0.005) Ps(cosé). 


The indicated uncertainties are those calculated from 
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Fic. 1. The directional correlation of gamma rays in the decay 
of Mg*. The experimental points are shown with statistical 
uncertainties only. The solid curve is the theoretical directional 
correlation function for a 4(2)2(2)0 cascade corrected for the 
finite solid angle subtended by the unshielded Nal detectors. 6 is 
the angle between the spectrometer arms 

2A. L. Stanford and W. K Rev. Sci. Instr. 30, 719 
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BD. W. Glasgow, L. W 
Instr. 32, 683 (1961). 
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Fic. 2. Solid-angle-corrected, theoretical directional correlation 
functions for a 4(2)2-4(3)2 mixture compared with the experi- 
mental points. The mixing ratios 5=0 and 6=—1.63 are those 
consistent with the experimentally determined directional cor- 
relation function coefficients. The mixing ratios 5=0 and 6= — 1.54 
are those determined from the anisotropy. The octupole/quad- 
rupole intensity ratio is given by 6. 


counting statistics. The theoretical function for a pure 
4(2)2(2)0 cascade is 


W (0) =1+0.1020P.(cos@)+0.0091 P4(cosd). 


Because of the close agreement, any mixing of radiations 
in the cascade must be small. An estimate was made of 
the amount of mixed radiation that might be present 
in the upper transition. The lower transition was taken 
to be 2(2)0 and theoretical mixed directional correla- 
tion functions were compared with the data for an 
upper transition consisting of a 3(1)2-3(2)2 mixture 


4. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 


AND L. 


SCHECTER 


and a 4(2)2-4(3)2 mixture. These are the most likely 
possibilities consistent with the beta decay of Na* 
which produces the upper Mg” state, and with the con- 
servation of angular momentum. The results clearly 
exclude the possibility of a spin 3 assignment for the 
upper state on the basis that there is no agreement 
with the experiment. Assuming that the 4.12-Mev state 
is (4+), M3-E2 mixing is expected to be very small. 
The results of trying a 4(2)2-4(3)2 mixture are shown 
in Fig. 2. The theory yields two values of the mixing 
ratio 6 determined either by comparison with the meas- 
ured, solid angle corrected correlation coefficients or by 
comparison with the measured, solid angle corrected 
anisotropy W(180°)—1. Although the mixing ratios 
6=—1.63 and 5= —1.54 are not inconsistent with ex- 
periment at @= 180° the general disagreement over all 
angles excludes appreciable octupole-quadrupole mixing. 
On the other hand, the 5=0 fit is sufficiently good so that 
if any octupole-quadrupole mixing is present, it must be 
less than 0.003% to be consistent with the statistical 
uncertainty in the experimental points. The conclusion 
then is that the upper state is almost certainly (4+). 
The method of directional correction is evidently a 
sensitive method of determining mixing in simple 
cascades. 
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Photodisintegration of Be°y 
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The reaction Be®(y,n) Be’ is discussed for those transitions in which the odd neutron goes from an initial 
p state, assumed to be strongly coupled to a deformed Be§ core, to an s state in the continuum. The relation 
between this strong-coupling model and the single-nucleon calculations of Francis, Goldman, and Guth is 
given. The model is applied to experiments recently reported by Jakobson, and accounts for the observed 
increase in cross section observed at an excitation energy of 4.6 Mev, the isotropic distribution of the 
neutrons associated with this rise, and the ratio of the integrated cross section for this rise to that for the 


threshold peak. 


HE present paper has been motivated by two 
recent contributions to an old problem. The first 
is an experimental study of the photodisintegration of 
Be® for gamma rays of energy up to 5 Mev carried out 
by Jakobson.' The salient features of this work are: 
(a) The peak in the cross section for gamma ray 
energies just above the threshold energy (1.67 Mev), 
is in accord with the results of many previous investi- 
gations.2~*® (b) There is a much broader peak in the 
cross section centered around £,=4.6 Mev with the 
area, fo,dE,, attributed to this peak roughly a factor 
1.9 times that of the threshold peak. Both the neutron 
angular distributions due to the 4.6 Mev rise and the 
threshold peak appear isotropic. (c) A sharp and rather 
large peak occurs at 2.9 Mev. The associated neutron 
angular distribution is anisotropic. (d) There is weak 
but observable excitation of the well-known 2.43-Mev 
level of Be®. [The strong excitation of this level in the 
(e,e’) experiments of Barber et al.,® which particularly 
favored M1 transitions, and the absence of correspond- 
ing excitation of the 2.9-Mev level, require that the 
parity of the 2.9-Mev level be even and the 2.43-Mev 
level be odd. | 
The calculation of the 
photodisintegration cross section by Francis ef al.’ In 


second contribution is a 
this work the photo process in the energy range slightly 
(a) above] is 
attributed to the excitation of a “valence” p-state 
neutron, which is coupled to a spherical Be* core, into 


above threshold [comprising peak 


an s state in the continuum. The final continuum state 
is assumed to have a resonance for scattering from the 
Be® core. This calculation is an extension of earlier 
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calculations with this model by Guth and Mullin® 
where realistic diffuse-edge nuclear potentials are now 
employed. 

When the plot of experimental Be*(y,7) cross sections 
versus energy in the region just above threshold is 
compared to these recent calculations, it is found that 
the experimental shape is adequately represented by 
several theoretical curves corresponding to different 
values for a, the diffuseness parameter of the Saxon 
potential affecting the final-state neutrons. The magni- 
tudes of the experimental cross sections however, are 
always less than the calculated values. For a canonical 
value of the diffuseness parameter, a=0.6 f, the ratio 
of theoretical to experimental cross section is 1.8, for 
a=0.9 f the ratio is 1.59, while for a rather large value 
of the diffuseness parameter, a=1.2 f, this ratio is 
still 1.2. In view of the information concerning the 
electric charge distribution in Be’, the value a= 1.2 f in 
the nuclear potential of the m-Be* system seems to us 
to be unrealistically large. In an analysis of high-energy 
electron-scattering data which includes quadrupole 
scattering, Meyer-Berkhout e/ al.’ find a0.79 f in the 
Saxon form of the electric-charge distribution. Further, 
the successful analysis of these data in terms of the 
alpha-particle model”: also implies that the tail of the 
charge distribution is not abnormally long-ranged. 

The purpose of this note is to point out that both the 
above discrepancies between the experimental magni- 
tudes of the cross section and calculations in which a 
typical value is used for the diffuseness parameter, and 
features (a) and (b) of Jakobson’s experiments, may 
be accounted for when a model for the ground state of 
Be? is adopted in which there is substantial coupling of 
the “valence” neutron to both the ground and first 
excited states of Be’. More specifically, we find that 
for the nearly equivalent alpha particle or Nilsson 
strong-coupling models of Be’, there is semiquantitive 
agreement with experiment. 

The physical basis for the statements above may be 
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simply stated: When there is strong coupling between 
the “valence”? neutron and the core, the ground-state 
wave function contains a sizable admixture of the 2+ 
first-excited core state as well as the O* core state. 
Thus when the “valence’’ neutron is lifted into an 
s-wave continuum state via absorption of electric dipole 
radiation, there is a large probability that the core will 
be left in its excited state which lies 2.9 Mev above the 
ground state. This would account for the peak at a 
gamma-ray energy of 4.6(=1.67+2.9) Mev seen by 
Jakobson. Further, as the probability for core excitation 
is enhanced, the probability that the core remains in 
the ground state is diminished. The single-nucleon 
excitation calculations of Francis et al. should then be 
multiplied by this reduction factor. These arguments 
will now be developed in detail. 

The differential cross section for photodisintegration 
via an electric dipole interaction” is 


Rpye’ 
= (1) 


oul y,n) 


2rh* 


summed over different final-spin states and averaged 
over initial-spin states. The initial state will be denoted 
vr.w’(&r,), where — and r, refer to core and neutron 
coordinates, respectively. We consider only those final 
states in which the neutron is in an s state when it is 
well separated from the Be* core. The crucial assump- 
tion in the derivation leading to Eq. (6) is now made 
that in such states there is no coupling between the 
final-neutron and angular momenta. This is 
equivalent to the statement that the final-state wave 
function over all space may be written in the product 
form 


core 


fp=v1 u(€)Ro.4(rn)X4,u- (2) 


Here ¥;.™(£) describes the core, Ro,\(r,) is the con- 
tinuum s state whose form is independent of J, and X;,, 
is the neutron-spin function. In justification of this 
assumption we note that for the spherically symmetric 
wave function of Eq. (2), the interaction potential seen 
by the neutron due to a deformed core is independent 
of J. (Such is not the case when the neutron is in states 
of higher orbital angular momentum and indeed we will 
later assume that p-wave neutrons are strongly coupled 
to the core.) We recognize that the assumption is not 
trivial however, and that only for a spherical core is 
the wave function of Eq. (2), in which there is no 
admixture at small r, of neutron states with higher 
orbital angular momentum, strictly valid. 

It is advantageous to employ the concept of the 
“reduced width’ (or fractional parentage coefficient), 


2 We generally follow the notation of reference 7. The relative 


coordinate between the neutron and the core is rp. 
% T. Auerbach and J. B. French, Phys. Rev. 98, 1276 (1955). 
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(0;,.'-7’)?, defined by 


f debe we &rd.0 (§) 


= > (7,j,M,m|I',M’)R1, (rn) Yjuy"*95,.7", (3) 
l,j,m 


where Yj2;" is a function of neutron angular and spin 
coordinates, 
Y 54" = Dom’ (1,5,m’ m—m' | 7,m) V1, m’X4,m—m’s 
and R,,;(r,) is the radial-neutron wave function. The 
coefficient, 0;,,7:7’, is thus a measure of the various core 
states with angular momentum /, present in the initial 
wave function. This coefficient occurs naturally in the 
expression for dipole matrix element, 


(f\ra-e|4)*= > (1,j7,M,m|1',M')0;,0-" 


l,j,m 


Xf ataRo (DX alta ORs) Yan (4) 


Then, because of the orthogonality of the Clebsch- 
Gordan coefficients, the appropriate sum and average 
of the square of the dipole matrix element becomes 


where we have assumed for convenience that but one 
value of / characterizes the initial-neutron orbital. The 
quantity in brackets is simply the square of the matrix 
element in the single-nucleon approximation, suitably 
summed over final spin projections u, and averaged 
over projections of the initial angular momentum m. 

When the core states are characterized by sharp 
energies, the photo cross section leading to final core 
state I is 


or(y,n) =>. 5(0;,17 1 Po 5 (y,2), (6) 
where o;(y,m) is the single-nucleon cross section, a 
calculation of which is provided by Francis ef al.’ The 
momentum of the outgoing neutron /p, occurring in o;, 
is related to k by hk=h’p* 2u+B.E.+(E;— Eo) where 
E, is the energy of the core state. In actuality, excited 
core states do not have sharp energy and indeed, in 
the Be® problem, it would be anticipated that the 
breadth of the peak in the photo cross section around 
4.6 Mev is determined by the moderately large width 
(~1 Mev) of the 2.9-Mev (J=2) state of Be*. The 
integrated cross sections may be estimated independ- 
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ently of the widths, however, with the result that 


fond kn > (05.2)? 


oz 


foudt, kis > ;(0;..72")? 


, 


where fk; is the photon energy corresponding to the 
peak in cross section for excitation of the core state 
with angular momentum /. 

For the most extreme form of the alpha-particle 
model or Nilsson strong-coupling model, the projections 
of total angular momentum and the anguiar momentum 
of the valence nucleon on the body axis are good 
quantum numbers so that!*!5 


vr Kemer =((21'+1)/169? }o(tn’) Dax! (O)* 
+ (—1)!’~ig_o(t,’) Dw x6 (O)*]}. (8) 


The reduced widths for the above strong-coupling wave 
functions are well known'*"s; 


27 +173 

0,0") =| Jou (1,j,KQ\1',K’) 
27'+1 

KX (1+6K o+bK:0)'. (9) 


where C;,;* are the coefficients in the expansion of the 
neutron orbital in the body frame 


do=21,; C17 Ri iY jy?. 


For the ground state of Be’, /’= j= K’=Q=3 and /=1 
so that 


(0;,:°3)?=(3), and (6; :?:4)*= (4). 
4 J. S. Blair and E. M. Henley, Phys. Rev. 112, 2029 (1958). 
‘8 P. D. Kunz, Ann. Phys. 11, 275 (1960). 
16S. Yoshida, Progr. Theoret. Phys. (Kyoto) 12, 141 (1954). 
17 G. R. Satchler, Ann. Phys. 3, 275 (1958). 
18 A. E. Litherland, H. McManus, E. B. Paul, D. A. Bromley, 
and H. E. Gove, Can. J. Phys. 36, 378 (1958). 
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Mixing of the Q=3- band with the next highest 
(Q2= }~- band due to rotational-particle coupling has been 
considered by Kunz.'® Coefficients of the eigenvectors 
of the neutron-wave function for a reasonable value of 
the oscillator parameter, a=0.125X10°° cm, have 
been given in Table II of reference 15. The reduced 
widths resulting from these values are easily computed 
to be 


> j(0;,..°?)?=0.60, and > ;(6;,.°4)?=0.40. 


— 


Thus, with the extreme strong-coupling models for 
the ground state of Be®, the photodisintegration cross 
section just above threshold should be half that com- 
puted in the single-nucleon approximation, while the 
more sophisticated calculation, incorporating band 
mixing, gives the value 0.60 for this ratio. Accordingly, 
the magnitudes computed by Francis ef al. using the 
values a=0.6 or 0.9 f are now in fairly good agreement 
with the low-energy experiments. Further, the rise in 
cross section around 4.6 Mev observed by Jakobson 
and the associated isotropic angular distribution may 
be interpreted as a transition to the s-wave continuum 
state with corresponding excitation of the J=2-core 
state. The predicted estimates for the ratio of integrated 
cross sections, (4.6/1.75)=2.6 (for the strong-coupling 
calculation) or [(4.6)(0.40)/1.75 (0.60) ]=1.75 (for the 
calculation which includes band mixing) are of the 
order observed. 

The strong transition at E=2.9 Mev, presumably to 
a d state, also may be discussed in terms of a strong- 
coupling model. Unlike the situation for an s-wave 
transition however, a quantitative treatment of this 
transition will depend sensitively on the nature of the 
coupling between the final-state neutron and the core. 
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Neutron-Proton Phase-Shift Analysis at 95 Mev 
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A phase-shift analysis of neutron-proton differential cross section and polarization measurements at 
95 Mev has been carried out. With the isotopic-spin-one phase shifts taken from the results of proton-proton 
phase-shift analyses at the same energy, only one set of isotopic-spin-zero phase shifts was obtained that 
gave a good least-squares fit to the data. The analysis indicates that the forward and backward peaks in 
the neutron-proton differential cross section at 95 Mev are predominantly triplet- and singlet-spin scattering 


states, respectively. 


N principle, five kinds of experiments should be re- 

quired to specify the proton-proton (T=1) elastic 
scattering matrix.' However, at 95 Mev the analysis of 
only three kinds of experiments, together with some 
plausible physical restrictions on the phase shifts, has 
apparently yielded a “unique” set of phase shifts.?* If 
one now analyzes neutron-proton s¢ attering experiments 
and assumes charge independence (i.e., uses the T=1 
phase shifts determined from proton-proton scattering 
analyses at the same energy), then each kind of neutron- 
proton scattering measurement will give two independ- 
ent equations relating the scattering amplitudes. These 
correspond to T=) terms and to 7=0, T=1 interfer- 
ence terms in the scattering amplitudes (T is the isotopic 
spin). Hence, the phase-shift analysis of neutron-proton 
differential cross section and polarization measurements 
at 95 Mev together with the known 7 =1 phase shifts? 
will give four independent conditions on the T=0 
amplitudes, and a unique phase-shift solution might be 
expec ted. 

A phase-shift analysis of neutron-proton differential 
cross section and polarization measurements at 95 Mev 
carried out on the DASK computer. Harwell 
measurements‘ of the polarization at 15 angles were 
used, together with differential cross-section measure- 
ments of several groups® combined so as to give weighted 
values for the cross sections at the same angles as those 
used in the polarization experiments, as well. as two 
additional angles (5.1° and 176°). All phase shifts above 
H waves were set equal to zero. The T=1 phase shifts 
were taken from reference 2. The grid search method 


was 


* NATO Postdoctoral Fellow; on leave from Lawrence Radia- 
tion Laboratory, Livermore, California. 

1L. Puzikov, R. Ryndin, and J. Smorodinsky, Nuclear Phys. 
3, 436 (1957). 

2M. H. MacGregor, M. J. Moravesik, and H. P. Noyes (to be 
published). 

+J. K. Perring, Atomic Energy 
Harwell, England (to be published). 

* G. H. Stafford, C. Whitehead, and P. Hillman, Nuovo cimento 
5, 1589 (1957). 

5 O. Chamberlain and J. W. Easley, Phys. Rev. 94, 208 (1954); 
C. Y. Chih, University of California Radiation Laboratory Report 
UCRL-2575, May, 1954 (unpublished); T. C. Griffith, A. P. 
Banford, M. Y. Uppal, and W. S. C. Williams, Proc. Phys. Soc. 

London) A71, 305 (1958); W. Selove, K. Strauch, and F. Titus, 
Phys. Rev. 92, 724 (1953); R. H. Stahl and N. F. Ramsey, ibid. 
96, 1310 (1954). All data here and in reference 4 were taken from 
the compilation of W. N. Hess, Revs. Modern Phys. 30, 368 
(1958). 
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was used, with the Stapp “nuclear bar” parametriza- 
tion® for the phase shifts. Searches were carried out on 
the T=0 phase shifts with ali 12 of the phase shifts 
(S-H) included in the search program, and also with 
the lower seven phase shifts (S-F) searched, and the 
G and H waves determined by the one-pion exchange 
potential.”-* Only one solution type giving a reasonable 
fit to the data was discovered. Starting points near this 
solution would go to the solution, but starting points 
that were far away in phase-shift space tended to end 
in local minima corresponding to very high values for 
the least-squares sum* x”. (This may be due to the fact 
that the T=1 phase shifts were held fixed.) 

The phase shifts that were obtained are listed in 
Table I. A comparison of the 7- and 12-parameter 
searches gives a measure of the accuracy with which the 
phase shifts are determined. In particular, it indicates 
the error incurred by setting all phase shifts above H 
waves equal to zero. The S—D phase shifts are rather 
accurately determined, while the F—H phase shifts are 
not. In order to get accurate values for these higher 
phase shifts, one should substitute the full one-pion 
exchange amplitude (OPEC) for the higher phase shifts 
and then simultaneously vary both the 7=0 and T=1 
phase shifts. 

Included in the search program were 32 values for the 
differential cross section and polarization, so that x’ 
values of 25 and 20 might be expected for the 7- and 
12-parameter searches. The values actually obtained 
(45.1 and 34.6) are somewhat higher than this. The 
polarization data contributed about two-thirds of this 
total in each case. Since the errors on the polarization 
data (as quoted by Hess*) are probably 4 little small, 
judging by the scatter of the experimental points, the 
values for x? actually obtained seem reasonable. The 
errors used for the differential cross-section data were 
about 8% for forward angles and 3% for backward 
angles. 

Comparison of the phase shifts shown in Table I with 


*H. P. Stapp, T. J. Ypsilantis, and N. Metropolis, Phys. Rev. 
105, 302 (1957). 

7A. F. Grashin, J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1717 
(1959) [Soviet Phys.—JETP 36(9), 1223 (1959) ]. 

8 P. Cziffra, M. H. MacGregor, M. J. Moravcsik, and H. P. 
Stapp, Phys. Rev. 114, 880 (1959). 
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TABLE I. n-p phase-shift solutions at 95 Mev.* 





7-parameter 12-parameter 
— 23.79 
—0.24 
(—0.56) 
41.69 
7.09 
—11.12 
13.50 
2.32 
(3.87) 
(—0.90) 
(2.15) 
(—0.26) 


21.35 
—2.10 


1S (22.18) 
1De (3.87) 
1G, (0.36) 
3Po (14.24) 
3P, (—11.98) 
3P, (11.17) 

€2 (—2.78) 
5P, (0.88) 
3F; (—1.70) 
3F, (0.22) 

€ (—0.52) 
3H, (0.10) 
3H; (—0.30) 
3H (0.03) 


2.24 
—0.06 


45.1 34.6 





* Nuclear bar phase shifts in degrees. The phase shifts in parentheses 
were held fixed during the search. x? is the least-squares sum. T =1 phase 
shifts are from reference 2. 


those obtained by the Yale group,’ using an energy- 
dependent code, shows qualitative similarity. These 
phase shifts also agree quite well with the 7=0 (and 
T=1) phase shifts calculated from the potential models 
of Gammel and Thaler’ and Hamada." Recent calcu- 
lations of properties of nuclei in terms of nucleon- 
nucleon scattering have generally been based on the 
Gammel-Thaler phase shifts”; hence, the present re- 
sults give additional support to the validity of these 
calculations. 

The fact that different kinds of analyses (present 
work and references 9-11) yield substantially the same 
set of n-p phase shifts (at least at 100 Mev) emphasizes 
the statement made at the beginning of this paper to 
the effect that the n-p differential cross-section and 
polarization data, when combined with analyses of p-p 
scattering, are more restrictive than they might at first 
appear. One of the reasons for this is the fact that the 
n-p differential cross section at 100 Mev (as discussed 
later) consists of a triplet-spin forward peak and a 
singlet-spin backward peak (Fig. 1). Hence, the singlet- 
and triplet-spin amplitudes are effectively decoupled. 
This fact, together with the presence of singlet and 
triplet 7=0, T=1 interference terms, means that the 
n-p differential cross section contains more unambiguous 
information concerning the higher phase shifts than does 
the isotropic p-p differential cross section. 

When the w-p differential cross section is separated 
into singlet and triplet spin components by means of the 
phase shifts (Table I), the interesting result emerges 
that the backward peak is due to singlet scattering 
while the forward peak is predominantly triplet (Fig. 1). 
The origin of the singlet peak can be described in two 
ways. The first way is to say that the singlet phase 


®°M. Hull, K. Lassila, H. Ruppel, F. McDonald, and G. Breit, 
Phys. Rev. 122, 1606 (1961). 

10 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 1337 (1957). 

"'T. Hamada, Progr. Theoret. Phys. (Kyoto) 25, 247 (1961). 

'2 See, for example, H. A. Bethe, Ann. Phys. NY 3, 190 (1958); 
A. K. Kerman, H. McManus, and R. M. Thaler, ibid. 8, 551 
(1959). 
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Fic. 1. n-p differential cross sections at 95 Mev. 


shifts have opposite signs in the 7=0 and T=1 states 
(as expected from OPEC), and thus add constructively 
at the back angles and destructively at the forward 
angles. The second way is to separate the amplitudes 
into OPEC and non-OPEC (MPEC) parts. For ex- 
ample, we can write for the singlet amplitude near 
cosé= —1, 


M,,=A(1+2)/(xo+x)+B, (1) 


where M,, is the real part of the singlet amplitude (the 
imaginary part is small), A= —g*/2E for the singlet 
charge exchange OPEC pole, B is the MPEC amplitude 
(plus the forward OPEC pole amplitude), and (1+.)/ 
(xo+x) is the OPEC angular dependence’* (x=cos6 
and x9=position of the OPEC pole). B will be slowly 
varying near the OPEC pole, since it is due to more 
distant singularities than OPEC." Since the OPEC 
amplitude vanishes at x= —1, B is determined by the 
value of the singlet differential cross section at 180°. A is 
determined by the known value of the coupling constant 
(g?~14). At 100 Mev it turns out that A and B are of 
almost equal magnitude and of opposite sign. Hence, 
the sharp singlet rise is due to the vanishing of OPEC- 
MPEC interference near 180°. Near 0° the OPEC 
singlet amplitude is only half as large as at 180°, and 
the MPEC amplitude B is very much smaller. Hence, 
the singlet contribution to the forward n-p peak is 
small. 

The behavior of the triplet amplitudes near the poles 
is best studied by using Wolfenstein parametrization." 
In the Wolfenstein notation, only the amplitudes B 
(singlet), G, and H contain OPEC pole terms. In the 
n-p case at 95 Mev, the G (#1) OPEC-MPEC inter- 
ference is destructive (constructive) near 180°, while 
near 0° both G and H have destructive interference. 
Hence, there is a flat triplet cross section at 180° and 
a sharp triplet rise at 0° (Fig. 1). 

In the case of proton-proton scattering at 95 Mev,?* 
the singlet OPEC-MPEC interference is destructive 
near 0°, while the triplet amplitudes G and H both have 


13 G. F. Chew, Phys. Rev. 112, 1380 (1958). 
4. Wolfenstein, Phys. Rev. 96, 1654 (1954), Eq. (3.4). 
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constructive interference (Fig. 2). Hence, the resulting 
p-p “nuclear” cross section is flat near the OPEC poles, 
in contrast to the n-p case. 

It is possible to obtain a value for the pion-nuclear 
coupling constant g® by extrapolating the “nuclear” 
differential cross section (multiplied by the OPEC pole 
denominator) to the position of the OPEC pole.” This 
extrapolation procedure has turned out to be difficult 
in practice'>* and has yielded values for g* that tend to 
be somewhat low. Once a phase-shift analysis of the 
data has been accomplished, this can be used to separate 
the scattering amplitude into its various Wolfenstein 
components. Extrapolation of the amplitudes (or partial 
cross sections) B, G, H separately to their respective 


OPEC pole values might prove to be easier than extra- 
polating the full differential cross section, since we have 
now removed parts that do not have OPEC poles. As 
an example of this kind of calculation, the 95-Mev T=1 
amplitudes B, G, H obtained from the phase shifts of 
reference 2 when extrapolated linearly (real parts only) 
to the OPEC pole position give values g?= 18.0, 15.8, 


and 16.5, respectively, for the neutral pion-nucleon 
coupling constant. (In order to assign probable errors 
to these values, one would have to know the phase-shift 
error matrix.) Extrapolation of the n-p singlet amplitude 
at 95 Mev to the backward OPEC pole position gives 
the low value g?=10. This extrapolation procedure is 
very sensitive to the high angular momentum com- 
ponents in the amplitudes, and the low value in the n-p 
case is probably due primarily to the fact that the waves 


‘6 P. Cziffra and M. J. Moravcsik, Phys. Rev. 116, 226 (1959). 

16N. S. Amaglobeli, Yu. M. Kazarinov, S. N. Sokolov, and 
I. N. Silin, Proceedings of the Tenth Annual International Con- 
ference on High-Energy Physics at Rochester, 1960 (Interscience 
Publishers, Inc., New York, 1960), p. 64. 
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I, J, +++ were set equal to zero, whereas in the p-p case 
the J, J, --- waves were set equal to OPEC. (Com- 
parison of pre-OPEC® and post-OPEC® p-p phase-shift 
analyses at 310 Mev shows a similar result when the 
singlet amplitudes for solutions 1 and 2 are extrapolated 
to the OPEC pole position.) 

Note added in proof. The n-p polarization curve at 95 
Mev shows large values for the polarization at small 
scattering angles, and very small values at large (charge- 
exchange) scattering angles. This is consistent with the 
result shown above that the charge-exchange scattering 
occurs predominantly in the singlet-spin state. Since 
all n-p polarization curves from 77 to about 200 Mev 
show similar behavior, we may infer that the charge- 
exchange scattering is mainly in the singlet state over 
this whole energy region. This result has consequences 
with regard to charge-exchange scattering processes 
occurring in nuclei. For example, the Be(p,p) reaction 
yields large polarizations at small scattering angles, 
whereas the Be(p,) reaction does not, a fact that has 
made it difficult to produce intense neutron beams of 
large polarization with a cyclotron. (The author would 
like to acknowledge a useful discussion about this point 
with Professor V. P. Dzhelepov and Professor L. I. 
Lapidus at Dubna.) As another example, the Pb(,7) 
reaction at 150 Mev yields a neutron spectrum at 0° 
that is dominated by a peak corresponding to an energy 
loss of 20-25 Mev, and a similar spectrum occurs for 
Cu. These peaks are probably explained by a process in 
which a neutron is replaced by a proton in a charge- 
exchange reaction, with a consequent change in the 
Coulomb energy of the nucleus. However the Coulomb 
energy involved in the Pb reaction is only about 15 Mev. 
In order to account for the remaining energy loss, 
Mottelson (private communication) points out that the 
spin-flip part of the process must play an important 
role. And this is what we expect from a two-body charge- 
exchange process that tends to occur predominantly in 
the singlet-spin state. 
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Energy and angular distributions of x~’s produced by the reaction y+ — p+7*+-2-, are calculated 
and the results are compared with the CalTech measurements at (1230+50) Mev. The calculation starts 
from the static theory for the (Nay) system with the source function 0(p)=#/(#+)?), §=4.7 uw, which 
is of the form proposed by Fubini and Thirring in their analysis of the low-energy -N phenomena, and 
thought of as a substitute for the form factor of the (VN) vertex. The kinematical effects of the nucleon 
recoil, which is numerically very important, are also taken into accbunt so as to cover, as much as possible, 
the drawback of the static theory. The contributions from the nucleon core current, (7-37) vertex, and 
the final-state x-x interaction are neglected. The physical reasoning of these approximations is briefly 
discussed. 

The results of the calculation agree satisfactorily with the CalTech data and show that, in this energy 
region, processes other than Drell’s peripheral one are still important, as well as the latter. 


ECENTLY, detailed measurements on the energy From the viewpoint of the static theory,* the electro- 

and angular distributions of the m~ produced by magnetic interaction Hamiltonian of the pion-nucleon 

the reaction system is composed of the interaction current part J int, 

yt+p— ptrttr, (1) the pion current part J, and the nucleon core part Jy. 

Furthermore the y-37 vertex part J;, may also exist.‘ 

have been reported by the CalTech synchrotron group.' Among these, we retain only Jin and Jy as the first 

According to this report, the prediction of the Drell approximation,® and taking into account only the 

formula’ (one pion-exchange contribution via the pion- Feynman diagrams shown in Fig. 1, calculate the 

current interaction) agrees qualitatively with the differential cross sections of reaction (1) by the static 
experimental results, but is too small (by about a theory technique. We take 

factor of 2) in absolute cross sections. However, this 

quantitative disagreement can easily be understood: 

The Drell formula has originally been proposed for the 


J=JintJ au, (2) 


reaction induced by an extremely energetic incident J, ef f dale) ro(a, +a_9t) 
beam. Forward production of very high energy pions by , 
a highly energetic beam would be dominated by Drell’s —11(a,+a_,°") ](o- e)0(k+q), 


. . . . é ( 
peripheral interaction. However, at the energy region *" 


measured by the CalTech group (mean energies of the; ee a 2 f da(Sou k)-(q-e) 
incident y and the produced w~ being, respectively my 

~650 and ~480 Mev in the c.m. system), the contri- 

butions from the other interactions would not neces- X (ag' +a_q'*") (a 
sarily be negligible. 


a,p 


p 


tai), (4) 


where k and e are the momentum and the polarization 
vector of the photon, and a,‘* and a,‘*! are the 


3,3 


3G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 and 1579 

te (1956). 

ae \ / *K. Itabashi, M. Kato, K. Nakagawa, and G. Takeda, Progr. 

Ji \ me, we, / Theoret. Phys. (Kyoto) 24, 529 (1960); How-Sen Wong, Phys. 
P : pe J Rev. Letters 5, 70 (1960); J. S. Ball, ibid. 5, 73 (1960). See also 

Pa Ya \ reference 7. 


’ Cutkosky and Zachariasen have already investigated double 
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/ . . . = ; 
4 / pion photoproduction in the low-energy region, using only these 
= two classes of interaction: R. E. Cutkosky and F. Zachariasen, 
Phys. Rev. 103, 1108 (1956). The reasoning behind their approxi- 
mation is that, in the low-energy region, the most dominant 
2 y reaction would be that in which one of the pions is produced in 
Y(R,E the S state and the other in the P state.. [Within the framework 
of the static theory, the nucleon core current Jy can be responsible 
f 4 . only for the magnetic dipole absorption, and accordingly cannot 
Jink : Ju } induce the (S,P) produc Gon sainell. Moreover, in the low-energy 
region, the effect of the (y-3r) vertex would be negligible. ] 
Thus, as for the contribution from the pion current Jy, they 
: have taken into account only the S-wave part of the pion produc- 
* Present address: Department of Physics, Tohoku University, — tion. In the present work, we have also retained only Jint and Jy. 
Sendai, Japan. However, corresponding to the difference of the energy regions 
1]. R. Kilner, R. E. Diebold, and R. L. Walker, Phys. Rev. in question, the physical basis of the approximation is quite 
Letters 5, 518 (1960). different, and thus we have not restricted the angular momentum 
2S. D. Drell, Phys. Rev. Letters 5, 278 and 342 (1960). state of the pion produced by J 
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Fic. 1. Feynman diagrams for y +N — N+1+72. 
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destruction and creation operators of the pion, q and a 
being its momentum and charge index. v is a Fourier 
transform of the source function (the cutoff function). 
Questions as to the applicability of the “static” theory 
to such an energy region (~1.2 Bev lab) might be 
raised. Therefore, in the actual calculation, we take 
into account the kinematical effect of the nucleon 
recoil as much as possible. We shall discuss this point 
further at the end of this note. 

The reasons for our first approximation are as 
follows: 

(A) The isovector part of Jy is proportional to 
73(@-[kXe]). Thus, the contribution of this part to 
the matrix element for reaction (1) is proportional to 
the static-theory matrix element for the reaction 


tt+N — N+m4+7, (5) 
and the proportionality constant is of the order of e. 
However according to Rodberg,® the latter is very 
small compared to the experimental cross section for 
reaction (5). This suggests that also the contribution 
of the isovector part of Jy to reaction (1) would be 
very small. The contribution of the isoscaiar part of 
Jy is naturally expected to be smaller than that of 
the isovector part. 

(B) The quantitative success of the static theory 
for the low-energy photoproduction of pions suggests 
that the coupling parameter \ of the (y-3r) vertex 
would be quite small.’ In fact, the contribution of J;, 
to the reaction (1) has also turned out to be very 
small,* unless the enhancement of \ (for the particular 
energies of the pions) by the z-m resonance’ be taken 
into account. We think, that at least as concerns the 
energy and angular distributions of a particular one of 
the produced pions, the effect of the w-mr resonance 
would not be as important. On similar reasoning, we 
discard the effect of the final-state r-x interactions. 

(C) For an incident photon energy of the order of 
1 Bev, the energies of the produced pions relative to 
the nucleon cannot be as large. Therefore, as for the 
rescattering of the second pion 72 (Fig. 1), it is sufficient 
to retain only the (3,3) effects. Moreover the rescatter- 
ing of the first pion x; can be ignored. The “z,’’ pro- 
duced by Jin: is an S-wave pion, and that produced by 
J is “distant” from the nucleon core. 

According to the static theory, the desired matrix 
element is 


M (qa, p8 ; ke) =4rel agA(p) (8w wk) *{[3(p- 2) 
— (a: p)(@-e) ]+8,(q-e) (kg) (1—B, cos6x) 
<[3(p-k—q)—(e-p)(@-k—q) ]}, (6) 


®L. S. Rodberg, Phys. Rev. 106, 1090 (1957); Phys. Rev. 
Letters 3, 58 (1959). 

7M. Kato, Progr. Theoret. Phys. (Kyoto) 25, 493 (1961). 

*T. Kotani (private communication). See also D. Boccaletti 
and C. Gualdi, Nuovo cimento 18, 895 (1960). 

*For example, W. R. Frazer and J. R. Fulco, Phys. Rev. 
Letters 2, 365 (1959); Phys. Rev. 117, 1609 (1960). See also 
reference 4. 
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with 
A(p)= p*[o(k—q)/0(p) ] sinds3(p) exp[7853(p) ]. 


(q,a) and (p,8) are the momenta and charge indices of 
m, and m2, respectively, and J, is the isotopic spin 
factor (J_,=1, J,-=—1/3). 8B, (=g/w,) is the velocity 
of mq. ; 

In order that such an expression of the (x,+.V) 
scattering part (the black-sphere parts in Fig. 1) in 
terms of the phase shift and the projection operator is 
permissible, Eq. (6) should be referred to the c.m. 
frame of the (r,+.V) system.” Hereafter, this Lorentz 
frame will be referred to as the primed system, and 
quantities in this frame will be distinguished by primes 
from quantities in the total c.m. frame. Among the 
various kinematical effects of the nucleon recoil, the 
above-mentioned distinction is numerically very im- 
portant, owing to the sensitive momentum dependence 
of A(p). Moreover as another effect of the recoil, Eq. 
(6) should be multiplied by (£,’+,')/E,’, where E,’ 
and w,’ are respectively the energies of the final nucleon 
and 7, in the primed system. Finally, the Lorentz 
transformation of the matrix element from the primed 
system to the total c.m. frame yields 


dire E, Ei’ \' E,'+a,’ 
M (qa, p8 ; ke) =———— ( ) TasA(p’) 
8w wk)? \ EE, } ay 


1 B,'(q'-#’) 
x | [3(p’-2’)—(e-p’)(o-e’) + 


k'q’ 1 —B,' COSO 9’ x 


X([3(p’-k’—q’)— (o-p)(o-k’—a’)]], (7) 


where £; is the energy of the final nucleon in the total 
c.m. frame. 

To obtain the cross sections, it is necessary to 
calculate (1/4)>>. trace} M_,+M,_|?, where M_, 
=M(q—,pt+;ke) and M,_=M (p+, q—; ke). Now, 
| M_,|?, |M,_|?, and Re(M_,*M,_) contain, respec- 
tively, the factors J_,* sin*6;;(p’), 7? sin*6s3(q’"), and 
T_,1,— sin633(p’) sinds3(q”’) cos[633(p") — dss q’’) |, where 
q”’ is the momentum of x~ in the c.m. frame of the 
(x-+N) system. Under the CalTech experimental 
condition, p’ is in the (3,3) resonance region, but g” is 
almost outside of that region. Therefore, also taking 
account of the smallness of 7,—? and J_,/,— compared 
to J_,2, we can neglect the contributions from M ,_ 
altogether. 

Taking into account the kinematical effect of the 
nucleon recoil also in the statistical factors, we obtain 

This fact and the need for the various recoil corrections 
which lead to the final expression Eq. (8) have already been 
pointed out by Cutkosky and Zachariasen, reference 5. The 
correction factors proposed by them are, however, slightly 
different from ours in that, in the former, the quantity EF, has 
been replaced by M. This is justified only for the relatively 
low-energy case. 
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Fic. 2. (A) Energy and (B) angular distributions of x~. The 
quantities are all referred to the total c.m. frame. The experi- 
mental data are taken from reference 1, and are the average cross 
sections for the incident photon energy range kiah=1230+50 
Mev. The solid curves are the results of the present calculation 
[Eqs. (8) and (9) ] for kia»= 1230 Mev. For comparison, (a) the 
curves with 0(p) =exp(— p?/2#), §=3u, (b) those without cutoff 
[v(p) =1], and (c) those quoted in reference 1 as the Drell curves, 
are also plotted. In Fig. 2(A), the theoretical curves [except (c) ] 
are plotted for 6.=20°. In Fig. 2(B), our result is the average 
angular distribution of w_=460-, 500-, and 520-Mev points, while 
the experimental points are the averages of w.=464-, 505-, and 
519-Mev points. 


finally the following differential cross section: 


ada e E,'+w,’ E;’ gp’ 
oo a eS on —A( '\2 


de? E,th E,! k 


dw dQ 


nis dams estat 


— sin?Oq'x: 


| 2q’ £.! 
k’ 1—8,' cosy 


8B,’ ° (k’—q’)? 4 , 
os —— } ———sin®,. |}. (8) 


1—B,' cosy x k’ 

The last term in Eq. (8) corresponds to the Drell 
formula, except that in the latter, the angle-dependent 
factor (k’—q’)? is replaced by a certain angle-inde- 
pendent factor. This angle-dependent factor favors the 
large-angle x production and thus the forward peak 
of the Drell formula diminishes relatively. However, 
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the second term in Eq. (8) (the interference term 
between the contributions of J;,, and Jy) restores the 
forward peak. 

We choose the form of the cutoff function v in A(p’) as 


v(p=F/(P+p), E=4.7 p. (9) 


This is the one proposed by Fubini and Thirring" from 
their analysis of the low-energy (x-') phenomena. 
In Fig. 2, the numerical results calculated from Eqs. 
(8) and (9) are compared with the CalTech data. For 
comparison, the results of the other choices of the cutoff 
function and the curves quoted in reference 1 as the 
“Drell” results are also plotted. Although we have not 
considered the effects of excitation of the nucleon 
“levels” corresponding to the second and third 2-N 
(and y — 7) resonances by the incident y, the results 
agree strikingly well with the experimental data. This 
is perhaps due to the fact that the photon energy in the 
CalTech measurements is considerably higher than 
those resonance energies. For the photon energy in or 
near those resonance regions, the above-mentioned 
effects would have to be considered. 

In this paper, we have adopted the static theory 
technique. As far as concerns the treatment of the final 
(rN) system, this would not introduce a very serious 
error, since the energies of the final particles are not 
very large in our problem. Moreover, the kinematical 
effects of the nucleon recoil have been taken into 
account as much as possible, and thus the main feature 
of the static theory retained in our formula is the 
method of replacing the off-energy-shell w-V scattering 
amplitude by the physical one. The larger the a 
production angle, the more our z-V “scattering” 
deviates from the energy shell and accordingly, the 
method of the above-mentioned replacement becomes 
less reliable. This would be the main reason for the 
disagreement of our results with the large-angle data. 
To some extent this drawback would be covered by 
introducing the proper cutoff function, which is thought 
of as a substitute for the dynamical effect of the nucleon 
recoil present in the “‘true” w-V vertex. For further 
improvement of our results, it seems desirable that the 
cutoff function be more rapidly damped than Eq. (9). 
Similarly, the electromagnetic form factor of the pion 
may affect the Jy, contribution, and thus play a certain 
role in improving the results. However, since we do 
not know at present the “true” a-V vertex and the 
pion form factor, the degree of the agreement of our 
results with the experimental data seems to be very 
satisfactory. 
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The Brookhaven National Laboratory twenty-inct: 
hydrogen bubble chamber was exposed to a monoenerse*’ 
of 2.85-Bev protons, elastically scattered from a ca.nen | 
the internal beam of the 
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I. INTRODUCTION 
NUMBER of workers, 
cloud chamber, electronic counters, or nuclear 
emulsion as a detecting device, have investigated 
proton-proton interactions in the 2-3 Bev kinetic energy 
however no detailed or statistically significant 
experiment had been done on the general problem of 
proton-proton interactions, particularly the inelastic 
interactions, in this energy range as of late 1959. To 
investigate this energy region more completely, the 
Brookhaven National Laboratory twenty-inch liquid 
hydrogen bubble chamber® was exposed to a beam of 
2.85-Bev protons, elastically scattered from a carbon 
target in the internal beam of the Cosmotron. 

At these energies, proton-proton elastic scattering 
has been described from previous counter and emulsion 
experiments.*:> Since the initial elastic scatter of the 
Cosmotron interna] beam was believed to be inside the 
first diffraction scattering minimum of carbon, it was 
of some interest to look for a right-left asymmetry in the 
proton-proton elastic scatter in the chamber. Also, 
considering the small number of single meson produc- 
tion events which the Brookhaven Cloud Chamber 
Group had found at 2.75 Bev,' it was estimated that the 
analysis of approximately 1500 two-prong inelastic 
events would be sufficient to significantly improve the 


employing either the 


region, 


* Supported in part by the U. S. Atomic Energy Commission. 

+t Based on work submitted to the faculty of the Graduate 
School of Yale University by G. A. Smith in partial fulfillment of 
the requirements for the degree of Doctor of Philosophy. 
t Supported by the Socony Mobil Oil Fellowship in Physics, 
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yr angles. No polarization effects in the proton-carbon scatter- 
1g were observed using hydrogen as an analyzer of polarized 
Nucleonic isobar formation in the T=3/2, J=3/2 state 

1s found to account for a large part of single pion production. 
\figh- orb’tal angular-momentum states were found to be greatly 
ivored in single pion production. The isobar model of Lindenbaum 

| Sternheimer gave good agreement with the observed nucleon 
ind pion energy spectra. No polarization or alignment effects were 
‘or the isobar assumed in this model. 
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momentum and angular distributions of purt, ppr’, 
and dx*. Various models have been proposed to account 
for pion production in nucleon-nucleon collisions. Of 
particular interest in this experiment was the possible 
influence of a nucleonic isobar state of isotopic spin 
T=}, total angular momentum J=$, on the pion 
production. Since the pion-nucleon interaction in this 
state is well known, it was felt that the demonstration 
of its existence in the proton-proton interaction would 
be an aid to the analysis of the general problem of 
nucleon-nucleon interactions at these energies. 


Il. PROTON BEAM 


Figure 1 shows the general proton beam setup of this 
experiment at the Cosmotron. When the internal proton 


beam reached the desired energy of approximately 

Bev, the rf-accelerating field was turned off and the 
rapid-beam ejector was fired. This device’ includes a 
pair of parallel rectangular coils of size one foot by five 
feet, separated by a nine-inch gap which is pulsed so as 
to induce strong betatron oscillations in a large fraction 
of the internal beam. It is believed that at the time of 
this experiment the m value of the Cosmotron was 
approximately 0.6. As a result of the betatron oscilla- 
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Fic. 1. Scattered 2.85-Bev proton beam at the Cosmotron 


7D. C. Rahm, Bull. Am. Phys. Soc. 2, 11 (1957); a final report 
on this device has been submitted to Rev. Sci. Instr. 
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tions the beam was driven into a target somewhat 
inside the rapid beam injector. A 1 in. radial, 4 in. 
vertical, 1 in. long carbon target was placed about 2 in. 
radially inward from the rapid beam ejector coils in the 
east straight section. The internal beam of about one 
square inch cross section was driven in radially by the 
rapid-beam ejector over a period of a few microseconds. 

The ultimate goal of this beam design was a well- 
collimated, monoenergetic beam of protons with sufh- 
cient intensity and pulse-to-pulse stability. Elastically 
scattered protons-from the carbon target at 4.2°+0.3° 
relative to the beam direction in the straight section 
had a momentum appropriate for continuing through 
the remaining part of the straight section, part of the 
Cosmotron quadrant, and out through a thin window in 
one of the pumping stations in the vacuum system. The 
size of the carbon target was adjusted to give the desired 
number of protons in the beam. A set of iron shims was 
placed inside and outside the pumping station exit to 
keep the beam focused in the fringing field and also to 
help direct the beam through a portal in the main 
shielding. After leaving the quadrant through the ex- 
ternal shims, the beam passed through a Hevimet slit 
and then an iron collimator in the main shielding. 
Outside the main shielding another Hevimet slit was 
used to help restrict the beam to those rays which would 
traverse the bubble chamber thin window. Two bending 
magnets at 15 kgauss were then used to sweep out low 
momentum products of slit scattering and to rid the 
beam of neutrals. The beam was adjusted to pass 
through the central region of the Brookhaven twenty- 
inch chamber approximately 100 feet from the sweeping 
magnets. 

Calculations of the trajectories of the beam were 
carried out at Brookhaven using the known values of 
the Cosmotron magnetic field.’ The beam was elastically 
scattered to within +1% in momentum according to 
these calculations. The total bending of the beam in 
the Cosmotron field was about 40° and the main 
momentum analysis of the beam occurred in this 
bending. 


III. SCANNING AND MEASURING 


Overall, approximately 90000 photographs were 
taken of 2.85-Bev proton-proton interactions in the 
chamber. Approximately 9000 photographs were 
scanned in order to obtain 25000 two-prong events. An 
independent rescan was made of all 9000 photographs. 
All scanning was done on one of the two Yale scanning 
machines. Any three of the four 35-mm films from the 
twenty-inch chamber, with the appropriate arrange- 
ment of lenses and two large mirrors, could be projected 
onto a horizontal table at about life size. Continuously- 
variable-speed motors on the film advance mechanism, 


8 J. Sandweiss, Brookhaven National Laboratory internal 
report, 1959 (unpublished). The authors wish to thank Dr. R. M. 
Sternheimer for supplying correct values of the Cosmotron 
magnetic field. 
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allowed the scanner to move any number of films in 
either direction. A combination of mechanical and 
vacuum clamping of the film was used, resulting in 
a very sharply focused image on the table. Scanners 
were instructed to look for all two-prong interactions in 
a reduced area in the chamber. A rough check of the 
azimuth angle of each event beam track was made to 
eliminate any stray track events. Beam counting was 
done for cross-section purposes. The combined efficiency 
for any two independent scans was found to be 98%. 
This figure is exclusive of loss in small angle elastic 
scattering which will be discussed later. 

All measurements were done on the Yale manually 
operated measuring engine. The films are mounted on a 
precision stage and are projected onto a screen in front 
of the measurer at three The 
measurer employs a rotatable cross hair in the center of 
track. 
connected directly to the stage lead screws and put out 
x and y coordinates for each measurement. Pulses from 
the encoders are converted into decimal numbers and 
punched out on standard eight-word IBM cards. A 
complete measurement consisted of seven punched 
cards. The first card contained an identifying event 
number, fiducial measurements, magnet current infor- 
mation, and an event type to be interpreted by a 
computer. This was followed by two cards for each of 
the three tracks (beam and two secondaries). Each track 
was measured in the optimum pair of stereoscopic views 
of the four films. 


about times lifesize. 


the screen to set on a Rotary encoders are 


IV. EVENT ANALYSIS 


All events whose two prongs were split by the 
direction of the incoming beam and which could there- 
fore be elastic scatterings, were processed by a system 
set up for the Yale IBM 650 computer. A plot of the 
measured beam momenta for these events with beam 
tracks longer than 20 cm, gave p (average)=3670 
Mev/c+1% with a full width at half maximum of 
+3%. For each event processed, a coplanarity volume 
F was computed, where 


F=(N,XN.)-Ns, (1) 


and N,, Ne, and N; are unit vectors in the directions of 
the three tracks. F is zero for a coplanar event and has 
a maximum value of one. A plot of F showed a sharp 
peaking around zero and negligible background inside 
the limits —0.01 to 0.01. The space angles 62 vs 03 were 
also plotted and a quantity @;, defined as the perpen- 
dicular distance from each event to the theoretical curve 
for p-p elastic scattering at 2.85 Bev, was determined. 
A plot of 6; showed a sharp peaking at 0° and negligible 
background outside of 1°. These limits, together with 
an upper limit on the missing mass of 120 Mev, were 
chosen to define elastic events. It was found on the basis 
of a later and more complete treatment, that elastics 
could be well separated from inelastics by just these 
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criteria. Although most of the elastic events passed only 
these tests, a small additional sample was added from 
the later treatment of inelastics on the IBM 704. 

In order to achieve uniform, systematic processing 
of a large number of events, a system was set up for the 
IBM 704 computer under the code name YACK, which 
is sufficiently general to handle many different types of 
events. This system is divided into two parts, recon- 
struction and kinematic fitting, which are essentially 
separate and independent, although each event is 
processed completely in a single pass in order to simplify 
the later analysis. 

The reconstruction phase of the system proceeds first 
by scaling and orienting the input data to coordinate 
systems fixed in the chamber, using known fiiducial 
positions on the front glass. Since corresponding points 
are not measured, each point in one of an arbitrary pair 
of views is mapped onto a circle through the three 
neighboring points in the second view and from this 
mapping, the true three dimensional point is easily 
constructed. This calculation is accomplished by an 
iterative method which is essentially exact except for 
the circular interpolation. Once the points in space 
corresponding to a given track are known, a least- 
squares fit to a helical spiral is made, which takes into 
account the non-linear loss of momentum of a particle 
as it traverses the material of the bubble chamber, as 
well as the variation of the magnetic field over the 
chamber volume.’ 

An important feature of this phase is the error calcu- 
lation. Errors on the azimuthal angle, dip angle, and 
projected curvature of each track, as well as the corre- 
lation between these quantities are computed from the 
least-squares error matrices for the fit. In addition, 
multiple-scattering errors are included in the form 
derived by Willis." The result is a three-by-three error 
matrix for each track computed both at the beginning 
and at the end of the track. This error matrix is then 
used, together with the measured variables of the track, 
as the input to the kinematic phase of the program. The 
reconstruction phase has been written in such a way 
that up to nine tracks with six mass assignments per 
track may be easily accommodated. 

The kinematic fitting phase of the system is based on 
the use of a subroutine with the code name GUTS.” 
This routine constructs a x? function, 


= & (xi—2,")Gi;(xj;—2;"), (2) 
i,j 


where x,” are the measured variables and the Gj; are 
the inverse error matrices. This function is then 
minimized subject to fhe constraints of energy and 

°H. D. Taft, Proceedings of the 1960 International Conference on 
Instrumentation for High Energy Physics (to be published). 

0G. A. Smith, Ph.D. thesis, Yale University (unpublished). 

4 W. Willis, Brookhaven National Laboratory internal report, 
1959 (unpublished). 

2 J. P. Berge, F. T. Solmitz, and H. D. Taft, University of 
California Radiation Laboratory Report, 1960 (unpublished). 
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momentum balance, and the set of variables 2; thus 
obtained are used in all future analysis. Since the mini- 
mizing procedure is quite general and is applicable to 
many different classes of interaction vertices, a general 
routine has been set up to fit every reasonable set of 
hypotheses in any given experiment. In the present 
experiment each event was fit to the following six 
interpretations : 


pt+p— PtP, ptp— ptr +n, 


ptp— ptptr", p+p—d+r'*, (3) 
ptp— art+pt+n, pt+p— at+d. 


In order to reduce the total processing time, the program 
computed the missing mass and its error, based on the 
interpretation, which was about to be tried. If this mass 
was more than five standard deviations away from that 
required by the interpretation, the program skipped to 
the next interpretation. 

Since an accurate knowledge of the errors was essen- 
tial in this type of analysis, a careful determination of 
the mean measurement error propagated into the 
chamber was made. Denoting this error by e¢, a consider- 
ation of the least-squares fitting procedure for the high- 
momentum beam tracks under the conditions of this 
experiment shows that the measured momentum should 
deviate from the average according to the formula 

| p(Mev/c)—3670| = 2341e(microns)/L?(cm). (4) 
A plot of this quantity for beam tracks of various 
lengths gave a value for e« of 354. The entire error 
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Fic. 2. (a) Experimental elastic scatter x? distribution with the 
best fit theoretical curve for x? less than eight. (b) Experimental 
ppr® x? distribution with theoretical curve normalized to the area 
in the histogram. (c) Experimental pnx* x? distribution with 
theoretical curve normalized to the area in the histogram. 
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matrix was then constructed using this figure together 
with known multiple scattering errors. Each inelastic 
event with a x? less than five was examined by a 
physicist and an interpretation was made on the basis 
of the x? value and ionization. Events for which the 
ionization was inconsistent with the fit, or which had no 
x” less than five, were remeasured to ensure that no 
interpretation in terms of elastic scattering or single 
meson production was possible. The results of these 
remeasurements indicated that 7% of all events were 
poorly measured. The identification of elastic events 
was sufficiently clear-cut that no upper limit on x? was 
required. The experimental x’ distributions are shown 
in Fig. 2. 


V. ELASTIC SCATTERING 


In this experiment a total of 1038 elastic scattering 
events were identified by analysis on the IBM 650 and 
704 computers.":* The center-of-mass angular distribu- 
tion showed a strong peaking near 0°. Thus it was 
suspected that some events were missed by the scanner 
because of short recoil protons which might not have 
been seen in the chamber. Azimuthal distributions 
indicated that such an effect took place at laboratory 
scattering angles less than 2.5°. Since the distribution 
showed strong diffraction-type scattering near 0°, it 
was felt that all scattering at less than 2.5° would be 
most accurately accounted for by an optical model 
correction. Based on the number of events in a reduced 
fiducial volume, the cross section for elastic scattering 
at laboratory angles greater than 2.5° was found to be 
12.87+0.69 mb. 

The representation of a nucleus by a complex poten- 
tial or index of refraction has been generally referred to 
as the optical model. The concept of the optical model 
discussed here was originally developed by Fernbach 
et al.®'® to account for the scattering of high-energy 
neutrons by nuclei. Because of the reasonable agreement 
of optical model calculations made by Cork et al.? with 
elastic scattering distributions at 2.24, 4.40, and 6.15 
Bev, a similar treatment was made here. It has been 
demonstrated'® that, for a large number of angular 
momentum states and small scattering angles, the 
scattering amplitude takes the form 


R 


f{(@)= kf (1—ae®)J (kp sin@)pdp, (5) 


0 


where a is the amplitude of the transmitted wave for an 


18 Preliminary results on elastic scattering were presented by one 
of the authors (G. A. S.) at the April, 1960 meeting of the American 
Physical Society, Washington, D. C. (Bull. Am. Phys. Soc. 5, 282 
(1960). 

4A partial analysis of elastic scattering and single meson 
production may be found in The Proceedings of the 1960 Annual 
International Conference on High-Energy Physics at Rochester 
(Interscience Publishers, New York, 1960), p. 203. 

15 R. Serber, Phys. Rev. 72, 1114 (1947). 

16 S, Fernbach, R. Serber, and T. B. Taylor, Phys. Rev. 75, 1352 
(1949). 
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incident wave of unit amplitude, 6 is the phase of the 
transmitted wave for an incident wave of zero phase, 
the volume of interaction is a disk of radius R, p is the 
variable impact parameter, @ is the scattering angle, 
and is the incident nucleon wave number. Three forms 
(models A, B, and C) have been considered here. 


1. Model A—Purely absorbing disk with radius R. In 
this case the complex index of refraction is completely 
imaginary; thus 6=0. Given the total elastic and 
absorption cross sections from the experiment, one may 
calculate a for any value of R since 


R 


a= Oe f (1—a?)pdp, 


R 
c.= a f | 1— ae‘ |2pdp. 
0 


2. Model B—Absorbing disk with short-range phase 
shift. In this case set 6=constant for 0<p<R., 6=0 
for p>R,; a=constant for 0<p<Ro, a=0 for p>Rz2; 
and R,<R». From Eq. (6), @ and 6 may be calculated, 
and the scattering amplitude follows from Eq. (5). 

3. Model C—Tapered absorbing disk with short-range 
phase shift. In this case set 6=constant for 0<p<R,, 
6=0 for p>R; 1—a=A (1—p?/R:*), with A=constant 
for 0<p<R:2, A=0 for p> Ro; and Ri<R»2. From Eq. 
(6), A and 6 may be calculated and the scattering 
amplitude follows from Eq. (5). 


The experimental distribution with the optical model 
curves is shown in Fig. 3. The parameters listed are 
those which gave the best fit to the data. From model A 
the cross section for all ‘elastic scattering at less than 
2.5° in the laboratory was determined to be 2.45+0.31 
mb. Thus, the total elastic cross section was 15.32+0.76 


_——— MODEL A: R- 0.95 f 
____ MODEL B: (0.60 f 
a: 26 f 
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Fic. 3. Elastic scattering c.m. angular distribution with optical 
model curves (see parameters in figure). 
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mb. It was clear from Fig. 3 that for all except large 
scattering angles, a purely diffracting disk fit the data 
quite well. Also it was evident that some phase shift 
and/or tapering of the proton edge was required to fit 
the large-angle scattering. The radius found in this 
experiment for the purely absorbing disk is in agreement 
with radii found at 2.24 and 4.40 Bev by Cork et al.? 
General agreement with their results is also obtained in 
models B and C. The extrapolated value of the forward 
scattering amplitude in this experiment is consistent 
with a negligible amount of real potential scattering 
using the optical theorem. However the results of 
Preston ef al.’ indicate a somewhat larger forward 
scatiering amplitude. 

In order to look for possible polarization effects in the 
proton-carbon scattering, a right-left asymmetry param- 
eter, «= (R—L)/(R+L), was calculated for all proton- 
proton scatters in the chamber. The first scatter off 
carbon was to the right. The net asymmetry observed 
at all laboratory scattering angles was —3.343.1%, 
consistent with the assumption that small if not 
negligible polarization effects were observed in the 
experiment. Also, no appreciable asymmetries as a 
function of laboratory scattering angle in the second 
scattering were observed. 


VI. INELASTIC INTERACTIONS 


A total of 1655 two-prong inelastic events were 
analyzed in this experiment.“ Based on events in a 
selected fiducial volume in the chamber, the inelastic 
two-prong cross sections were determined and are given 
in Table I. Also included are the pux*/ppr® branching 
ratio, and the ratio of two-prong multiple meson 
production to single meson production (excluding dz*). 

It is of interest to investigate the pux*/ppr° branch- 
ing ratio in terms of various models developed to inter- 
pret meson production in nucleon-nucleon collisions. 
Fermi" has developed a statistical model in which it is 
assumed that the nucleon-nucleon collision releases the 
total center-of-mass energy E into a small volume 
Q=2MQ)/E, where Q is a spherical volume of one pion 
Compton wavelength radius. This energy is distributed 
very rapidly among the various degrees of freedom 
available in the volume according to statistical laws. 
In the absence of any final state interaction between the 
nucleons and pions, the ratios of these different single- 


TABLE I. Inelastic two-prong cross sections. 


11.44+0.65 mb 
pb pw 2.90+0.31 mb 
dx* 0.11+40.06 mb 
multiple meson 7.3740.51 mb 
pnx* / pp 3,94+0.48 
multiple meson 0.514+0.043 
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Fic. 4. (a) Nucleon c.m. angular distributions. 
(b) Pion c.m. angular distributions. 


pion charge states is just three to one. Peaslee'® has 
proposed that since the pion and nucleon have shown 
strong resonance effects (particularly at 154-Mev 
x-N Q-value for the T=3, J=$ state), the production 
might proceed through an intermediate isobaric state 
which subsequently decays. In such a model, pux*/ ppr® 
is five. Cerulus and Hagedorn” have recently made a 


calculation at 2.75 Bev in which both final states 


involving non-interacting particles, and final states in 
which a 7=3 isobar is produced, are formed according 
to statistical laws. That is, the probability for the 
formation of N nucleons, N* isobars, and »y pions, is 
given by Q4+*%*+"-1f, co(E), where fr,s is a statistical 
factor taking into account the number of real-spin and 
isotopic-spin states available and the indistinguish- 


ability of like particles, and p(£) is the number of 
nucleon, isobar, and pion final states per unit energy 
for a total c.m. energy of EF. This model predicts that 
the ratio puwt/ppr® is 3.41 nd that the ratio of two- 
prong multiple-meson production to single-meson 
production is 1.30. 

The experimental nucleon and pion c.m. 
distributions are shown in Fig. 4. Since in the proton- 
proton c.m. system the “forward” and “backward” 
directions are indistinguishable, the distributions should 
be symmetric about 90°. The distributions showed no 
evidence for deviation from this symmetry. As can be 
seen in Fig. 4, very strong 
tendency to scatter along the direction of motion of 
the p-p center of mass. This suggested that perhaps the 
incident protons underwent a peripheral collision with 
high relative-angular momentum. In order to estimate 
the magnitude of the angular momentum involved in 
these collisions, the proton and neutron distributions 
for pnx* were folded about 90°, and an even power of 
COS6..m. Was fit to the interval 0.85 <cos@..m.<1.0 for 
the protons, and 0.90 <cos@..m.<1.0 for the neutrons. 
The best-fit powers were found to be ten and sixteen, 
respectively. This implied that small-angle proton 
production was in states of /25, whereas small-angle 


angular 


the nucleons showed a 


‘8D. C. Peaslee, Phys. Rev. 94, 1085 (1954). 

DPD. C. Peaslee, Phys. Rev. 95, 1580 (1954). 

°F. Cerulus and R. Hagedorn, CERN Report 59-3, 1959 
(unpublished). 
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neutron production was in states of /28. In terms of a 
semiclassical model, the scattering radius for a proton 
with c.m. momentum 1156 Mev/c and angular momen- 
tum /h is given by R=/h/p=1.701X10-" cm, which 
gives R=1.36X10-" cm for /=8, and R=0.85X 10-" 
for /=5. results are consistent with the 
assumption that single meson production results from 
collisions of protons separated in the c.m. system by a 
radius of interaction of about 0.6-1.0 pion Compton 
wavelengths. 


cm These 


The experimentally observed Q-value distributions 
for pux* and ppr® are shown in Figs. 5 and 6(a). The Q 
value is defined as the total kinetic energy of the pion 
and nucleon in their own center-of-mass system. From 
many earlier experiments”! it was well known that the 
x and z+ resonate with the nucleon in a T=$ state, 
with total center-of-mass kinetic energy peaked at 
about 154+50 Mev. The *-p total cross section has 
been normalized to the number of events in the interval 
150-175 Mev, and is shown in Fig. 5(a). In addition, 
the prediction of the Fermi statistical model without 
isobars (phase space), normalized to the area in the 
histogram, is shown.” In the area of 150 Mev the r*-p 
Q-value distribution showed excellent agreement with 
the w*-p total cross section. It was noted that the 
prediction of the Fermi statistical model without 
isobars was completely inconsistent with the observed 
distribution. Lastly, possibly because of the phase-space 
limitation, at higher Q values no additional T=} reso- 
nances were observed (it is believed that the: rt-p total 
cross section peaks at Q~820 Mev in a T=} state”). 

In an attempt to see a 7=}-peak in the w*-n case, 
all “resonant-r*p” events were subtracted from the 
total Q-value distribution of Fig. 5(b). However, 
assuming that a 7'= 3 isobar is formed in every collision 
as in the Peaslee model, the intensity for the process 
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Fic. 5. (a) r*-p Q-value distribution for pnx* with the known 
7*-p total cross section normalized to the number of events at 
150-175 Mev (solid curve) and three-body phase space (dashed 
curve). (b) x*-n Q-value distribution for pmx* for (1) all events 
and (2) events with Q(*-p) less than 75 Mev and greater than 
250 Mev. 
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Fic. 6. (a) 7°-p Q-value distribution for ppr®. (b) Pion c.m 
kinetic energy distribution with the prediction of the isobar model 
of Lindenbaum and Sternheimer at 3.0 Bev normalized to the 
area in the histogram for pnr*. 


ptp— N+N*, N* > n+ 
for the process p+p— V+.\%*, 
factor greatly reduced any T=3 
relative to the background. The 7°-p distribution of 
Fig. 6(a) showed the 7= 3 peak. Since the intensity for 
the process p+ p— N+N*, V*— p+7° in the T=} 
state is 2/9 that for p+ p— N+N*, N*— p+a*, the 
peak had twice the magnitude of the r*-2 peak but much 
less background. There is now evidence” that a T=} 
resonance exists at 0~ 435415 Mev and Q~609+ 15 
Mev. The experimental 7°-p and “nonresonant-1*p” 
mt-n Q-value distributions showed some evidence for 
the presence of these states. 

The data presented so far have provided considerable 
evidence to support the assumption that a T=} 2-N 
isobar plays an important role in inelastic p-p collisions 
at 2.85 Bev. Several workers have made theoretical 
predictions based on some form or another of an isobar 
model.**> The work of Lindenbaum and Sternheimer* 
shows excellent agreement with the data. It is assumed 
by Lindenbaum and Sternheimer that in every collision 

T=} isobar is formed and that the probability for 
forming an isobar of a given mass is directly related to 
the known m*-p cross section at that mass and a two- 
body (nucleon, isobar) phase-space factor evaluated for 
that mass. Other than for initial energy and momentum 
transfer, the isobar does not interact with the recoil 
nucleon. Assuming that the isobar decays isotropically 
in its own rest frame, the nucleon (both recoil and 
and pion kinetic energy spectra are numerically 
evaluated by integration over all possible mass values. 
The final nucleon spectra are then obtained by appor- 
tioning the correct amount of recoil and decay inten- 
sities according to charge independence. 
rental kinetic 
6(b) and 
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Fic. 7. (a) Neutron c.m. kinetic energy distribution for pnx~, 
with the prediction of the isobar model (L. & S.) at 3.0 Bev 
rescaled to an upper limit of 503 Mev for 2.85-Bev p-p collisions 

Proton c.m. kinetic energy distribution for pe >s-with the 
prediction of the isobar model (L. & S.) at 3.0 Bev rescaled to ar 
upper limit of 503 Mev for 2.85-Bev p-p collisions 
have been rescaled slightly to give the correct upper- 
limit kinetic energy of 503 Mev for the nucleons at 2.85 
Bev. The theoretical pion spectrum is for 3.0 Bev.** All 
spectra showed good agreement with the theory. 

It is well known that the T= }-isobaric state has total 
angular momentum /J=3. If the isobar were produced 
polarized or aligned, then the state of this polarization 
or alignment would be normal to the plane of produc- 
tion.” For instance, an isobar with M;y=+} decaying 
free of interaction with the recoil nucleon and conserv- 
ing parity in the decay would have a decay distribution 
in its own rest frame of the form sin?y, where the axis 
of quantization has been selected normal to the plane 
of production in the laboratory and the angle y is 
measured with respect to the direction KisobarX Kpeam, 
where Kjsbar and Kpeam are unit vectors along the 
direction of the isobar and beam track in the laboratory 
respectively. The experimental distribution is shown in 
Fig. 8(a). Only events with 80<Q(x*p) <220 Mev were 
selected to reduce the non-isobaric background to a 
minimum. The distribution was consistent with isotropy 
and showed no effect of polarization or alignment in 
M,=+% or +} states (population of J=}, My+} 
states gives a 1+3 cos*y distribution). 

In view of the observed distributions, it was con- 
sidered possible that single-pion exchange processes 
were important, if not dominant, in the collisions. In 
order to investigate this feature in single-pion produc- 
tion, the diagram of Fig. 9 was considered for pur 
events. Since the authors had successfully discriminated 
the cross section at the scattering vertex in the T=} 
resonance, as compared to higher energy nonresonant 
scattering by a Chew-Low extrapolation,” it was hoped 


26 The authors wish to thank Dr. R. M. Sternheimer of Brook 
haven National Laboratory for sending them unpublished 3.0-Bev 
isobar calculations. 

27 [.. Wolfenstein, Phys. Rev. 75, 1664 (1949). 

2*G. A. Smith, H. Courant, E. C. Fowler, H 
Sandweiss, and H. Taft, Phys. Rev. Letters 5, 571 
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that one could also measure the known elastic 1*-p 
scattering angular distribution in the resonance. It is 
well known” that at the T=}, /=} resonance the 
x*-p elastic scattering exhibits a 1+3 cos*6,” distribu- 
tion, where 6," is the angle of the scattered pion meas- 
ured in the x*-p c.m. system with respect to the 
direction of the incident pion. Below and above the 
resonance the distribution becomes asymmetric, peaked 
backward and forward, respectively. Assuming that 
energy was conserved in the virtual process (the pion 
direction was determined since momentum is conserved 
in the virtual process), the angle of scattering of the 
pion was calculated for all pux* events with 80<QO(x* p 
<220 Mev. Since the laboratory system and the rest 
system of the incident proton are completely equivalent 
in the p-p collision, the event was treated in that system 
in which the neutron momentum was higher. It was 
assumed here that it was more likely for a projectile 
proton of high momentum to emit a high-momentum 
neutron than for a stationary proton to do so. It should 
be pointed out that, in terms of the isobar model, 6." 
is just the isobar decay angle in its rest frame measured 
with respect to its direction in that system in which 
the neutron has the higher momentum. The 
ing”’ distribution is shown in Fig. 8(b). The distribution 
was consistent with isotropy. It was not certain to 
what extent nonconservation of energy by the pion at 
the emission and scattering vertices affected the results. 


*“scatter- 


VII. CONCLUSIONS 


From a study of 2693 two-prong proton-proton 
interactions at a laboratory energy of 2.85 Bev, the 
following results have been obtained: 


1. The elastic scattering cross section is 15.32+0.76 
mb. The differential cross-section peaks strongly to 
40+ 2 mb/steradian in the c.m. system at 0°. In terms 
of an optical model, the scattering is explained almost 
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Fic. 8 (a) Isobar [80<Q(xr*-p)<220 Mev] decay angular 
distribution in the isobar rest frame relative to the normal to the 
neutron, isobar production plane. (b) Isobar [80<Q(x*-p) <220 
Mev ] decay angular distribution in the isobar rest frame relative 
to its direction in the laboratory 


*W.O. Lock, High-Energy Nuclear Physics 
Inc., New York ,1960), Chap. IV 


(John Wiley & Sons, 
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entirely by a pure diffraction type scattering up to 
about 35° in the c.m. system. At angles above 35° some 
phase shift and/or tapering to the edges of the proton 
is required to fit the data. No polarization effects are 
observed in the elastic scatter of the protons from 
carbon using hydrogen as an analyzer of polarized 
protons. 

2. The pux* cross section is 11.44+0.65 mb. The 
nucleons are strongly peaked at 0° and 180° in the c.m. 
system, suggesting the presence of dominant high- 
angular-momentum states. The 2*-p Q-value distri- 
bution provided strong evidence that a T=} isobar is 
formed in at least 50% of the collisions. Calculations by 
Lindenbaum and Sternheimer on an isobar model, 
which allows for 7=% isobar formation based on the 
known x*-p cross section and a two-body (isobar, 
nucleon) phase-space factor, assuming that the isobar 
decays isotropically in its center-of-mass system, show 
good to excellent agreement with the observed neutron, 
proton, and pion energy spectra. No evidence for scat- 
tering in a pure J = 3 state by a virtual x*, emitted from 
the projectile proton, on the target proton is observed 
if one assumes that energy is conserved at the emission 
and scattering vertices. Assuming that the total angular 
momentum of the isobar is /= 3, there is no evidence 
that the isobar is produced polarized or aligned in 
states with M;=+} or +}. Very weak evidence for 
the known 7=}4 resonances at 0=435, 609 Mev is 
observed. The energy spectra are clearly inconsistent 
with the prediction of a statistical model without 
isobars. 

3. The ppx” cross section is 2.90+0.31 mb. As in the 
pnr* case the nucleons show a strong peaking at 0° and 
180° in the c.m. system. The c.m. proton and pion 
energy spectra show general agreement with the isobar 
Lindenbaum and Sternheimer. Since the 
spectator and decay protons are indistinguishable, 
analysis in terms of the isobar model is not as clear-cut 
as in the pur* case. 

4. The dx* cross section is 0.11+0.06 mb. The cross 


model of 
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Fig. 9. Diagram corre 
sponding to the emission of 
a virtual pion by the pro 
jectile proton in the labora 
tory and the subsequent 
elastic scattering of the 
pion off the target proton 


section for multiple meson production in two-prong 


interactions is 7.37+0.51 mb. 

5. The pux*/ ppr® branching ratio is 3.94+0.48. This 
number is clearly inconsistent with the prediction of 
three from a statistical model without isobars and with 
the Peaslee model prediction of five with T=3 


? 


isobars 
being formed in every collision. The inclusion of isobar 
formation in the statistical model in proportion to the 
available'isobar-nucleon phase space, geometrical, and 
statistical factors of the model as given by Cerulus and 
Hagedorn, predicts a value of 3.41. The ratio of multiple 
meson production in two-prong events to single meson 
production is 0.514+0.043. This is not in agreement 
with the prediction of 1.30 as given by Cerulus and 
Hagedorn. 
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The experimental study of low-energy A~-meson interactions in a hydrogen bubble chamber is continued 
and the energy range extended to a region that involves P waves. Scattering and hyperon-production cross 


sections are measured at mean A 


meson laboratory momenta of 300 Mev/c and 400 Mev/c 


Elastic 


scattering angular distributions are obtained and, along with the values of the cross sections, indicate the 


presence of P waves 


Based on 289 observed decays, the measured A 


I. INTRODUCTION 


HIS work forms a small part of the general attack 

on the experimental investigation of the A-- 
meson-nucleon interaction. Freden ef al.! have sum- 
marized the published data in this field. Data from 
emulsion studies at the momenta considered in the 
present work have been published by the Berne group” 
and by Freden et al.! 

Preliminary results of this experiment have been re- 
ported at the 1959 Kiev Conference on High-Energy 
Physics by Alvarez,’ and at American Physical Society 
meetings by Rosenfeld and by Nordin et al.4.> Eberhard 
et al. have reported on the charge-exchange reaction.® 

The present work is intended to present the final 
values of the physical quantities obtainéd from this 
experiment and to describe the method of analysis. 
These results are summarized in Table I. A brief de- 
scription of the experimental setup at the Bevatron is 
followed by an explanation of the scanning method used 
to obtain an unbiased sample of events. The sequence of 
operations involved in processing events is then de- 
scribed. This is followed by the data analysis and a 
discussion of the results. 


Il. EXPERIMENTAL PROCEDURE 
A. Beam from the Bevatron 


The experimental setup is adequately described else- 
where.’ However a brief description of the beam is in 
order. The general setup is shown in Fig. 1. The 
Bevatron internal proton beam strikes a copper target, 
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pany, Newport Beach, California 
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meson mean lifetime is (1.31+0.08) X 107° sec. 


and particles emitted in the forward direction at about 
450 Mev/c are bent through 90 deg in the Bevatron 
magnetic field. The particles exit. through a 0.008-in. 
aluminum window in the Bevatron vacuum tank. They 
are then bent through about 45 deg in the C magnet M1 
(this removes the dispersion introduced by the Bevatron 
fringe field), which is immediately followed by a single- 
element quadrupole magnet, focusing in the horizontal 
plane. The next element, which is the main reason for 
the success of the beam, is the Murray coaxial velocity 
spectrometer.” Following that is a collimator, a two- 
element quadrupole magnet, another collimator, and a 
15-in. bubble chamber. The absorber used was copper, 
none being used for the 400-Mev ¢ run and 0.85 in. for 
the 300-Mev ¢ run. 

The background-to-A~ ratio was about 50 at 400 
Mev/c and about 100 at 300 Mev/c. This difference 
presumably resulted from operation of the Bevatron on 
two generators at 400 Mev ‘c and on only one at 300 
Mev/c (one generator had failed just prior to the 300- 
Mev/c run). Consequently it was necessary to use a 
different target position and a less efficient orbit in the 
Bevatron magnetic field. 


ras_e I. Summary of the partial-cross-section measurements, 
integrated over all angles. The number of events on which the 
cross section is based are indicated in parentheses 


Cross section,a (mb 


Reaction 300 Mev /« 400 Mev /« 


»A + p d 6 


48 38, 94-< (69 
1 8.14 ($ 
6.04 8 (11 
10 9 9+2.3 (18 


4 

— K°+n =2.7 
+S +r 8.34+2.8 (9 

j 9g 


~ 
>S*+r 


A+r . < a , 
S45 543.4 (5 11.7+3.3 (13 
>A+r" 


s 


Lop 0.9+0.9 (1 1.1-4 


> 4-7 +r + 


no events 0 
Potal cross section 79.4+8.6 (86)* 76.24 


TA 4 


* Note that these numbers are not the 
»int is discussed in the text 


> Joseph J. Murray, University of Calitornia | 
tory Report, UCRL-3492, 1957 (unpublished 
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po TARGET 


Fic. 1. Schematic diagram of 
the system. 


B. Scanning 


The film was scanned by using the “pick-tooth” 
method, which is guaranteed to furnish an unbiased 
sample of events and also insure a high scanning effi- 
ciency. It takes advantage of the fact that a K meson 
at 400 Mev/c is about 1.9 times minimum ionization, 
while at 300 Mev/c the K meson is about 2.6 times 
minimum. The background tracks consisted largely of 
minimum-ionizing muons with about 15% minimum- 
ionizing pions. This fact allows tentative identification 
of a track as a K meson before the K enters the fiducial 
volume. The fiducial volume is masked from view 
during the ‘‘picking”’ of the K track. The mask is then 
removed, and the entire length of the K is examined for 
interactions. If the K interacts, the type of interaction 
is recorded; if the K does not interact, it is noted down 
as a “K go-through” (KGT). 

To ensure a high scanning’ efficiency, scanners ex- 
amined all KGT tracks a second time, looking especially 
for decays and small-angle scatters, since these are the 
types of events that are most likely to be missed. At 300 
Mev/c, no new decays were found in the total KGT 
sample (about 1600 tracks), and only scatters in the 
forward region (cos#>0.97 c.m.) were found. The 
scanning efficiency is therefore very close to 100% at 300 
Mev/c for all classes of events except very-small-angle 
scatters. These are discussed in the section on elastic 
scattering. At 400 Mev/c (about 2400 KGT), four 
additional decays and three additional scatters were 
found. The scatters are treated under the section on 
elastic scattering. The four decays were at large angles 
(27, 44, 63, and 90 deg) on the scanning table and could 
not possibly have been interpreted as a KGT. Therefore 
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we assume that these were cases where the scanner put 
a check mark in the wrong column on the scan sheet. 
However, a further, very detailed examination of one- 
third of the KGT sample at 400 Mev/c revealed two 
decays that were indeed difficult to detect due to small 
angles and nearby background tracks. The correction 
for this effect is discussed in the section on the K— 
lifetime. 
C. Data Processing 

Data processing, which begins immediately after 
scanning, can be divided into the following steps: 
(a) Sketching. In this step, the event is re-examined and 
information is noted for the measuring step. (b) Meas- 
uring. Film coordinates of the event are measured on 
‘“Franckenstein,” the precision measuring device de- 
veloped at the Lawrence Radiation Laboratory. Meas- 
uring is done on two views (four views are available) for 
each track associated with the event, the two views used 
being determined by the orientation of the track. The 
film coordinates are punched on IBM cards for subse- 
quent use by digital computers. (c) Reconstruction of 
event. This step is accomplished by the digital-computer 
program PANG.’ The program calculates dip, azimuth, 
and momentum at both ends of a track, including the 
errors and their correlations. (d) Kinematic fitting. This 
step is accomplished by the digital-computer program 
KICK.” The input is the output of PANG. The con- 
straints of energy and momentum conservation are 


>A. H. Rosenfeld, in Proceedings of the International Conference 
on High-Energy Accelerators and Instruments, CERN (European 
Organization for Nuclear Research, Geneva, 1959), pp. 533-541. 

‘© A. H. Rosenfeld and J. N. Snyder, University of California - 
Radiation Laboratory Report, UCRL-9098, 1960 (unpublished). 
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applied to the measured variables, and these variables 
are adjusted by a least-squares fit. The output is the 
adjusted kinematical variables characterizing the event, 
along with the quantity x? representing the goodness of 
fit. 

Each event undergoes this process. The K-meson de- 
cays and the A-meson zero-prong events (K,) are not 
kinematically fitted. These types of events are accepted 
if the PANG momentum and angles are appropriate to 
the particular beam momentum setting. 


Ill. ANALYSIS 
A. Path-Length Measurement 


The major contribution (about 90%) to the path 
length is the sample of AK mesons that go through the 
chamber (KGT). A smaller contribution is from the K 
mesons that decay or interact in the fiducial volume. 

The straightforward approach used for the determi- 
nation of path length was to measure on Franckenstein 
approximately one-third of the KGT sample at each 
momenta. This measured sample was then sent through 
a digital-computer program (PATH) which (a) tested 
for certain acceptability criteria the azimuth, dip, and 
position of each track, and (b) computed the track 
length lying in the fiducial volume and the momentum 
at its entrance plane. The momentum distribution of the 
accepted tracks at the entrance plane is shown in Figs. 2 
and 3 for the two momentum values. 

The average path length Z contributed by each ac- 
cepted KGT is then calculated and used to extrapolate 


o the total sample of KGT. A small correction to the 


total sample was made assuming the same percentage of 
acceptability failures in the unmeasured sample. 


104 





96 
88 
80 
72 


64 





56 
48 
40 
32 
24 


16 


No. of KGT per |OMev/c momentum interval 


8 








200. 24 BO 400 


Fic. 2. Momentum distribution at entrance plane to fiducial 
volume at 300 Mev/c. Shaded events do not contribute to the path 
length. 
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The path length contributed by A mesons that 
interact or decay in the fiducial volume is calculated by 
assuming that they interact or decay, on the average, 
40 through the fiducial volume. 

The mean momentum at the entrance plane was 
calculated from a weighted average of the measured 
momenta. The weight factor for each of the momenta is 
the inverse square of the measurement error. This mean 
momentum was then used to calculate the mean mo- 
mentum at a distance of 3Z into the fiducial volume. 
These momentum values are 299.8 Mev/c and 400.1 
Mev/c, with errors on the mean of about 0.5 Mev/c. 

The momentum spread of the beam from the Bevatron 
can be calculated approximately by unfolding the 
measurement errors from the observed histogram. As- 
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Fic. 3. Momentum distribution at entrance plane to fiducial 
volume at 400 Mev/c. Shaded events do not contribute to the 
path length. 
suming each measurement has the same error, we have 

6p? (beam) = 6p" (histogram ) — 6p? (measurement ). 


The conversion factor from number of events, .V, 
cross section is 


toa 


A (p\ L), 
and 


oO aN, 


where A is the atomic weight of hydrogen, .Vo ts 
Avogadro’s number, p is the density of liquid hydrogen 
under bubble chamber operating conditions (0.0586 
g/cm*), and L is the path length in centimeters. Table II 
summarizes the quantities for each momentum value. 
Since the identification of a KGT is subjective, the 
question of pion or muon contamination in the KGT 
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sample is valid. It is shown in Appendix T that this con- 
tamination is less than 1%. 


B. Elastic Scattering 


1. General Considerations in Detecting 
Small-Angle Scatters 

The efficiency for the detection of small-angle scatters 
depends on (a) ©, the laboratory angle between the 
incident and scattered K meson, (b) ¢, the angle be- 
tween the normal to the scattering plane and the 
direction to a camera lens, and (c) the size of the 
projected angle Op=O sing. Angle Op is the larger 
angle in either of the two views used to scan the track 
length, and the size of this angle is a measure of the 
likelihood of detection. A correction to the data using 
>» as a criterion has the disadvantage of obscuring the 
physically interesting quantities in the center-of-mass 
system. Furthermore, the validity of such a correction 
is not obvious, since recoil protons, which become visible 
even for small © p, enhance the likelihood of detection. 


TaBLe LI. Summary of path-length measurements. 


300 Mev/e 400 Mev/c 


12.4 
21.5 18.6 
18.8 13.9 


5p (measured) (Mev/c) 10.4 

5p (histogram) (Mev/c) 

5p (beam) (Mev/c) 

4 (cm 21.1 21.6 

KGT path length (meters) 287 488 

Path length from A mesons that 24 32 
decay or interact (meters) 

L (meters 311 

Conversion factor a from events 0.919 
to cross section (millibarns 


520 
0.549 


\ simple approach to the problem considers only the 
c.m, quantities and imposes a cutoff on the accepted 
cm. angle 6. Details of this method follow the next 


section. 


2. Evidence for High Detection Efficiencies 

300 Mev/c. The second examination of the KGT 
sample (about 287 meters of track length) described 
under the section on scanning revealed five scatters. 
Figure 4(a) shows the distribution of events in the 
forward region, with these five events cross-hatched. 
Since the four events with cos#>0.99 are probably 
single-Coulomb scattering events, they do not enter the 
calculation of the nuclear-scattering cross section. 

400 Mev/c. Three scattering events were found during 
a second examination of the KGT sample (about 489 m 
of track length). Figure 4(b) shows the distribution of 
events in the forward region, with these three events 
cross-hatched. 

The event that was missed on the first examination at 
cosé= 0.86 has a @p value of 8 deg in one view and 4 deg 
in the other and a recoil proton track 0.7 cm long. 
Therefore the missing of this event on the first exami- 
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Fic. 4. Distribution of elastic scatters in forward region only at 
(a) 300 Mev/c and (b) 400 Mev/c. Cross-hatched events were 
found on the second examination of the track length. 


nation is considered to be a rare instance of poor 
scanning technique. 

From this evidence one feels confident of the detection 
efficiency for small-angle scattering events. It will be 
shown in the next section that all of the physical 
quantities determined in the elastic-scattering analysis 
vary essentially within their statistical errors for various 
values of the cutoff angle. 


3. Analysis of Elastic Scattering 

The analysis is carried out in the center-of-mass 
system. Only S and P waves are assumed to be present 
(A, the c.m. De Broglie wavelength over 27, is 0.8 fermi 
at 400 Mev/c and 1 fermi at 300 Mev/c. The AK-meson 
Compton wavelength over 27 is 0.4 fermi). 

The solid angle is divided into six regions. The detec- 
tion efficiency is assumed to be unity for all six regions 
except the forward-scattering region. The detection 
efficiency in this region is assumed to be unity from 
«i= % <cosé< x2 and zero from x2< cos@< 1.0. The aver- 
age detection efficiency, é, can be calculated from 


é= f (4,;+4Aox+A dx [ 


1.0 


( (Ay +Aoxr+Agx?)dx, (1) 


~ 
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Fic. 5. Variation of curves fitted to the 300-Mev/c elastic 
scattering as a function of the cutoff x,.=cos@ (c.m.). The dotted 
curves are the statistical errors. Only the forward region is shown 


where 

da /dQ= A+ Aor +A 32°, (2) 
and x=cos@. The A; and the associated error matrix 
(6A 6A ;)ay are calculated by solving the nonlinear maxi- 
mum-likelihood equations by an iterative procedure, 
using the method described by Crawford." Since the A ; 
are initially unknown, the starting value é is assumed to 
be given by €= f2,72 dx/ fz!" dx. (The calculation is 
empirically independent of the initial value of é.) This 
initial value of é is used'to calculate the A ;. From (1), é 


is calculated. This value of é is used to recalculate the 





Fic. 6. Variation of 
curves fitted to the 400 
Mev/c elastic scattering as 
a function of the cutoff 
x2=cosé (c.m.). The dotted 
curves are the statistical 
errors. Only the forward re 
gion is shown. 


do/d Qk (mb /sr) 





F. S. Crawford, Jr., University of California Internal Docu- 
nent UCID-173, 1958 (unpublished). Specific use was made of 
MALISOAP-3, an IBM 650 program 
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TaBLeE III. Summary of elastic-scattering quantities as a 
function of x» 


do 
-(Q) 


N V dQ 


(observed) (expected) é 


(mb/sr) o (mb) 


300 Mev /« 
0.825 
0.853 
0.870 
0.898 
0.925 
0.942 
0.945 
0.971 


43.2+6.4 
43.1+6.4 
44.0+6.4 
43.8+6.4 
43.6+06.4 
44.5+6.4 
45.4+6.5 


46.2+6.5 


1+1 
O+1.: 
5+1 
4+1.! 
3+11.! 
7+1 
2+1 


5+1 


www 


- 


ww ive Ww iw le Wb 


x 


400 Mev /< 
0.787 4.6+1.. 
0.820 4.841. 
0.854 5.341. 
0.889 7+1 
0.926 5+1 
0.962 


36.8+4.6 
37.1+4.6 
38.14+4.7 
38.94+4.7 
38.5+4.6 
38. 8+4.6 


pond mb cmt peed om pe 
Ana 


oe UIiw mI bo 


A. The process is continued until € and the 4; remain 
constant. 

The calculations are done for several values of the 
cutoff x.. A comparison of the results for the different 
values of x2 is made in Figs. 5 and 6 and Table IIT. A 
discussion of these comparisons follows. 

300 Mev/c. Figure 5 shows the fitted curves for vari- 
ous values of x. in the forward region only. The back- 
ward regions are almost identical for the different values 
of x2. The dotted curves represent the statistical errors 
on the curve for the typical case x2.= 0.978. In Table I], 
N (observed) is the number of events actually found in 
the region x; < cos@< x2, and .V (expected) is the number 
of events predicted by the fitted curve (i.e., propor- 
tional to fz;7*\do). The forward-scattering cross section 
shows the largést variation as a function of x2. This is to 
be expected, since the forward scattering is sensitive to 
the number of events found in the forward region. 

It is felt that the curve for x,.=0.978 is the most 
reasonable choice at 300 Mev/c. The full curve with its 























de/d2 (mb/ sr) 
of events observed 


No. 























-0.2 
Cos 8 (c.m.) 
Fic. 7. Fitted curve for elastic-scattering angular distribution at 
300 Mev/c. Events observed in each interval are indicated. The 
dotted curve represents the statistical errors. |Im/(0)!? as ob 
tained from the optica! theorem is indicated 
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TasLe IV. Parameters characterizing the curves. 


400 4 


Parameter 


300 Mev ¢ 
da /dQ(0) i 


lev/c 
2.7+1.6 

44.5+6.4 
4.017 
0.118 

— 1.430 
0.686 
0.733 
3.266 

— (0.005 

- 1.182 
0.059 


5.74 : 
38.9+4. 
1.755 


— 0.005 
— 0.469 
0.028 


errors is shown in Fig. 7. The numbers of events ob- 
served in each region are indicated. Table IV gives the 
parameters characterizing the curve. 

400 Mev/c. The curve for x.=0.97 represents the data 
best. This curve is plotted in Fig. 8. Table [IV summa- 
rizes the pertinent quantities. 


C. Charge-Exchange Scattering 


The charge-exchange-scattering cross section was 
measured by counting the number of K,° mesons that 
decayed into two charged pions, and applying a cor- 
rection for the neutral decays.'* No escape correction 
was made. 

300 Mev/c. One K,° decay was found. The corre- 
sponding cross section is given in Table I. 

400 Mev/c. Five K,° decays were found. The corre- 
sponding cross section is given in Table I. 


D. Charged-Hyperon Production 


The cross-section measurements consist of counting 
the number of events accepted and using the conversion 
factor from events to millibarns given in Table IT. 
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Fic. 8. Fitted curve for elastic scattering at 400 Mev/c. Ob 
served events in each interval are indicated. The dotted curve 
represents the statistical errors. |Im/(0)!* as obtained from the 
optical theorem is indicated. 


2 FS. Crawford, Jr., M. Cresti, R. L. Douglass, M. L. Good, 
G. Kalbfleisch, M. L. Stevenson, and H. K. Ticho, Phys. Rev 
Letters 2, 266 (1959). 
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Fic. 9. Angular dis- 
tribution of the pion 
po with a = 
yperon at 300 Mev/c. 


(a) 2-(x*); (b) St(w-). 





No. of events/cos 6 interval of 0.20 











300 Mev/c. At this momentum there were 9 =~ and 10 
>* hyperons produced. The cross sections are given in 
Table I. The distribution of the pion in the center of 
mass is shown in Fig. 9. 
and 
18 =* hyperons produced. The cross sections are given 
in Table I. The distribution of the pion in the center of 
mass is shown in Fig. 10. 


400 Mev/c. At this momentum there were 11 =~ 


There were no cases of two pions being produced with 
a charged © at either 300 or 400 Mev/c. 


E. Neutral-Hyperon Production 


The combined cross sections for production of all 
neutral hyperons is given in Table I. This measurement 
is based on the number of visible decays of the A into a 
proton and a negative pion. There were 5 of these decays 
at 300 Mev/c and 13 at 400 Mev/c. A correction for the 
number of neutral decays is applied.’ A further escape 
correction of 2% is made. 

The individual cross sections for production of A 
and =° are of considerable importance. A maximum- 
likelihood calculation of the ratio r=A/(A+2Z°) has 
been made by using a larger sample of charged A decays 
(the larger sample results primarily from decays that 





Fic. 10. Angular dis- 
tribution of the pion 
produced with a 
hyperon at 400 Mev/c. 


(a) D~(x*); (b) St(x-). 
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were not found in the “‘pick-tooth” scan). Details of this 
calculation are given in Appendix II. The results are: 


A+," 
(mb 


P S41» 


Mev): mb 


300 0.64+0.20 (7 


2.7419 +2. 
400 0.54+0.14 (18 —- 


6.3424 5.442. 
The production of a neutral hyperon and two neutral 
pions has been neglected. 

Two examples of Ar*x~ and one of 
served at 400 Mev, c. One Ax*x~ and no cases of D°xtx 
were observed at 300 Mev/c. The cross sections for these 
processes are given in Table I. 


vo 
~ 


were ob- 


vo 
— 


u'T 


F. Reaction Cross Sections 


The reaction cross section is defined to include all 
processes except elastic scattering. It can be calculated 
by summing all the partial cross 
sections, or (b) by counting all events and converting to 
a cross section. The difference in the two methods is that 

a) ignores the zero-prong (A,) events (but includes 
corrections for them) and (b) includes the zero-prong 
The events neutral 
particles being produced but not being observed because 
of neutral decay or escape from the chamber. 

Soth methods give the same result at 400 Mev, c 

18A,), but at 300 Mev/c there are an unusually large 
number of A, (12). These have been carefully examined 
and satisfy all the qualitative and quantitative tests for 
acceptance. Therefore method (b) yields the more re- 
liable result. Results of the two methods are compared 


in the following table: 


in two ways: (a 


events. zero-prong are cases of 


, method (b 
(mb) 


P or, method (a 
Mev /« mb 


300 28.6+6.0 4.945 
37.345 7.3 


j 
400 3 8 +4.5 


Phe existence of this minor anomaly implies that one 
or more of the cross sections for production of neutral 
particles at 300 Mev/c (K°, A, or 3°) has been under- 
estimated. 
rhe total.cross sections given in Table I result from 


[computed by method (b)] and the 


the sum of a, [ 


1c CTOSS S€¢ tion. 


G. K--Meson Lifetime 


The A~-meson lifetime is obtained by dividing the 
observed proper time by the observed number of decays. 
Che observed proper time is obtained from the path- 


ength measurement L by 


T obs= MKL/ Pk, 


where 3x is the mass of the A~ meson and Px is the 
mean momentum of the K--meson beam. 

There were 134 decays observed at 300 Mev/c and at 
HW) Mev/c there were 155 decays observed. However 
two of these 155 decays at 400 Mev/c were found only 
ifter very careful examination of one-third of the KGT 
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‘ABLE V. Scattering amplitudes for elastic scattering 


at 400 Mev/c 


Re( P; Im(P; Re(P 


Re(S Im(s Im(P;) 


0.58 0.87 0.44 0.29 P 


0.14 0.49 0 0 0.88 
0 0 1.32 0.15 0.29 
0 0 0 0 0.95 


rT 


sample. In order to correct for this effect, it is assumed 
that there are four more such decays in the KGT sample 
which was not measured. This gives a total of 293 decays 
at both momenta. The observed time from both mo- 
menta is 3.85X 10~* sec. The mean life is thus 


rK-= (1.314+0.08)X 10-8 sec. 


This is to be compared with the A* mean life of 
(1.224+0.013) X 10~* One may also compare 
this with other measurements of the A~ mean life: 
(1.38+0.24)10-° sec,' (0.95_0.25*°**)K 10-8 sec," 
(1.60+0.30) X 10~* sec,'® (1.2540.11) X 10-8 sec,'® (1.17 
+0.12) 10-° sec,’ and (1.25_o.:;*°-”) XK 10-5 sec.!® The 
weighted average of these values is approximately 
(1.24+0.07}X 10-5 sec. 


13 
sec.” 


IV. DISCUSSION OF RESULTS 


The elastic-scattering angular distribution with S and 
P waves can be written 


da/dQ= (1/4?) 


x {|S+(2P3+P;) cosd|?+ | Pi—Ps|?sin’}. (1 


The optical theorem in this notation involves the real 
parts of the amplitudes: 


ka 7/2xe= Re(S+P)}4+2P3), (2) 


where S, P;, and P; are the scattering amplitudes in the 
S wave, P wave J=}, and P wave J=}, respectively. 
Each amplitude is the sum of two isospin amplitudes 
for J=0 and /=1. The total cross section is denoted a7 
and k is the c.m. wave number of the K meson. Equation 
(1) has 11 real parameters which completely describe 
the elastic and charge-exchange scattering. The present 
data are clearly insufficient to determine these parame- 
ters. Even if one neglects the isotopic-spin dependence 
of S, P;, and P3, the data are insufficient to determine 


8 W.H. Barkas and A. H. Rosenfeld, University of California 
Radiation Laboratory Report, UCRL-8030, 1958 (unpublished 

4 FE. L. Iloff, G. Goldhaber, S. Goldhaber, J. E. Lanutti, F. C 
Gilbert, C. E. Violet, R. S. White, D. M. Fournet, A. Pevsner, D 
Ritson, and M. Widgoff, Phys. Rev. 102, 927 (1956 

16 Y. Eisenberg, W. Koch, E. Lohrmann, M. Nikoli¢, M 
Schneeberger, and H. Winzeler, Nuovo cimento 8, 663 (1958 

16 Walter H. Barkas, in Proceedings of the Seventh Annual 
Rochester Conference on High-Energy Nuclear Physics, 1957 (Inter 
science Publishers, Inc., New York, 1957), Chap. VIII, p. 30 

17H. C. Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill, 
D. M. Ritson, and R. A. Schluter, Phys. Rev. Letters 2, 119 
1959). 

18 Morris A. Nickols, thesis, University of California Radiation 
Laboratory Report, UCRL-8692, 1959 (unpublished 





AND P-WAVE 


INTERACTIONS OF K ME 


SONS Th Ho 


TABLE VI. Scattering amplitudes for elastic scattering at 400 Mev/c with experimental quantities varied. 


Re(P;) 


Re(S) 


Im(S) Im(P)) 
0.47 
0.40 
0.50 


0.72 
0.50 
0.83 


—0.61 
—0.80 
—0.45 


0.39 
0.46 
0.35 
No solution 
0.34 
0.35 


0.88 
0.86 


—().57 


—0.76 


0.41 
0.25 


No solution for any A 
No solution 
— 0.34 0 0 
— 0.66 0 0 


0 0.92 
No solution 


0.83 


0 


* Only solution. 


these quantities. One can, however, obtain an estimate 
of two of these complex amplitudes under various as- 
sumptions on the third. These estimates will perhaps 
prove useful in further detailed calculations when more 
data are available. 

Quantitative calculations at 300 Mev/c would be 
inappropriate in view of the scanty nature of the data. 
(Jualitatively, the data are consistent with pure S wave, 
although some P wave cannot be excluded. If the P 
wave is neglected, the data indicate that the proton is 
almost a perfectly absorbing blackbody to the A 
meson (that is, the scattering and reaction cross sections 
are both approximately 7A?). 

At 400 Mev/c Table IV shows that A; (the coefficient 
of cos*@) is large, so that the elastic scattering differ- 
ential cross section must have nonzero P3, but is con- 
sistent with a variety of assumptions on S and P;. We 
consider the following : (a) Pi= P3; (b) Pi=0; (c) S=0; 
and (d) S=0, P;=0. The solutions are given in Table V. 
Only the relative sign of Im(S) vs Im(?3) is determined 
and Im(S) has been chosen arbitrarily negative. In case 

c), only the magnitudes and the included angle are 
determined, and Im(/) has been set arbitarily to zero. 
In case (d), the sign of Im(/P3) is undetermined. 

Table VI gives the solutions for A; varied by one 
standard deviation, A, changed according to the correla- 
tion coefficient in Table IV, and A, allowed to vary 
freely within about one standard deviation (the correla- 
tion coefficient is very small). The columns for the 4, 
give the variation in standard deviations. 

These calculations show that the S-wave contribution 
to the total cross section at 400 Mev/c is a maximum of 
about 45% [the central value is about 31% in case (a) 
and about 7% in case (b) ] 
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Re(P;) 


Im(P3 A; A, 


—0.69 
0.69 
0.69 

0 


+-0.69 


0.09 
0 


+-0.09 


0.69 
+-().69 


0.14 
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APPENDIX I. DELTA-RAY CROSS SECTIONS" 


A K meson of 470-Mev,/c momentum can produce 
delta rays having ranges from zero to 3.2 cm in liquid 
hydrogen. A wr meson of 400-Mev/c momentum can 
produce delta rays having ranges from zero to 34 cm. 
The cross section for such a x meson to produce a delta 
ray having a range between 3.2 and 34 cm is 208 mb. 

The measured KGT sample (one-third of the total 
sample) was examined for delta rays having a range 
equal to or greater than 3.2 cm. Had one such delta ray 
been found, it would have indicated a contamination of 
(0.86% pions or muons. Since none were found, one may 


conclude that the probability of a »% pion or muon 


p/0.86 


contamination Is ¢é 

During the search for long delta rays, it was desirable 
to check detection efficiencies. This was accomplished 
by counting on the KGT tracks the number of delta 
rays having a range greater than 0.5 cm. The theoretical 
cross section for this process is 1.25 b. The measurement 
yielded 1.19+0.07 b, in good agreement with the 
theoretical value. 


9 See Frank S. Crawford, University of California Internal 
Document, UCID-241, 1957 (unpublished). See also F. S. Craw- 
ford, Phys. Rev. 117, 1119 (1960) 
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APPENDIX II. MAXIMUM-LIKELIHOOD CALCULATION 
The kinetic energy of a A in the K~p center-of- 
mass system is assumed to be unique if it is a direct A, 
and uniformly distributed between 7, and T: if from a 
~°. This is illustrated in Fig. 11. 
The likelihood function is 


\ 


L(x,T.0)= [I f(x,Ti,0,), 


(T ae ~) 


i-—vx) 


where 


(2r)'a;(Ts- T;) 


T: 
x ep(- 

















No. of A observed 


(arbitrary scale) 











T, T. 


' 2 Ts 
Kinetic energy of Ain Kp c.m. 
tl. Assumed theoretical distribution of A in A~p 
center-of-mass system 





Fic 12. Relative 
probability for a par 
ticular value of x, as a 
function of x. 300 
Mev/c, seven events 
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Fic. 13. Relative proba 
bility for a particular value 
of x, as a function of x. 400 
Mev/c, 18 events 


LIK, , et ) (orbitrary units) 








Here 7; is the experimental kinetic energy of the A in 
the center of mass, a; is the error assigned to 7, and x 
is the ratio of the number of direct A to .V, the total 
number of A. The other quantities are 

T= (prt+M, -) —M,. 


where 


pat=[w'— 2w*(M2+M 2) + (Me— M2) 40" 
w= M?+M p?+2M pli x, 
We=PRP+M x’, 
Px=K-~ laboratory momentum, 
T1= (1/Mz)[(p2+M2)was— pypras— MxM 4], 
T2= (1/Mz)[(p2+Mz) wast peprs—MsM 
p?=[w!— 20*(M2+M,2)+(M2e—M,2)?)/ 40", 
pazs= (M2—M*)/2Msy, 
war=(prrr+M4")', 


and 


M,=7° mass. 


The likelihood function is calculated as a function of 
x by using the experimental quantities Px and 7; and 
their errors and correlations. The results are illustrated 
in Fig. 12 for 300 Mev/c and Fig. 13 for 400 Mev /c. 
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For a possible distinction between a velocity-dependent two-nucleon potential, and a static potential with 
an infinite repulsive core, we study their contributions to the integrated cross section (¢j,:) for the deuteron 
photoeffect. Both potentials considered are central, with square shapes, and have Serber mixtures for the 
attractive parts. (They have Wigner character for the repulsive core, and for the velocity-dependent term, 


respectively.) These potentials are adjusted to give (1) the observed binding energy of the deuteron, (2 


same effective range p(—e, —e)=1.76 fermis; and (3) 


2) the 
the same value (260 Mev) at which the 4S phase shift 


changes sign. Using sum-rule calculations, in the electric-dipole approximation, we find that aint for the static 
case is 37.7 Mev-mb, while for the velocity-dependent case it is very nearly the same: namely, 38.8 Mev-mh 


INTRODUCTION ‘ 


patterns measurements on the proton-proton 
system show that the 4S phase shift changes sign. 
If the two-body potential is assumed static, it should 
contain a very strong repulsion at short distance; e.g., 
the Gammel-Thaler! infinite repulsive core. On the 
other hand, a well-behaved potential would be easier 
deal with in solving the nuclear many-body 
problem.” This potential needs to be velocity-dependent 
to reproduce the 'S phase shift curve.** With a suitable 
choice of parameters it can also reproduce the other 
singlet-even phase shifts. 

Since phase shifts alone have not served to verify 
the existence of a static repulsive core,° it is desirable 
to consider properties of the neutron-proton system,° 
such as electric dipole transitions in the deuteron 
photoeffect.’ Here a static potential of Wigner character 
gives a model-independent value for the integrated 
cross section ; ¢ing=30 Mev-mb. This value is increased 
by our velocity-dependent potential, but it is also 
increased by the Majorana exchange term in the 
Gammel-Thaler static potential. This paper gives an 
oversimplified calculation of «7, for velocity-dependent 


to 


and static cases. 
The first application of a velocity-dependent potential 
to find cine for the deuteron was made by Way® for a 


* Supported by the National Science Foundation. 

+ Creole Foundation Fellow, now at Universidad Central de 
Venezuela, Caracas, Venezuela. Part of this work is contained in 
the O. Rojo, Ph.D. dissertation, Louisiana State University, 1961 

unpublished). 

‘J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 29 (1957). 

2R. E. Peierls, Proceedings of the International Conference on 
Vuclear Structure (University of Toronto Press, Toronto, Can- 
ada, 1969) p. 7. 

3M. Razavy, O. Rojo, and J. S. Levinger, Proceedings of the 
International Conference on Nuclear Structure (University of 
Toronto Press, Toronto, Canada 1960) p. 128; A. Green 

private communication). 

‘M. Razavy, Ph.D. dissertation, Louisiana State University, 
1961 (unpublished); M. Razavy, J. S. Levinger, and G. Field 
to be published). 

5 V. F. Weisskopf, Proceedings of the International Conference on 
Nuclear Structure (University of Toronto Press, Toronto, Canada 
1960), p. 890. 

6 T. K. Fowler and K. M. Watson, Nuclear Phys. 13, 549 (1959). 

J. S. Levinger, Nuclear Phys. 19, 370 (1960). 

°K. Way, Phys. Rev. 51, 552 (1937). 
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separable potential. Our present numerical results are 
not very different from her values. 

Our potentials are oversimplified in that we assume 
pure central forces, and square-well shapes. Our calcu- 
lations should not be compared seriously with the 
experimental value of in: for the deuteron photoeffect ; 
it may be significant to compare the calculated values 
of cint. The velocity-dependent and static potentials 
are chosen to agree with each other on three other 
properties of the neutron-proton system (in triplet-even 
states); the binding energy, the energy at which the 
calculated *S phase shift passes through zero, and the 
triplet effective range. In this example, treated below, 
the two types of potentials give very nearly identical 
values for gint, so that this means of confirming the 
existence of the repulsive core proves to be unsuccessful. 


CALCULATION 
For the deuteron, the dipole oscillator strength’ fo, 
is given by 


(M/4h?)(E,,— Eo) (2 (1) 


Here z is the neutron-proton distance; the subscripts 
0 and » refer to ground and excited states, respectively. 
The summed oscillator strength >>, fon, is proportional 
to the expectation value in the ground state of the 
double-commutator of the Hamiltonian H with the 
coordinate 2: 

fon= — (M/8h*){ (CH, },z |} 00. 


i/o 


(2) 


The integrated cross section is proportional to the 
summed oscillator strength : 


2» 


Piss f o(W)dW = (4r°eh/Mc) En fo: 


1203, fon Mev-mb. 

To evaluate the double-commutator in Eq. (2) we 
write H as the sum of kinetic energy T and potential 
energy V. The double-commutator using T is model- 


9J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950); 
J. S. Levinger, Nuclear Photo-Disintegration (Oxford University 
Press, New York, 1960). 
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Paste I. Parameters for potentials.* 


Range in f 
Velocity-dependent potential b=2.0 
-f 


Static potential, with core b’=1.71 


* The velocity-dependent potential is given in Eqs. (5) and (9); the static potential is given in Eq. (14). The wave number &’, or k”, is giv 


ground state, for the region inside the attractive square well. 


ndependent es 


—(M 8h?){( [7,2 ],2 }}oo=F- (4) 


We assume a velocity-dependent potential of the 
form used by Razavy**: 


d= —VJi(r){1—xt+axP"}—(A/M)p-Jo(r)p. (5) 


hat is, the static term of shape J;(r) contains a fraction 
v of the Majorana exchange operator P™; the velocity- 
dependent term of shape J2(r) is assumed to have 
Wigner character. [In Eq. (5), p is the quantum- 
mechanical operator — ih grad. ] 

The term —axVoJ/i(r)P™ of the static potential 
contributes the the summed oscillator 
strength: 


following to 


—x(M/8h)V of [LJ i(r) Pz ],2)} 


_~ 1 ~ ~ Js ” 


=x(MV0/6h*)(r7J (7) P™ 00. 
The veloc ity-dependent term contributes 


M /8h*){(L(\/ M)p-J2(r)p,z },2 |} 00 
= —(d/4)(Jo(r))oo. (7) 


Combining these results, the integrated cross section 


has the value 


(4m? eh) Mc) 4+ (eM V 0/68?) (1) P™ 


— (d/4)(Je(r))oo}. (8) 


We see that cin: is increased for negative values of X. 
We shall apply Eq. (8) to the case of a well-behaved 
velocity-dependent central potential, and also to a 
static square well with an infinite repulsive core. For 
each potential we adjust three parameters to fit the 
following data on the neutron-proton system: 


a) The binding energy ¢ of the deuteron is 2.226 
Mev. 

b) The *S phase shift goes through zero at 260 Mev. 

rhis value is chosen between 200 and 300 Mev to give 


qualitative agreement with the known value for the 'S 
phase shift.) 
(c) The effective range p(—«, —¢€)=1.76 fermis. 


We assume the velocity-dependent potential of Eq. 
5), with square shapes of range b: 


1, r<b 
J.(r)=ih rvr=b 


0), r>b 


Depth in Mev in f 


Wave number Core, or 

i velocity-dependence 
k’=0.836 
k’’= 1.046 


A= —0.25 
c=0.24f 


en for the 


Following Razavy,' we solve the Schrédinger equation 
for the ground state in the inside region (r<6) and the 
outside region (r>4): 


uy +R? u,=0; uy, =A sink’r, r<b (10) 


r>b 
Me h. 


us —y"*u2=0;  2= 
k=M(Vo—6) /#(1—A); 


C exp(—7r), 
and (11) 
The wave functions ,(r) and w.(r) are continuous at 
r=6; but their first derivatives [i.e., left-hand derivative 
u,’(b) and right-hand derivative m»2'(b)} are not equal: 


us’ (b)— (1—A) ay’ (6) = (A/b) ub (12) 

These boundary conditions give the following relation 

among the three parameters X, &’, and b: 

(1—A)k’ cotk’b+r/b (13) 

The static potential, with infinite repulsive core, is 
assumed to be" 

[ a, rc 
4—Vs, c<r<b’+e 


(0, b’+c<r. 
We obtain the usual transcendental relation 
4 ( otkh’’b’ 


Here k’?= (M/h*)(Vs—e). 
The *S phase shift 6 for the velocity-dependent 
potential is given by* 
tan(kb+6)=k/[ (1—A)k’ cotk’b+X/b |. (16) 
Here k& is the wave number at large distances, and k’ 
is the wave number for r<b. [Use Eq. (11), replacing 
—e by EF, the energy available in the center-of-mass 
system. ] For the static potential v,, we have phase 
shift 6 
tan(kb’+kce+6,) = (k/k’’) tank’’b’ (17) 
Here k” is the wave-number in the region c<r<b’+c. 
The effective range p(—e«,—e) for the velocity- 
dependent potential is found" using the wave function 


 L. C. Gomes, J. D. Walecka, and V. F. Weisskopf, Ann. Phys 


3, 241 (1958). 
'"N. Austern 
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CROSS SECTION FOR VELOC] 


of Eq. (10). We use C=1, and A =csck’b exp(—vyb). 


b 
p(—e, —e)= of (v°-— u*)dr 


y'—exp(—2yb)(y' +6 csc?h'b 


—k’-' cotk’b). (18) 


lor the static well with repulsive core, the effective 


range p.(—e, —e) is given by 


y '—exp(—2yb’—2yc) 
K (y +0’ csc2h’’b’— kh’! cotk’’b’). 


at, ~“€) 


(19) 


lor the velocity-dependent potential of Eqs. (5) and 
(9) we have adjusted the parameters 6, Vo, and \ using 
Eqs. (13), (16), and (18). For the static potential of 
Eq. (14) we have adjusted the parameters 0’, V's, and 
c using Eqs. (15), (17), and (19). (The values for 6(*S) 
at 260 Mev are —0.02 and +0.03 rad for the velocity- 
dependent and static cases, respectively.) The values 
obtained for these parameters (and also for k’ and k’’) 
are given in Table I. 

The normalized wave function for the velocity- 
dependent potential is found using Eq. (10), with 
(*=2y/[1—yp(—.«, —‘e) ]. The coefficient A is deter- 
mined from the continuity of the wave function at 
r=b. The squared normalized wave function is plotted 
as a solid line in Fig. 1 and is substituted in Eq. (8) 
to calculate the integrated cross section. (The arrow 
shows the edge of the well, where the wave function 
has a discontinuity in its derivative.) We find 


Tint = 30(1+0.210+ 0.083) = 38.8 Mev-mb. (20) 


Inside the parentheses, the term unity comes from the 
kinetic energy operator. It is model-independent, as 
shown in Eq. (4). The term 0.210 comes from the 
Serber exchange mixture (x=4) chosen for the at- 
tractive static potential. The last term 0.083 comes 
from the explicit velocity dependence. 

The squared, normalized wave function for the static 
potential is plotted as a dashed line in Fig. 1. Since the 
two potentials » and 2, give the same binding energy 
and effective range, the wave functions are identical 
outside the range of the force (6<r or b’+e<r). We 
see from the figure that the squared wave functions 
are similar for r~1 f, though of course they disagree 
inside the static repulsive core. The wave function for 
the static potential is used in Eq. (8), assuming a 
Serber mixture for the attractive term, and putting 
\=(0. We find 


= 30(1+0.257)=37.7 Mev-mb. (21) 


0 int 


DISCUSSION 


Equations (20) and (21) show that our two choices 
of (grossly oversimplified) potentials give very nearly 
the same values for the integrated cross section for the 


rY-DEPENDENT POT 














1 


2 3 





lic. 1. The solid line gives the squared radial wave function 
Eq. 10) in f for the velocity-dependent potential of Eqs. (5) 
and (9) versus r in f. The arrow shows the edge of the square well, 
where there is a discontinuity in the slope of the wave function. 
The dashed line gives the squared wave function for the static 
potential, with repulsive core, of Eq. (14). The two wave functions 
are identical for r>2.0 f. 


deuteron photoeffec t. We note that our present calcu- 
lations of oint are, within 3 Mev-mb, in agreement both 
with earlier calculations*® and with an experimental 
value’ for the cross section integrated to the threshold 
for photoproduction of mesons. These agreements may 
be accidental. The conclusion which we can make from 
our present preliminary study is that the integrated 
cross section is insensitive to the presence of either a 
velocity-dependent term or a static core in the potential. 
are confined to the region 
30 <o int 30/[1—vp(—e, —e) ]=50 Mev-mb. Any ex- 
change force or velocity dependence of reasonable signs 
raise the value of ojn, above the model-independent 
value of 30 Mev-mb. The approximate upper limit of 
50 Mev-mb comes from the effective-range formula 
for the electric dipole deuteron photoeffect. (The 
effective-range formula for electric dipole transitions 
is valid at low energies,'' and provides a plausible but 
not rigorous upper limit for the cross section at high 


8.9 


The possible values of oint 


energies.) For square-well shapes, and a Serber mixture, 
a static well-behaved potential gives 36 Mev-mb, a 
static potential with infinite core gives 37.7 Mev-mh, 
and a velocity-dependent well-behaved potential gives 
38.8 Mev-mb. Thus, our three values all fall in } of the 
allowed region. 
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A series representation of scattering amplitudes analytic in cut planes is derived by meat 


s ola contormal 


mapping. The new series has the advantage that in general it converges more rapidly than the conventional 
power series. An example is considered in which an angular distribution which requires (cos@)* terms for a 
good fit requires only second-order terms in the new series. The resulting advantages in using this series 


in extrapolations t« 


N the application of dispersion relations one often 
needs a simple representation of a function which is 
analytic in a cut plane. For example, in extrapolating 
angular distributions to poles to measure coupling 
constants it has been customary to represent the angular 
distribution by a power series in cos#. An improved 
representation, with a greatly increased region of 
validity and with, in general faster convergence, can be 
obtained by first mapping the cut plane conformally 
into a unit circle, and then expanding in a power series. 
We have applied this method to the extrapolation of 
angular distributions and to the construction of tmodi- 
fied effective-range formulas, and have found a signifi- 
cant improvement over conventional methods. 
The conformal mapping which carries the interior of 
the cut z plane with branch points at s=a@ and z= —6 
[see Fig. 1(a) } 


into the interior of the unit circle in the 


w plane [see Fig. 1(b) 
——} 
b+:2/. 


eqigeys 
| is given by 


ae 


The additional requirements that the origin transform 
into the origin and that the real axis between the branch 
points remain on the real axis make the mapping 
unique. The branch cuts lie along the unit circle in the 
w plane [see Fig. 1(b)]. The corresponding mapping 
for a function with a single cut is obtained by letting a 
or 6 approach infinity. 


bfa—z 
w= {1- 
{ aX\b-+:z 


One can then expand a function f(z) which is analyti 
in the cut z plane shown in Fig. 1(a) in a power series 


(a) 2Z- plane 
if (/ PF a 
VL LLL LLM Lz 
/ V4sLA -b 4 AN v/a A 





Fic. 1. The 
formal mapping giv 
en by Eq. (1). The 
primed points are 
images of the corre 
sponding unprimed 
points. 


con 


(b) W- plane 





poles are discussed. As a second example, a modified effective-range formula is derived 


in w about the origin, i.e., 


f(s)=>_. a 


[w(z 


The analyticity of w(s) guarantees that the analytic 
properties of f(z) will be preserved in the w plane; 
hence that this series converges in the unit circle in thi 
«w plane. Therefore, it converges in the entire cut 
plane, except possibly on the cuts themselves. Even in 
the singularity-free region along the real axis in the 
plane this series will, in general, converge more rapidly 
than the ordinary power series in z. This follows from 
the fact that the rate of convergence of a Taylor series 
depends upon the distance to the nearest singularity, 
which is always relatively greater in the w plane. This 
argument of course breaks down if the discontinuity 
across the cut is concentrated far away from the origin, 
but this situation is unusual for the functions commonly 
considered in dispersion theory. 

Applications of the w series are quite numerous; 11 
should be advantageous to employ it in every case in 
which a conventional power series expansion has been 
used for a function which is analytic in a cut plane. 
The Mandelstam representation tells us that two-body 
scattering amplitudes have this property in both energy 
and momentum-transfer variables. 
for believing in the utility of th 


The physical basis 


series is the fact 





W Series Cos © Series 


- 











: 0.1 ° y . -09 -08 
w Cos 8 


Fic. 2. Comparison of p-p angular distribution (with backward 
pole at x» removed) as function of w and of cos@. In w, a parabola 
gave the good fit shown, whereas in cos@ a fourth-order polynomial 
was needed for a good fit. The standard deviations on the points 
are roughly the size of the dots drawn. For a pion-nucleon coupling 
constant /?=0.08, the curves should extrapolate to the point 
indicated by the arrow 

'S. Mandelstam, Phys. Rev. 112, 1344 
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APPLICATIONS: OF < 

TABLE I. Comparison of least-squares fits. The parameter (Q is 
the usual weighted sum of the squares of the deviations of the 
fitting curve from the experimental points. The quantity /? is 
the pion-nucleon coupling constant, known to be ~0.08, whereas 
n is the order of the polynomial 


Power series in cos@ w series 


Q Q f 


158 imag. 349 
38 0.022 13.7 
14 0.060 9.4 

8.9 0.084 8.4 
7.9 0.11 8.4 


imag. 
0.066 
0.086 
0.11 
0.11 


that it, in contrast to the ordinary power series, makes 
use of the entire region of analyticity of the scattering 
amplitude. 

The possible applications fall into two classes: the 
use of series expansions in dynamical theories, such as 
the Chew-Mandelstam equations for pion-pion scatter- 
ing’; and the use of series expansions to provide a 
phenomenological fit to experimental data. The appli- 
cations to dynamical calculations will not be considered 
in detail in this paper. They arise whenever it is 
necessary to make an analytic continuation to unphys- 
ical regions. This continuation has led to divergence 
difficulties when done by means of Legendre polynomial! 
expansions.’ Some of these difficulties would be removed 
by the use of the w series, since the individual terms 
remain finite when z approaches infinity. The rest of 
this paper will be concerned with two phenomenological 
applications of the w series; effective-range formulas 
and extrapolation to poles. 

In extrapolating to poles in scattering amplitudes to 
determine coupling constants or cross sections, it is 
necessary to extrapolate experimental data to unphys- 
ical regions in the momentum-transfer variable. This 
extrapolation has usually been done by fitting the data 
with the first few terms of a power series in momentum 
transfer by the method of least squares.4 We propose 
instead that the data be fit to the first few terms of a 
w series, which should result, according to the above 
arguments, in a better fit with no more (and often 
fewer) parameters. We have taken as an example the 
extrapolation to the one-meson exchange pole in cos@ 
in neutron-proton scattering. In this case the scattering 
amplitude at fixed c.m. energy, f(cos@) has branch cuts 
as shown in Fig. 1(a), with a=b=1+2m?/k’, where k 
is the momentum in the c.m. system and m is the pion 
mass. In addition there are poles at cos@= + (1+ m?/2k’). 
Because of the difficulty of making measurements near 
the forward direction it has been customary to extra- 
polate to the backward pole to determine the pion- 
nucleon coupling constant.‘ Suppose we wish to use 


2G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960). 

> G. F. Chew and S. Mandelstam, Lawrence Radiation Labora 
tory Report UCRL-9126, March, 1960 (unpublished). 

4 See, for example, P. Cziffra and M. J. Moravesik, Phys. Rev. 
116, 226 (1959) 
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experimental data in a certain range of cos@ near the 
backward direction. Then we choose our mapping w(z) 
such that all singularities, including the forward pole, 
are mapped onto the unit circle. In addition we shift 
the origin, z=cos@—2o, in such a way as to center the 
backward pole and the experimental data in the w plane. 
This is accomplished by choosing 6/a in Eq. (1) 
according to the following prescription: 


b/a=1/C,Cs, 
where 
YR XX 


xX] +x 1 


are the right- and left-hand 
branch points (in the example we are considering, xr 
has been chosen to be the position of the forward 
pole), while x, and x2 are the ends of the region to be 
centered about the origin in the w plane. 

Having mapped our experimental data into the w 
plane (only the positions of the points are shifted, of 
course; the values of the cross section are unchanged), 
we can now fit the data with the first few terms of a 
power series in w by the method of least squares. The 
extrapolation can then be carried out in the usual 
manner.‘ 

The comparative results with the w series and the 
ordinary power series are shown in Fig. 2 and Table I 
for an especially favorable case among those investi- 
gated. The data are at 400 Mev, and consist of eight 
points between 130° and 180°.5 According to statistical 
criteria discussed by Cziffra and Moravesik,® the 
lowest-order polynomial giving a good fit is second order 
(or possibly third; the choice is not clear-cut here) for 
the w series, whereas it is fourth order for the ordinary 
expansion in powers of cosé. Thus the expansion behaves 
as expected on the basis of the analytic structure in 
cos6 predicted by the Mandelstam representation. 


5 The data are those of A. J. Hartzler, R. T. 
Opitz, Phys. Rev. 95, 591 (1954). 

6 P. Cziffra and M. Moravesik, Lawrence Radiation Laboratory 
Report UCRL-8523, October, 1958 (unpublished). 
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Several other cases were investigated. When twelve 
points at 400 Mev between 180° and 90° were fitted, 
the w series again tended to lower the order of the 
polynomial and give a better value of f* for the low- 
order polynomials, but not so much as in the eight-point 
case. When 23 points at 400 Mev between 12.7° and 
180° were fitted, the w series gave no advantage over 
the cos@ series. This behavior is to be expected theo- 
retically, because when a wider region is used over 
which data must be fitted this region approaches closer 
to the branch cuts in the w plane. Thus the advantage 
gained from the mapping is greatest when data are 
used over only a small part of the physical region. 

The success of the w series in lowering the order of 
the fitting polynomial strongly recommends it as a 
better representation to use in making extrapolations. 
It should be recognized, however, that in the mapping 
the distance of extrapolation is lengthened relative to 
the length of the region over which measurements are 
used. Thus the advantage gained by performing 
extrapolations in the w plane is reduced. 

A closely related application of the w series would be 
to fit angular distributions with this series rather than 
the usual phase-shift analysis. Improvement in the 
fit, as well as a possible reduction in the number of 
parameters, might result. Such a program would be an 
extension of the modified phase-shift analysis of Cziffra, 
MacGregor, Moravesik, and Stapp, in that it recognizes 
the existence of the branch points as well as the poles.’ 

We now turn to consideration of the w series for 
deriving modified effective-range formulas. Noyes and 
Wong have shown that the usual effective-rayge formula 
for singlet p-p scattering, for example, follows from the 
Mandelstam representation if the unphysical branch 
cut is simply replaced by a pole.* An alternative 
approximation is provided by the w series. The tech- 
nique, which will be described below, can be used 
whenever a phenomenological approximation to a 
branch line is desired. 

Let us consider in detail the case of nucleon-nucleon 
scattering. For any partial wave (except the triplet S 
n-p) the Mandelstam representation implies that the 
only singularities are two branch cuts on the real axis, 
is shown in Fig. 1(a). If we choose as our variable 

=qg, the square of the center-of-mass momentum, 
then a=0 and b=}. Unitarity tells us that in the elastic 
region the S-wave amplitude has the form (neglecting 
relativistic corrections 


Ju e’ siné q. (5) 


A convenient method for constructing such an ampli- 
tude is the familiar method of Chew and Mandelstam 
of expressing f as a quotient, f='/D, such that V 
carries only the left cut and D only the right cut.? Then 
it follows from Eq. (5) that 


7 P. Cziffra, M. H. MacGregor, M. J. Moravesik, and H. P. 
Stapp, Phys. Rev. 114, 880 (1959 

*H. P. Noyes and D. Y. Wong, Phys 
1959 " 


Rev. Letters 3, 191 


V(v’) 
D(v)= 
v’)8(v’— v) 
One can write down a similar equation for .\V; or, on a 
phenomenological level, one can obtain the usual 
effective-range formula by replacing .V by a pole. The 
alternative method we propose is to expand V in a 
power series in w, where w is chosen appropriate to the 
singularities of .V; i.e., 
1— (4v+1) 


1+ (4v+1 


As emphasized above, such an expansion is valid in the 
entire vy plane except on the left cut. In particular, it is 
valid over the entire range of the integral in Eq. (6). 
Now the approximation we make is of course to keep 
only a few terms of the series. With two terms, 
V=—dotaw, (8 


we have a two-parameter formula, just as is the case 
with the usual effective-range formula. This approxi- 
mation, however, has the advantage of being mathe- 
matically more straightforward than the replacement 
of a branch cut by a pole. Substituting Eq. (8) into 


Eq. (6), we obtain 


1 | ay 4y+-1 (4v+1 i 
q cod 1-— ( ) In 
Vi owL\ 4 (4v4+1)}—2: 


The parameters a» and a, can be fixed by requiring the 
0. Then dy is 


(9 


| 
Lory 


correct value and slope of gcoté at » 
the usual scattering length, whereas 


10 


The results for the singlet S, p-p scattering are com- 
pared in Fig. 3 with the usual effective-range curve and 
with the Noyes-Wong calculation." 

Further applications of the w series as a method for 
representing functions analytic in cut planes are very 
numerous. At the present stage of development of the 
program of construction of a dynamical theory of 
strong interactions on the basis of analyticity and 
unitarity, it is often necessary to confess ignorance by 
the phenomenological representation of branch cuts 
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* In using the proton-proton phase shifts we assume that g coté 
as calculated is to be compared with the usual Coulomb modifi 
cation, C*g coté+2gnh(n). See, for example, G. Breit and R. L 
Gluckstern, Ann. Rev. Nuclear Sci 3 365 (1953). Further 
Coulomb effects [H. P. Noyes and D. Y. Wong (to be published) ] 
can be shown to have only a small effect on the calculation 

7 Another conformal mapping has been derived independently 
by D. M. Greenberger and B. Margolis, Phys. Rev. Letters 6, 
310 (1961), for the purpose of constructing a modified effective 
range formula. Although the mapping is quite different, the 
results are similar to those obtained above 
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The structure of quantum theories with indefinite metric is studied with the aid of several simple models. 
It is shown that the pseudo-unitary scattering matrices entering such a theory are not inconsistent with 
physical interpretation provided a suitable invariant projection of physical state is carried out from among 
all the states. .\ relativistic quantum theory of interacting fields is outlined and is suggested as a basis 
for a dynamical theory of elementary particles. It is argued that the formal introduction of an indefinite 
metric together with supplementary interpretive postulates may help to reinstate the principle of simplicity 


in a consistent theory of elementary particles. 


1. INTRODUCTION 


EGATIVE probabilities and the notion of an 
indefinite metric have been considered many 
times previously in quantum theory; and while no 
explicit contradictions could be pointed out it has often 
been suggested that the introduction of an indefinite 
metric would make quantum theory inconsistent. On 
the other hand, it has also been suggested that if it is 
ever possible to construct a self-consistent quantum 
theory using an indefinite metric it should be possible 
to reformulate the theory without using an indefinite 
metric ; this suggestion, which derives some confirmation 
from the structure of quantum electrodynamics (where 
it is possible either to work with the Gupta-Bleuler 
form involving an indefinite metric or with the Dirac- 
Schwinger form involving an instantaneous Coulomb 
interaction), also points to the possibility that the 
indefinite metric with “local” interactions may actually 
be a method of presenting a theory with a definite 
metric but “nonlocal” interactions. Thus, rather than 
suggest that the indefinite metric is superfluous in this 
case, it in fact suggests that the use of the indefinite 
metric may provide the most elegant method of 
construction of consistent nonlocal relativistic theories. 
The question of “local” versus “nonlocal” interactions 
has also been discussed often and it has sometimes been 
claimed that nonlocal theories cannot satisfy both 
relativistic invariance and the dynamical principles 
leading to specification of Cauchy data for the operator 
fields entering a Lagrangian theory of quantized fields. 
This claim is unsound in view of the existence of the 
Dirac-Schwinger formulation of quantum electrody- 
namics. Since such a success is not duplicated in any 
other quantum field theory, one is not able to generalize 
the dynamical structure of quantum electrodynamics ; 
such a situation is very unsatisfactory. 

In recent years methods of dealing with strong 
interactions not explicitly dependent upon a Lagrangian 
* Supported in part by the U. S. Atomic Energy Commission. 

| Note added in proof. Since this paper was submitted for pub 
lication, the author has come across the following related papers: 
G. Barton, Nuovo cimento 17, 864 (1960), L. A. Maksirmov, Zhur. 
Eksp. Theoret. Fiz. 36, 465 (1959) and K. L. Nagy, Nuovo cimento 
17, 92S (1960). Nagy gives a brief review of the indefinite metric 
theories; it is curious that according to the discussion of Nagy our 
theory is ‘‘non-interpretable.” 


formulation have been developed. The success of these 
methods in regard to quantitative correlation of strong- 
interaction data have to a certain extent hidden the 
fact that such a theory is primarily an elegant scheme of 
“self-consistent field approximation” and the basic 
questions of elementary particle architecture (as distinct 
from the calculation of strong-interaction transition 
amplitudes) are outside the scope of such a theory. The 
various conventional Lagrangian schemes for relativ- 
istic fields have been completely powerless in providing 
an answer to these questions; the exceptions are certain 
unorthodox attempts but these do not subscribe to the 
“orthodox” postulational scheme, noticeably the one 
relating to the restriction to positive definite proba- 
bilities. On the basis of the case of quantum electro- 
dynamics (and to a certain extent, on the basis of some 
of the simple models discussed below), one is led to 
assert that for a Lagrangian formulation of theory of 
interacting fields manifest covariance and _positive- 
definite metric are complementary aspects, and that 
if we indulge in the luxury of manifest covariance it 
may not be possible to argue on the basis of physics to 
rule out negative probabilities. This view is elaborated 
in the following sections of this paper. In Sec. 2 we 
discuss the simple example of a two-level system with 
indefinite metric and several elementary results are 
deduced. In Sec. 3 this case is generalized to provide a 
discussion of the neutral scalar theory; this particular 
case which is completely solvable in closed form 
exhibits many interesting features. In Sec. 4 we again 
consider a simple model which cannot be completely 
solved but a partial diagonalization into “sectors” can 
be obtained and explicit solutions for several sectors 
can be obtained. The resemblance of the Lee model to 
this case is also discussed. A system similar to the ones 
discussed by Pais and Uhlenbeck is considered in Sec. 5. 
A model of quantized field theory which involves the 
indefinite metric for which certain scattering states can 
be explicitly solved is constructed in Sec. 6. A new 
formulation of a relativistic theory of interacting 
quantized fields is outlined in Sec. 7. The theory is 
compared with some earlier work of Bogoliubov in 
Sec. 8. Certain questions of principle and outlook are 


discussed in Sec. 9. The Appendix compares the Gupta- 
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Bleuler and Dirac-Schwinger formulations of quantum 
electrodynamics. 


2. THE TWO-LEVEL SYSTEM 


Let us consider a quantum mechanical system with 
only two states labeled 1 and 2; the state vector is a 
2-component vector and the Hamiltonian operator must 
now be a 2X 2 matrix which would be pseudo-Hermitian 
if the metric is indefinite. No generality is lost by 
choosing the metric operator to be diagonal and to 
have unit square. Then an arbitrary time-dependent 
Hamiltonian process is expressible in terms of a pseudo- 
unitary S-matrix transforming initial state vectors into 
final state vectors. That such a matrix, and more 
generally a pseudo-unitary matrix connecting the state 
vectors at two finite times, exists can be deduced easily 
from the existence of the pseudo-unitary matrices 
relating infinitesimal time differences; and the latter 
follows from the existence of the Schrédinger equation 
with a pseudo-Hermitian matrix. To make the analogy 
with a real scattering process closer, we may assume 
that the Hamiltonian matrix H consists of a constant 
multiple of the unit matrix plus an interaction term 
which vanishes at both initial and final times. Under 
these restrictions there exists a pseudo-unitary S matrix 
which may be expressed in the form: 


S=exp(216), (1) 


where the phase shift matrix 6 is a pseudo-Hermitian 
matrix. It is easier to parametrize this matrix and 
choosing the basis so that the metric 7 is identical with 
the Pauli matrix o;) the general form may be written 


a+b ictd 
6 = ® 
ic—d a—b 
where a, 6, c, d are all real parameters. The eigenvalues 
of 6 are given by 


(2a) 


6= at|[b —(C+d*) |, (2b) 


and are real as long as ¢°+d°*<# in spite of the fact 
that the matrix 6 was not Hermitian. We may also 
verify that as long as these roots are real the eigen- 
vectors have nonvanishing norm, but as soon as the 
eigenvalues become complex (i.e., °+d?>#) the vectors 
become null vectors. 

Consequently, as long as the eigenvalues of 6 are real 
and distinct (and consequently those of S unitary), 
there exists an eigenstate of the system with a non- 
vanishing norm and which can be normalized to have 
¥.~)=+1. Hence in this case physical probabilities 
are positive definite provided one imposes the supple- 
mentary condition that 


Ay=0, 


* 


A= g¢"n (3) 


where ¢ is the state with negative norm. Two points 
are to be noted in this connection: 
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(i) The important question is not the unitarity of 
the S-matrix but the unitarity of the eigenvalues. In 
this case the supplementary condition can always be 
imposed and the “physical” states' so obtained can be 
chosen to have norm -+1. 

(ii) The interaction Hamiltonian cannot be chosen 
arbitrarily if one works within the framework of the 
2-level amplitude, but must be such as to ensure the 
unitarity of the eigenvalues of the S matrix. 


These considerations which are explicitly demon- 
strated here for the two-level system can be immediately 
generalized.” In the n-level case we work again with 
the pseudo-Hermitian phase shift matrix 6. If the eigen- 
value A of 6 is complex, the corresponding eigenvector 
is a null vector (i.e., has zero norm) since the pseudo- 
Hermiticity requires that 


AWW) = (W,6¥) = (6.x) =A* (VW), 


(A—A*) (WwW) =0. 


It can also be shown that if the eigenvalue J is real the 
corresponding eigenvector can be chosen to have norm 
+1 at least if the characteristic equation has no 
multiple roots. Consequently the supplementary condi- 
tions annihilating all negative norm states can be 
imposed with consequent assurance that all ‘‘physical”’ 
probabilities are nonnegative. 

Let us now consider the related case of a particular 
system with an infinite set of states called the Yukawa 
oscillator ; this system is defined by a ‘‘pseudo-oscillator”’ 
coupled to a static source: 


H=H,+H,= —wa'ta+ go(a'+a), (4) 
where 
at=yna*y and 
The states y, are defined as usual by the eigenvalues 
of a‘a and have the scalar product 


(WnWm alay,= —ny, 


For Hermiticity of the Hamiltonian it is necessary that 
if the source strength p is real, the coupling constant g 
is real. The Hamiltonian is pseudo-Hermitian but it 
can be diagonalized by the introduction of new oscillator 
variables : 


(—1)"3..: 


b=a—(g/w)p, bt=a'—(g/w)p 
Then 


H = —wh'b+ (g°/w)p 


the energy eigenvalue is consequently increased by the 
amount (g*/w)p* and the eigenstates are eigenfunctions 
of btb which have the norm exp(i7b'b). Here again the 
“physical” probabilities can be chosen to be nonnegative 

1 It may be necessary to strengthen the supplementary condition 
by further selecting a subset from among the eigenstates of the 
S matrix with positive norm; compare reference 7 

2See, for example, L. K. Pandit, Suppl. Nuovo cimento 11 
157 (1959) 
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by the appropriate supplementary condition 


[1+exp(irb'b) W=0. 


3. NEUTRAL SCALAR THEORY AND POTENTIALS 


The Yukawa oscillator discussed in the last section 
could be thought of alternatively as a (one-dimensional ) 
particle obeying the pseudo-canonical commutation 
relation 


[pg]=+i 

(note the opposite sign to the usual case) with a suitable 
restoring force. We can formally extend this to introduce 
now a field theory with indefinite metric. Let @(r) and 
m(r) be the operators for a neutral scalar field and its 
canonically conjugate momentum density satisfying 
the commutation relations : 


[a(r),6(r’) |= +i6(r—r’). 


A theory of this neutral scalar field interacting with a 
source density p(r) is obtained by choosing the Hamil- 
tonian density : 


(1) = 2° + u'g’?+ (Vob)*+ gpd. (7) 


The commutation relations have the sign opposite the 
usual scalar field commutation relations and can be 
seen to correspond to a theory with indefinite metric. 
Introducing destruction and creation operators a(k), 
a'(k) for each momentum vector k, one finds that 


[a(k),at(k’) |= —é6(k—k’), 


so that the metric operator is 


n= exp in f we a' (k)a(k) 


and the Hamiltonian is 


H=— f areiu + 


« 


k*)'a' (k)a(k)+[g/ (162°)? |} 


x freuete) ‘T a(k)a‘ (k) + p*(k)a(k) ]. 


By the substitution 
b(k) 
bi tk) 


a(k)— (167°) !¢(u2+ 2) p(k), 
at (k)— (162*)~ 3g (u2+ k)-*p*(k), 


one obtains the diagonalized Hamiltonian: 
H=- feu +k?) (k)b(k) 


; exp ( 
+ (g? an) { [rer or) 


Thus the net effect of the Yukawa coupling in this 
case is to introduce a repulsive interaction between the 


—yp\r—r'|) 
: . (8) 
r—r’ 
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sources ; if we had used a theory with the usual commu- 
tation relations and consequently a positive definite 
metric, the transformed Hamiltonian would have looked 
the same except that one would have had an altractive 
Yukawa interaction between sources of the same kind. 
This change in sign is accompanied by the still indefinite 
metric exp[ia fd*k bt(k)b(k) }. Again, because of the 
simple structure of the theory, one could introduce the 
supplementary condition: 


t bexp] in fire 0 (k)b(k) iv (). 


This simple example also illustrates for us that 
“local”? interactions and ‘nonlocal’ interactions are 
not necessarily physically different. It was also neces- 
sary in the case of a repulsive potential to introduce 
“local” interaction structure only by the artifice of 
introducing fields with indefinite metric. 

In this theory there is no interaction between the 
“mesons” and the sources as seen explicitly by the 
transformation. Because of the simple structure of this 
theory it is possible to introduce any required potential! 
between static sources; one need only express the 
potential as the superposition of Yukawa potentials 
and the square of the “strength” the 
coupling constant. For attractive Yukawa components 
one has fields with “normal” commutation relations, 
and for repulsive components one has fields with 
‘abnormal’? commutation relations. 


use root 


as 


A particularly interesting example is provided by the 
exponential potential (either attractive or repulsive) ; 
no contact interaction theory with positive definite 
metric can give such a potential because the asymptotic 
form is given by the “exchange of the quantum of 
lowest mass.”’ With indefinite metric this can 
considered as a dipole field case; namely, the limiting 


be 


case of the sources being coupled to a normal field and 
an abnormal field (possessing indefinite metric) of 
nearly equal masses and equal strengths. 


4. THE LEE OSCILLATOR 


We now consider another dynamical system with an 
infinite number of states which cannot be solved com- 
pletely, but a partial diagonalization reduces it to the 
special finite-dimensional case discussed in Sec. 2. For 
this purpose we introduce the normal oscillator variables 
a‘, a, ct, c and abnormal oscillator variables 6, 6 which 
satisfy the relations 


= [ yf 


all other commutators 


[a,at | +1; 


[ b,b' 


The total Hamiltonian is 


H 


—mb'b+weict+g(blactatcid), 
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where pseudo-Hermiticity requires that 
m*=m; w*=w; g*=g. 
Phere are two conserved quantities : 
Vi=ata—btb; VNe=—btb+c'e, (12) 


which take on nonnegative integral values; one easily 
verifies that these two operators commute with the 
Hamiltonian and with each other and can hence be 
simultaneously diagonalized with the energy. In terms 
of these operators, we can simplify the Hamiltonian 
to the form 


H=mNoto'ch +g(b'act+a'c'd), 


with w’=w—m. A complete basis is constituted by the 
eigenstates of the number operators labeled by the 
eigenvalues of the 3 number operators in the form 
NqNpN-) With the metric (—1)”. 

We now observe that there are precisely 1+ min (11;,2) 
such states corresponding to the eigenvalues m; and 1» 
of the number operators: hence for every choice of 
and m2 the eigenstate of the coupled system can only 
be linear superpositions of a finite number of states and 
the problem of finding the exact states of the coupled 
system reduces to an eigenvalue problem for a pseudo- 
Hermitian finite-dimensional matrix. The associated 
finite-dimensional subspace will be called the “sector” 

Ny,M2). 

The simplest sectors are those where min(#,,%2)=0; 
these are eigenstates of the exact Hamiltonian and 
correspond to the states | #,,0,0) and | 0,0,n,). All these 
states have positive norm. The next simplest corresponds 
to min(;,22)=1 and the sectors are two-dimensional ; 
and is constituted by the states |m,—1,1,0) and 

n.,0,1) and by the states 0,1,2.—1) and 1,0,n-). 
In either case the pairs of states have opposite norm. 
The eigenvalue problem reduces to the quadratic 
equations 


m—E +g(nq)? 
der( )=0: 
—g(n.)i w—E 
(13) 
Nnawotm— f: +g(n,)? 
aer( )-o 
—g(n (n-+1)w—F 


rhe conditions for real roots are 
(m+w)*—4(mw+ng’*) 20, 


with m=n, 


is real, we have 


or n=n, in the two cases. Recalling that g 


(14) 


w—m'\/\g 22 /n, 


it /: is to be real. As long as the inequality is satisfied, 
the two eigenstates of the coupled system can be chosen 
to have norms +1 and —1, respectively. On the other 
hand, if the condition is not satisfied, the roots become 
complex and the eigenstates have vanishing norm. The 
those of positive-definite 
should impose the supple- 


only admissible states are 
norm: and consequently we 


Sl 
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mentary condition that only these states are allowed. 
It is important to notice from the structure of the 
condition for real roots that for fixed values of the 
parameters m, w, g (with g #0), for a sufficiently 
large value of #, or ,, this condition is violated. 
Hence, if we consistently apply the supplementary 
conditions to select out the ‘physical states,” only a 
finite number of these ‘sectors’ are allowed; the 
specific number is dependent on the specific numerical 
values of the system parameters and is not particularly 
relevant. 

Similar conclusions result from a study of the next 
set of sectors defined by min(#,,72)=2. These sectors 


are three-dimensional and consist of the states 
Na—1, 2,0), |a,1,1), |2a+1,0,2) and the states 


0, 2,2-—1), |1,1,2.), |2,0,2.-+1). The eigenvalue 
equations for the two cases are cubic equations: 





{f m—E +g(2n,)' 0 
det | —g(2n,)! ma-w— kh +¢(no+1)!} (), 
L 0) —g(ng+1)! 2w—/ 
(15) 
({n-—l)wtlm—k + g(2n-)! 0 
det —g(2n.)' naotm—E +g(n.+1)! | =0. 
L 0 —g(n.+1)! (n.-+1)w— E) 


The condition of reality for both these equations can 
be seen to be the same and is equivalent to requiring 
that the cubic equation 


—[w"?— (3n+1)g* jxn— (n—1)w’g?=0, 


must have 3 real roots; namely 


4[ (m—w)*?— (3n+1)g? P> 27(n—1)(m—w)*g*. (16) 


Again we notice that the sectors contain states of both 
norms; and the condition for three real roots is again 
dependent on x” although one root is always real. For 
suitably large values of the condition is always 
violated; and since physical to 
eigenstates of the coupled Hamiltonian with norm +1, 
these are only a finite fraction of such states. One can 
proceed in a similar fashion to construct the physical 
states for the various sectors; by virtue of the oscillator 
commutation relations it follows that the off-diagonal 
matrix elements will increase with » and for every 
nonzero value of g, there are only a certain number of 
states in the various sectors yielding real eigenvalues 
for the energy. 

As long as the restriction to ‘“‘physical’’ states is 
imposed by the supplementary conditions all physical 
energy eigenvalues are real, and correspondingly an 
arbitrary physical state will have its time dependence 
completely in accordance with the real phase changes 
corresponding to reai energies; and all transition prob- 
abilities will be positive and no inconsistencies will 
arise. If we so desire we may reformulate the theory in 
terms of a “reduced” Hamiltonian operating on the 
physical states only; and one can entirely dispense 
with the indefinite metric and pseudo-unitary transition 


states correspond 











matrices. But this reduction is achieved at a price: 
We can no longer express the dynamics of the system in 
terms of a simple set of coupled oscillators. Note that 
we cannot talk about arbitrary operators constructed 
out of the original oscillator variables as if they were 
observables ; observables are those operators which have 
no matrix elements connecting the physical states with 
the unphysical states. In general, in the original oscilla- 
tor representation these are also represented by pseudo- 
Hermitian operators. 


5. PAIS-UHLENBECK OSCILLATORS 


In connection with the study of a certain class of 
field theories, Pais and Uhlenbeck® were led to consider 
a system defined by the variational principle 


(i | 
i fay ~aP( )e =0, (17) 
or 


where F(x) is a real polynomial of degree .V in the 

variable « with F(0)=1. Since the equation of motion 
F(&/df)g=0 

is a linear differential equation in g with constant 

coefficients, it can be solved explicitly. This system 

can be cast into a Hamiltonian form by introducing, 

following Pais and Uhlenbeck, the variables: 


» Pr 
u=I'(1+6" a (18) 
i=l Or 


where the constants w, are related to the decomposition 
of F(x) in the form 


F(x)=T].(1+w,x). 


i=l 


One can then show that this dynamical system corre- 
sponds to the Hamiltonian 


Vv V 


H=YD{(p?/4a;) + (ao 2q2)}=D Hy, 
j=l 
where 


l 


(19) 


- gry + 
a, [wk (—w;*) ] 


If # (x) is a polynomial function it foilows that the 
quantities a; alternate in sign. We call a quantum- 
mechanical system of this type (assumed to correspond 
to \V real distinct values w; for convenience) a Pais- 
Uhlenbeck oscillator. 

Since the contributions from the various H/ alternate 
in sign an indefinite metric is called for; the commuta- 
tion relations for the p;, g; are 


pigs J=i(-1)%57, [ones J=CoigrJ=9. (20) 
We now introduce the oscillator variables: 
a;= (2w;)-3(p;’+iw,q,;’), 
a;!= (2w;)-1(—1)*"(p;’—iw,q;’), 
‘A. Pais and G. E. Uhlenbeck, Phys. Rev. 79, 145 (1950 
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with 
p; (\a;/2]) 1D j, qj = (\aj/2| )4q;- 
The quantization corresponds to the indefinite metric 
n= exp[ixd (j+1)a;'a,; |. (21) 

With these commutation rules and the definitions of 
these oscillator variables in terms of the basic variable 
q the equation of motion is satisfied. Since the various 
degrees of freedom are completely independent, the 
eigenvalue problem is trivial. However, the supple- 
mentary condition that eigenstates of negative norms 
do not enter the set of physical states has to be imposed. 

If we impose these conditions, it follows that neither 
g nor the full set of functions of all p; and q; are ob- 
servables. Since pj, g; have matrix elements connecting 
states with opposite norm if 7 is even, those operators 
which correspond to odd functions of the pj, q; for 
even j are not observables. It is to be particularly 
noticed that neither g nor any of its time derivatives 
is an observable; the imposition of the supplementary 
condition thus makes it impossible to consider the 
basic variable g as an observable. If we so wish, we 
may rewrite the theory in terms of only the physical 
states and the indefinite metric then no longer enters 
the theory. However, this ‘reduced’ Hamiltonian 
becomes extremely complicated; if one attempts to 
write down an operator equation of motion in terms of 
qg in this “reduced” form, this equation is no longer a 
differential equation, but an integro-differential equa- 
tion. Of course the formal simplicity of the primitive 
theory using the indefinite metric is somewhat mis- 
leading because the physical interpretation requires 
that one goes to the “reduced” form. Here again we 
see that the indefinite metric leads to formal simplifi- 
cation of the theory and that the ‘‘reduced” theory, 
while it employs only a positive-definite metric, is 
formally more complicated. 


6. AMODEL OF QUANTIZED FIELD THEORY 


We shall now construct a solvable model of an 
interacting quantized field that has some resemblance 
to a model constructed by Lee.t The model is defined 
by the Hamiltonian, 


H = f ae{a' bath) Ex(®) +-bt (k)b(k) F2(k) 


tot (k)c(k)w,(k) —dt (k)d(k)wo(k)} 


1 M m 
+ f faenee( ) ( ) 
(43)! E\(k+p) Es(p) 


| gic! (k) d'(k) 
x|a(p+k)e'(p)( —-+ £2 ) 
| Qwor(k)}! > [2wo(k)]}! 


k gic(k) god (k) 
+a! (pt ocn)( + I. (22) 
, [ 2w(k) }? [ 2w(k) }} 


‘T. D. Lee, Phys. Rev. 95, 1329 (1954 











2188 Be €: Go 


where the oscillator variables satisfy the commutation 


relations: 
[a(k),at(k’) | [b(k),b'(k’) | = [c(k),ct(k’) ] 
—[d(k),dt(k) ]=6(k—k’), 


(23) 


all other commutators=0, and 


I (k) = (M?+?); 
w(k)= 


Ieo(k) = (m2 +#)!; 


(uy>+k?)!; wo(k) = (uo*+k?)}, 


here are two constants of motion: 


B fetterdrate) +0100), 


V J eeca'kjatk) +¢ (k)c(k)—ad' (k)d(k)}, 


which both have non-negative integral eigenvalues. A 
pair of such eigenvalues #7;,72 defines a “‘sector.’’ The 
“abnormal” commutation rules obeyed by the variables 
d(k), d'(k) necessitates an indefinite metric and in the 
Fock representation in terms of the eigenstates of the 


number operators %,, 5, Ne, Na, the metric is given by 


n=(-1 


\s in the Lee model, here again the no-particle state 
and the one-particle states corresponding to the quanta 


b, c, d are stationary states. The first nontrivial state 
where genuine scattering occurs is for mj=ns=1. A 


detailed study of this model has been made by Schnitzer 
and the present author ; here we shall be merely content 
to write down the 7 matrix for the sector (1,1) which 
is obtained using known methods’: 


f,? + fi fo\e*™ sind(E 
T(E - : (24) 
ot nn fr— ft." 
here 
é F -h( Ek —ite) h( E+ 1. ; 
= 9 [Et m?— 
m 
h(z)=M—=z4 (gi’ar(u1,2) — go" (2,2) (25) 
Rar 


{(x-+m+p)(x+m—p) 
X (x—m+p)(x—m—p)}? 
r*(z—-x) 


We note that, as was to be expected, the S matrix is 
not unitary but only pseudo-unitary. However, its 
eigenvalues are unimodular for al/ values of the energy 


and the two (unrenormalized) coupling constants. The 


particular structure of the 7 matrix also shows that 


* Compare W Nuclear-Phys. 4, 532 (1957) 


Heisenberg 
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only one state has any scattering; and this state has 
positive or negative square according as />/? or 
f°< fe. (Null eigenvectors will not occur except for 
the case f;?= fs*; but in this case we can always redefine 
the eigenvectors to have positive and negative norms, 
respectively.) If we now invoke our rule and project 
out the eigenstates with negative norms, we will have 
a consistent theory of a two-particle system with only 
one channel and an energy-dependent scattering phase 
shift. 

Let us consider the energy dependence in some detail ; 
according to Eq. (25), for sufficiently high energy, 
f1/ fg tends to gi/g2 monotonically. Hence it is necessary 
to have g;°2g," if we have to have some scattering in 
the “physical” channel at all energies. On the other 
hand, the integral defining (2) is divergent logarithmi- 
cally, except for the special choice g;>=g,. In this case 
the integral is convergent and it can be shown that the 
corresponding field theory is now free‘of aé/ divergences. 
The cancellation of divergences comes from the fact 
that the high-energy contributions to the various 
integrals are suppressed by virtue of the comparable 
contributions of opposite signs from the two fields 
entering the original Lagrangian. 

For g:°= g2’, the condition {> /-* requires that 
(m?—p;")?> (m?— pw? 


so that they are all satisfied by a suitable choice of the 
three masses m, 1, we. This simple possibility (as well 
as the simple solution) are a result of the fact that the 
“reduced” matrix element (corresponding to a Feynman 
diagram with all external lines amputated) is the same 
for either c-field or d-field external lines; and this in 
turn was made possible by the specific choice of the 
interaction. 

In a more general case, the reduced matrix element 
will itself depend upon the nature of the coupled 
quantum and the exact eigenstates of the transition 
matrix can be found only after a complete solution of 
the dynamical problem; there will in general be “scat- 
tering” in both channels but the procedure for selecting 
all the physical states remains unchanged. The question 
of nonunitary eigenvalues for the S matrix cannot now 
be settled without detailed investigation of the partic- 
ular dynamical scheme. But as long as the eigenvalues 
are unimodular and distinct, there exist eigenstates 
with positive square which can be chosen to be physical! 
states. 


7. RELATIVISTIC QUANTUM THEORY OF 
INTERACTING FIELDS 


On the strength of the demonstrations in the last 
section, we are led to ask if similar ideas can be used to 
construct a consistent relativistic quantum theory. We 
shall defer the discussion of such a theory for interacting 
particles to another paper but briefly consider the 
question of interacting fields. The present status of 
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Lagrangian field theories is that all such manifestly 
covariant theories with interaction involve divergent 
quantities; and while for “renormalizable” theories a 
graphical calculus (involving only the physical mass 
and coupling constant and no divergent quantities 
explicitly) can be formulated, the connection with the 
original Lagrangian is made only through meaningless 
divergent expressions. Also any attempt to compute at 
least some of the masses and coupling constants in 
terms of other parameters of the theory seems im- 
possible. 

The possibility of obtaining finite expressions in such 
a theory using cancellation of the high-energy contri- 
butions was recognized in the so-called Feynman cutoff ; 
but this was considered as a formal procedure without 
physical meaning because of the negative probabilities 
arising out of such cutoffs.® But the program outlined 
in the previous sections shows that the negative proba- 
bilities and the resulting pseudo-unitarity of the S 
matrix do not prevent the selection of a suitable set of 
“physical” states. 

We are thus led to the following program for a 
relativistic quantum field theory. Construct a simple 
manifestly covariant Lagrangian density involving an 
arbitrary number of ‘“‘normal’’ fields with local cou- 
plings; with every “normal” scalar field associate an 
“abnormal” field with all quantum numbers the same 
(but corresponding to a different mass) and couple it 
in the Lagrangian with the same coupling constant. 
In other words, it is the sum of the normal and abnormal 
fields which is coupled. For a theory involving only 
scalar fields the resultant theory involves no infinities 
and can always be solved more or less using appropriate 
approximation techniques. The resulting “steady states”’ 
of the theory (both one-particle states and scattering 
states) may then be classified as “physical” or ‘“un- 
physical” according as whether the square of the vector 
is positive definite or not. Select out the physical states 
and in this physical sector, the theory contains only a 
positive-definite metric. Note that the relativistic 
invariance is still preserved since the steady states of 
a relativistically invariant theory themselves form 
invariant manifolds. The one-particle states being, in 
veneral, nondegenerate, one set of them will correspond 
to physical states for every type of field, but this is no 
longer true of the two-particle and higher states’; nor 
does one obtain the simple case outlined in the last 
section since in general the “reduced matrix elements” 
do depend upon the type of the external lines to which 


* See, for example, N. N. Bogoliubov and D. V. Shirkov 
Introduction to the Theory of Quantized Fields (Interscience 
Publishers, Inc., New York, 1959), p. 395. 

7In order that a particle interpretation may exist in the field 
theory it seems necessary to further restrict the allowed physical 
states. There are two kinds of two-particle states with positive 
norm, but only one of them corresponds to a state of two physical 
particles in the limit of no interaction; the other corresponds to 
a state of two unphysical particles. The requirement is the 
“asymptotic condition” in the present formulation and is required 
only if we demand a particle interpretation of this field theory. 
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they are to be attached. Clearly no definite and general 
answer can be given regarding the nature and compo- 
sition of the scattering states without a systematic 
study of this framework. 

While the theory involves no infinities, there are 
still mass and coupling constant renormalizations to be 
performed in this theory; the important difference is 
that these renormalizations are now finite and are 
analytic functions of the parameters (masses and 
coupling constants) entering the primitive Lagrangian. 
The proof of renormalizability can be carried through 
exactly as in the conventional theory and one can, in 
complete analogy,® formulate a graphical calculus for 
the transition amplitudes in the theory. However, the 
new element entering the present theory is the intro- 
duction of the abnormal fields as dynamical fields and 
the selection of the “physical” states; while an exact 
separation requires a knowledge of the complete solution 
and is thus inaccessible in a realistic theory, the sepa- 
ration can be carried through to any order in the finite 
perturbation theory. Thus we have an iterative process 
to define the physical states, the observables and the 
physical transition amplitudes which can be carried 
through to any desired degree of approximation. 

The functional relation between the primitive masses 
and coupling constants and the corresponding renormal- 
ized quantities is considerably more complicated, and 
the perturbation expansion in terms of the primitive 
parameters may be much less convergent.’ But even 
here, the relations are analytic in the primitive pa- 
rameters and consequently the physical amplitudes are 
analytic in the renormalized parameters. The original 
Lagrangian contains fwo primitive masses (rather than 
the one primitive mass that is usually written down) ; 
such additional constants usually appear already in 
current calculations, but under the guise of “‘subtrac- 
tion constants.” 

For a theory involving spinor fields, these subtrac- 
tions are not sufficient and this depends essentially on 
the fact that the free propagator decreases only as the 
first power of the momentum. A prescription in complete 
analogy to the bosons can be worked out for this more 
general case by requiring the effective propagator to 
decrease as the fourth power of the momentum and 
this requires that in place of every spinor field one 
introduces fwo normal fields and two abnormal fields. 
The corresponding renormalized theory would contain 
distinct one-particle states with all quantum 
numbers identical but with different masses"; the proof 


for 
two 


* The rules of the graphical calculus have to be changed in on 
respect: The relative phase of the emission and absorption factors 
for abnormal field contains an additional minus sign; in particular 
internal lines in a diagram have abnormal propagators with the 
opposite sign from normal propagators. 

® The author is indebted to I. Bialynicki-Birula for a discussion 
of this question. 

© The existence of the electron-muon doublet is perhaps not 
unconnected with this circumstance; the author wishes to thank 
P. Cziffra for a discussion of this point 
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of renormalizability is more complicated in this case 
and we shall not discuss it any further here. 

Needless to say, this theory involving the indefinite 
metric is fully relativistic even in the physical sector 
and there must exist a reformulation of the “reduced”’ 
theory. But such a theory would involve nonlocal 
interactions and would be extremely complicated ; and 
as far as computations are concerned, it is inferior to 
the manifestly covariant theory involving the indefinite 
metric. 

Having thus related the problem of finding a satis- 
factory relativistic theory of interacting fields to the 
construction of manifestly covariant relativistic field 
theories involving both normal and abnormal fields, 
the problem of a dynamical theory of elementary 
particles can now be considered.'' One is led to consider 
a theory involving a minimum of fields required to 
“support” all the conserved additive quantum numbers 
and a “simple” dynamical scheme. The scheme pre- 
sented above does not of course given any immediate 
solution of nonlinear dynamics, but the problem can 
at least be formulated in a consistent fashion. 


8. COMPARISON WITH THEORY OF BOGOLIUBOV 


A somewhat similar procedure was outlined by 
Bogoliubov™: some time ago; to exhibit the difference 
between this procedure and the one proposed in the 
present paper let us crystallize our essential compu- 
tational procedure in the following, form (compare 
Let % be the primitive generalized Hilbert 
space with indefinite metric (in which the quantized 
fields are linear operators) underlying the formulation. 
Denote by A the projection operator to the manifold of 
i spanned by those elements of which have positive 
norm and which are eigenstates of the scattering oper- 
ator. Then the “physical states” are to be made t» 
“reduced space’ 


oec. /) 


corresponds to the elements of the 
5 AK. The physical S matrix is 


Se= ASA. (26) 


We then note that S» is unitary in the reduced space 
Ke SINnce 

SoS =A, 
and the space Hp is a true Hilbert space with positive 
definite norm (by construction). And the “observables” 
© are pseudo-Hermitian operators which commute 
with the projection A: 


\O(I—A)=0; AT=A. (28) 


For these operators the restriction to the reduced 


It is thus not surprising to find that several attempts at a 
manifestly covariant dynamical theory of elementary particles 
have arrived at an indefinite metric, starting with very different 
points of view 

7 N. N. Bogoliubov, 1958 Annual International Conference on 
High-Energy Physics at CERN (CERN Scientific Information 
Service, Geneva. 1958 p. 129 
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space H» gives a Hermitian operator Oy: 


Ool= O00; Oo=AOA= OA. (29) 
In view of these the reduced theory has both kinematics 
and dynamics which can be eventually formulated in 
the reduced space iC») without reference to the space i 
consistent with our view of the use of the indefinite 
metric as only an auxiliary [compare Eqs. (3), (9), 
(24), (25) as well as the subsequent paper" ]. 

Bogoliubov also starts with a generalized Hilbert 
space % and decomposes it into two orthogonal sub- 
spaces KH, and KH, using a projection operator P such 
that , is a true Hilbert space with positive definite 
metric. If ¥ is any vector in 5, the projections of y in 
K, and 5X2 are given by 


Vi=lPY; ve 


1—P)y 


If S is the generalized (pseudo-unitary 
matrix in the K the projection P 


according to Bogoliubov’s criterion, the requirement : 


(1—P)¥+ (1— P)SY=0 


scattering 


space satisfies, 


(30) 
Using the definition of the “physical part,”’ 

Vphys= P=, 
we note that the Bogoliubov criterion yields 


(SW) phy . 


physW pt y 


with 
(32b) 


P{S7+(1-—P)}“P. 


Sphys 


It is then asserted that ‘the norm of the physical part 
of the state vector is conserved and so are the mean 
values of energy, momenta, etc., calculated (by means 
of the physical part of the state vector.”’ 

However, in contrast to the physical S matrix Sy 
(defined above), the matrix S,,,. is not unitary; the 
conservation of the norm of the physical part was true 
of only specially selected vectors and in particular, is 
not true for any vector in 3. The reason is not far to 
seek: one has used a ‘“‘double standard” working with 
two distinct definitions for the “norm,” one defined 
over vectors in and the second defined only for 
vectors in H;. Presumably, one attaches probability 
interpretation to the metric in 3 since only this is 
positive definite but in that case the restricted matrix 
Sphys iS not unitary; this lack of unitarity has been 
explicitiy demonstrated in a special solvable case by 
Glaser™; the above discussion shows that this is to be 
generally expected. 

One might enquire under what conditions the matrix 
Sphye iS unitary in the subspace H;. This is equivalent 
to the requirement [compare Eq. (27) ]; 

ao wey 


Sudarsha following paper 


“H. J. Schnitzer and E. C. G 
[Phys. Rev. 123, 2193 (1961 
df Glaser reterence a p 1 0 
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but from the explicit expression for Spnys and the 
requirement that the metric in H, is positive definite 
it follows that this will only be satisfied when 


PS(1—P)=0, 


i.e., the projection P commutes with the primitive S 
matrix (defined over 3C). But in that case the “‘un- 
physical parts” vanish and Bogoliubov’s criterion is 
irrelevant. 

In conclusion, it must be stressed that the restriction 
of the primitive generalized Hilbert space to the 
“physical space” should be done in such a manner 
that the vectors in this space can be chosen arbitrarily 
and that all conditions imposed on the scattering 
matrix can be automatically satisfied ; this requirement, 
essential for the physical relevance of the theory, is 
satisfied in our theory but not in Bogoliubov’s and 
hence leads us to reject the latter. 


9. DISCUSSION 


The investigations of the previous sections dealt with 
widely different systems which involve an indefinite 
metric; most of these are admittedly simple models, 
the outstanding exception being the quantized radiation 
field (briefly discussed in the Appendix). There are 
some common features of these theories: 


(i) The “physical” states must include only eigen- 
states of the true Hamiltonian which can be normalized 
to +1. 

(ti) Only those operators are observables which have 
no matrix elements connecting physical and unphysical 
states. 

(iii) A “reduced” theory involving only physical 
states can be constructed which involves only a Hilbert 
space (with positive definite metric) and no supple- 
mentary conditions; but the Hamiltonian of such a 
theory may be much more complicated than the formal 
structure of primitive Hamiltonian. 


These features demand that not necessarily all 
heuristic notions associated with theories with indefinite 
metric may be justified; in particular the nature of 
asymptotic physical states cannot be decided @ priori. 
It has become fashionable to consider that relativistic 
quantum theory of elementary particles should be 
formulated in terms of “‘local fields,” and to assert that 
Lagrangian theories are inconsistent since all attempts 
at constructing consistent theories with simple inter- 
action structures had failed. All attempts at calculations 
with “local Lagrangians” (in theories with a positive 
definite metric) automatically yielded infinities; while 
manifestly covariant nonlocal theories were ‘white 
elephants” with which one could do nothing (not even 
obtain an infinity). In any case it is difficult to proceed 
to construct a theory unless it has a simple structure ; 
for simple covariant interaction schemes one could 
obtain finite results in perturbation theory if one 
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introduced an indefinite metric, but this appeared to 
make the theory contain “negative probabilities” and 
doubts about its consistency are often expressed. 

If it were not for preserving relativistic invariance a 
consistent theory could be constructed using suitable 
form factors. The theory need then involve no indefinite 
metric and Lagrangian theories need not be ruled out. 
There is still the problem of the actual details of 
computation of physical predictions; but more im- 
portant is the fact that there is too much ambiguity in 
choosing the form factors. On the other hand, in general, 
such a theory will not be relativistically invariant ; the 
special case of the Dirac-Schwinger form of electro- 
dynamics suggests that there may be other field theories 
with nonlocal interactions with the form factors suitably 
chosen. However such theories are formally greatly 
complicated and im any case there is no method of 
constructing other such theories. 

The appeal to “simple” interaction structures is most 
useful in a theory of elementary particles which aims at 
predicting at least some of the masses and coupling 
constants. The study in the previous sections suggest 
that the use of contact interactions along with the 
indefinite metric, involving as it does only a few 
constants, is an alternative “‘primitive” theory involv- 
ing supplementary conditions, the corresponding ‘‘re- 
duced” theory being a consistent theory with a positive- 
definite metric but involving a complicated interaction 
structure. If nontrivial theories of this type exist, the 
corresponding “‘reduced”’ theory also will be relativisti- 
cally invariant; there is nothing that is known at 
present which shows that such a possibility is unlikely. 
The requirement of manifest and the 
requirement of restriction to positive definite metric 
may thus be complementary"®; and this feature may be 
typical of all relativistic field theories. This gives 
additional justification for attempts to construct 
theories of elementary particles with regularized propa- 


covariance 


gators as has beendone by Heisenberg and collaborators" 
and by Nambu.” 

Irrespective of any indefinite metric, in a_ local 
Lagrangian theory one has differential equations satis- 
fied by the field operators, which (by nature of the 
Lorentz space) are hyperbolic equations and hence they 
have the propagation character and characteristic cones 
typical of hyperbolic equations. Hence in any such 
theory “local commutation rules’”” may hold, though 
one cannot interpret this condition to say that “physical 
measurements” at two space-like points commute; in 
general the field operators are nol measurable (even 
spread out over small regions) as was seen in the special 
case of the Pais-Uhlenbeck oscillator. This also implies 

‘6 The author is indebted to J. Schwinger for several comments 
on this point of view. 

‘7 Proceedings of the 1960 Annual Conference on High-Energy 
Physics at Rochester (Interscience Publishers, New York, 1960) 
Session P3. 
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that the success of the covariant self-consistent method!’ 
of treating strong interactions which makes use of 
analytic properties of transition amplitudes suggested 
by local commutation rules is not inconsistent with the 
existence of a Lagrangian theory of strong interactions. 
In fact, some of the approximations employed in these 
calculations are most easily understood within a frame- 
work involving an indefinite metric. We are thus led 
to suggest that the principle of simplicity can be 
reinstated in a consistent relativistic field theory of 
elementary particles by the formal introduction of an 
indefinite metric. 
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APPENDIX. INDEFINITE METRIC IN QUANTUM 
ELECTRODYNAMICS 


lhe various results found in the text have their 
counterpart in the treatment of the radiation field in 
nteraction. The conventional treatment involves an 
indefinite metric together with a supplementary condi- 
tion; but the theory can be reformulated in terms of 
physical states and observables with an apparent 
increase in the complexity of the formal structure. 

The Gupta-Bleuler formalism of the radiation field 

yupled to a classical charge current density starts with 
the Lagrangian density 


= — 40,A ,0“A,+ 7" f 


ind the commutation relations 


, 


[ A*(x),A(a — ig'"D(x—x’), 

where g*’ is the (space-like) metric tensor and D(x,x’) 
is the odd invariant function. These commutation 
relations are similar to the corresponding commutation 
relations for relativistic scalar fields (of zero mass) 
except that for ~=v=0 the right-hand side has the 
opposite sign. One can construct an explicit representa- 
tion of the equal time field operators by going to the 
momentum space and introducing four kinds of creation 
and annihilation operators (labeled by a momentum 
index) associated with the four values of the index uy, 
which satisfy the commutation relations 


[a,(k),a,'(k’) |=¢,,6(k—k’), =[a,',a,' ]=0. 


| @y,0, | 


The opposite sign of the right-hand side for p= v=0 
necessitates an indefinite metri 


q 7 
n= exp] ir [or ao' (k)ao(k) }. 


To make the theory completely equivalent to the 
Maxwell equations it is necessary to impose the 


*G. F. Chew, Lawrence Radiation Laboratory Report UCRL 
9289 (unpublished) 
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subsidiary condition, 
O,A# (a) | ---)=0, 


for any physical state. By virtue of the equations of 
motion, one verifies that this supplementary condition 
is consistent with the equations of motion provided 
that the current }* is locally conserved. The Lorentz 
invariance and consistency of this formulation has been 
discussed by various authors. 

We now note two special features of this theory: 
firstly, the supplementary condition does not eliminate 
all eigenstates of the total Hamiltonian with negative 
norm or zero norm. In particular, for a noninteracting 
radiation field it allows states with odd “time-like” 
photons provided they are accompanied by “longi- 
tudinal” photons degenerate in momentum with them. 
These states have vanishing expectation values for the 
energy or momentum of the field. A closer analysis 
shows that the amplitudes of such states is completely 
nonmeasurable. In other words, these components of 
an admissible state vector are completely irrelevant as 
far as all physical predictions are concerned. It is then 
desirable to choose this field to be unquantized and 
absent. Secondly, the observables of the radiation field 
are not arbitrary functionals of the field operators, but 
only such functionals as commute with the supple- 
mentary condition. Thus the simple formal structure 
is again misleading as not all quantities that enter are 
physically measurable. We also note the related fact 
that not all interactions of the quantized field with 
other dynamical entities is allowed, but only those 
which are “gauge invariant.’’ Within such a framework 
this theory with indefinite metric has the same degree 
of consistency as, say, a scalar field with a positive- 
definite metric. 

The considerations of the previous sections suggest 
that there should exist a “reduced” theory involving 
only physical states, a definite metric, and no supple- 
mentary conditions but which may look more compli- 
cated. This is accomplished by the Dirac-Schwinger 
formulation which starts with the Lagrangian density 


L- —1(a+A"—8"A*)F,,— Fer, + 794A ,. 


There are ten equations of motion for the ten compo- 
nents F,,, A,; separating out the defining equations 
and constraints, one finds the true equations of motion: 
®AT=E™, 30,ET=—V°A’, 
where A’, E? are the transverse (i.e., divergence-free) 
vector potential A and the electric field E, respectively. 
The scalar potential A° and the longitudinal part of 
the vector potential A” are not completely defined but 
are only related by the requirement that 


V-E’=7}; EX=—A’—VA". 


The transverse vector fields contain only two compo- 
nents (instead of three), each of which are linearly 
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independent. (This is seen most clearly in the momen- 
tum representation where the transversality condition 
becomes an algebraic constraint.) In terms of these 
the “reduced” Hamiltonian may be written in the form 


H= f @x@0E"G) 9°AT (x) + E?(x)-E?(x) 


— AT(x)-V?A7(x) ]+j(x)-A7(x)} 


1 7°(x)7°(x’) 
+f fexex.— = 

2 |x—x’| 
Note the nonlocal interaction corresponding to the 
(instantaneous, nonretarded) Coulomb interaction be- 
tween the sources. The apparent noncovariance of the 
theory is irrelevant and it can be shown that this theory 
is relativistically invariant. The explicit representation 
of the field operators can be obtained by proceeding 
to the momentum representation in which the operators 
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satisfy the commutation relations: 


kjk; 
CE; (k),4 »(k’)]= = i(k K) (6,7 kh -), 


It is now straightforward to introduce the creation and 
destruction operators for “photons” with arbitrary 
momentum k and left- or right-circular polarizations. 

The theory thus formulated does not contain either 
supplementary conditions or an indefinite metric; all 
the states entering in the formalism are physical states 
and all Hermitian operators are observables. However, 
this “reduced” theory is formally much more compli- 
cated; it is particularly interesting to note that there 
is now an instantaneous “action at a distance”’ which 
is consistent with relativistic invariance; and the true 
observables of the electromagnetic field, namely, the 
transverse field operators (and their functionals), are 
not “localizable” since transversality is a nonlocal 
condition. 
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Several simple models, similar to that of Lee, involving indefinite metric are studied in this paper. In 
this connection, a dispersion-theoretic treatment is applied to a simple “equal-mass” model. It is shown 
that, at least for these models, the scattering amplitude is analytic in the upper-half energy plane provided 
time-reversal invariance holds; the rules of the dispersion-theoretic formulation in the case of an indefinite 
metric theory are given. The solution is reinterpreted as the exact solution of a slightly different model, 
which can also be obtained by Hamiltonian techniques; further techniques are generalized to include recoil 
in a relativistic no-pair model. Certain basic questions of interpretation are discussed in some detail in the 


concluding section. 


1. INTRODUCTION 


N the preceding paper! it had been suggested that 

in a truly dynamical theory of quantized fields the 
principle of simplicity could be reinstated and a 
consistent theory formulated by the formal introduction 
of an indefinite metric. The systems discussed in. that 
section were very simple and the important problem 
of interacting particles and the structure of the scatter- 
ing amplitudes was not discussed in detail. Nor was it 
shown how the interpretive postulate restricting 
“physical” states to the subspace spanned by the 
eigenstates of the S matrix with positive definite 
norm could be reconciled with certain intuitive notions 
regarding asymptotic bare particle amplitudes, par- 


* Supported in part by the U. S. Atomic Energy Commission. 

t On leave of absence from the Tata Institute of Fundamental 
Research, Bombay, India. 

1E. t G. Sudarshan, preceding paper [Phys. Rev. 123, 2183 
(1961) 


ticularly in view of some recent discussions in the 
literature’ regarding the lack of a consistent physical 
interpretation for such theories. This paper attempts 
to remedy these shortcomings and, in this sense, is to 
be considered as a sequel to the preceding paper. We 
choose for discussion certain models patterned after a 
simple example considered by Lee.’ In the course of 
this analysis we formulate the rules for applying 
dispersion-theoretic techniques to a theory involving 
an indefinite metric. We also analyze, in the framework 
of this model, the construction of physical particle 
variables and physical configuration amplitudes. 

In Sec. 2 we the dispersion-theoretic 
techniques to solve for the scattering amplitude in 
theories with an indefinite metric; and these are 


develop 


2G. Kallen and W. Pauli, Kgl. Danske Videnskab Selskab, 
Mat-fys. Medd. 30, No. 7 (1955); G. Barton, Nuovo cimento 17, 
864 (1960). 

3’T. D. Lee, Phys. Rev. 95, 1329 (1954). 
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applied to a simple “equal-mass model” in the “‘one- 
meson approximation.” In Sec. 3 this solution is 
reinterpreted as the exact solution to a slightly different 
model; and hence the solution is generalized and 
rederived by a direct solution of the Hamiltonian 
equations. The subsequent section generalizes this to 
include nucleon recoil in the construction of a rela- 
tivistic no-pair model. The questions of physical 
interpretation are discussed in Sec. 5; and Sec. 6 
concludes the paper with several remarks. 


2. EQUAL MASS MODEL 


In this section we will first review the calculation of 
the V propagator in the Lee model, which illustrates 
the property common to all models of this type, where 
one is able to solve for the propagator exactly. 

The Lee model’ is characterized by the Hamiltonian 
H=H,+H, where 


Hy=my fp ds" (Dv (o)+my f ap vy" (pw (p) 


+ foe w(k)at (k)a(k), 


f(w) 
Hi= eo) [epee - : 
(Zw)? 


X< [ev (p+k)yy (p)a(k) +h.c. J, 
where f(w) is a form factor and u*(k) =u? =k? +, 
constants of motion are 


B=Ny+N\yw and 


QO=Nyt+Noe. 
The commutation relations are 
[a(k), at(k’) ]=6(k—k’), 
{yv (p), ¥v'(p’)} =5(p—p’), 
{yx (p), dv" (p’)} =8(p—p’). 


We can calculate the exact V propagator by diagram 
techniques, as shown in Fig. 1. 
set my =0. 


f @k’ go? f?(w’) 
w—my J, (2w’)(w—w'+ie) 


For convenience we 


Fo(wt+ie)+::- | 


= = [1- 
w— My @w— My 


where 


x dk’ k’ f?(w’) 
Fu(s)=(2n)ae f — a, 


-_ 
mi 2 


AND 


E. ©... 8. SURDARSHAN 
Since the V particle can only emit and absorb one 
meson at a time, it is clear that the right-hand side of 
Eq. (5) must be a geometric series, with the sum 
1 1 
z(4)=——_ —_—_ scence 
w—myl 1+[1/(w— my) |Fo(w+ie) 


1 
* mth Bletih 


If the V particle can emit more than one kind of 
meson, but only one meson at a time, then a repetition 
of the above method would allow us to solve for the 
V-particle propagator. We will exploit this in construct- 
ing the models to be described in what follows. 

We consider a model which has two static physical 
fermions V and V’ of equal mass, with the V’ a 
negative-norm state, and a boson @, which has no 
antiparticle. We will consider the sector described by 
the quantum numbers Vy+Vy-=1, Ve=1. We will 
forbid intermediate states with two @ particles (the 
one-meson approximation). We will try to describe the 
scattering amplitudes in this sector by means of 


Ye 
VNVNV 





pon ca 
ame--y *vnv 


Fic. 1. V propagator 

solutions of static dispersion equations. The Born 
approximation amplitudes, with renormalized coupling 
constants, are chosen as 


fvoveR=fir®=1/e, 
fvrove® = foo 


2 — 
Ivevee =J21 


, —a on 
frrovePR=fhie =6/, 


l 


where 8 is real and w= (k’+ 7)! is the @ energy. The 
choice of signs reflects the use of indefinite metric.! 
We demand that the scattering amplitudes satisfy 
no-crossing there is no @) dispersion 
relations, and have the property that the scattering 
matrix in this representation for this 
pseudo-unitary. 

If A is a two-dimensional matrix, then the adjoint of 
A in the metric, A‘, is defined as follows (the asterisk 

* 


means complex conjugate) ; 
a b a —<c* 
If A=( ), then A= ( , (9) 
c d —-* & 
for a diagonal metric operator. For our model we can 
relate the S matrix to the matrix f by‘ 


(since static 


sector be 


S=142ikf, (10) 


which enables us to define a TJ matrix through the 


4*C. Mgller, Kgl. Danske Videnskab Selskab, Mat-fys. Medd. 
23, No. 1 (1945). 
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equation 

S=1+2iT. (11) 
The requirement that S be pseudo-unitary means 
S'S=1, which implies 


T'tT=}i(T't—T). (12) 
In general 


T' = Tn, (13) 


where 7 is the real metric operator and 7?=1, and T° is 
the Hermitian conjugate of T, i.e., (Tas)°=(Tga)* with 
this choice of n=n7', T'= (nTn)°. By using time-reversal 
invariance, we can show that 


(T.5)'= (T.s)*. (14) 


To prove this, we define the S matrix connecting 
state a@ to state 6, with J and M as good quantum 
numbers, by 


Sag= |in; JMLSa){out ; JMLSB|. (15) 


The adjoint is defined, consistent with (13), as 
a)*= ((a|n)?. (16) 
Then if U is the time-reversal operator, 
U \in; JMLSa)= | out; J, —MLSa)* 
= (out; J, —MLSa\n)?, (17) 
where an arbitrary phase factor has been set equal to 
unity; then, removing the explicit spin dependence, 
USU 
Sas=U|\in; JMa){out; JMB| U—. 


i. © 
(18) 
Using the rotational invariance, we have 


Sas= (n|in; JMB))(<out; JMa\n), 


Sad = | nSn ) Bay 


which means 


T ba _ (nT n)ap, (21 ) 


and so Eq. (14) is proved. Combining Eqs. (13) and 
(14), we find 
T'T=ImT. (22) 
This is a general result which may be used for any 
theory with indefinite metric. One can then use (22), 
together with the definition of the adjoint operator, to 
work with dispersion theories? even when there is an 
indefinite metric. 
To return to our problem, we define our Born 
matrix, by (8) as 


“ ( | ) 
p?= : 
wrt\-B — 


5 The dispersion-theoretic techniques have been used for such 
models by T. D. Lee and R. Serber (unpublished); C. J. Goebel, 
Phys. Rev. 109, 1846 (1958); M. L. Goldberger and S, B. Treiman, 
ibid. 113, 1663 (1959). 


(23) 
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which obviously satisfies Eq. (21). We are now able to 
define our “causality” condition in terms of a static, 
uncrossed dispersion relation, by virtue of (22). For 


example, for f1:(w) we have 


1 Dn 
= £113 (w)+ day’ 
We 


‘ w —w—Te 


Im/; 1 (w’ ) 


(24) 


fislw) 


and similarly for the other amplitudes. We make the 


ansatz 
1 B : > 
flo)= ( Jin (25) 
| 


We will verify that this satisfies all our conditions. 
We define an inverse amplitude® by 
1 
fis(w) 


W211(w) 


If f:,;(w) has no zeros, then 


¢ x 

a 
gii(w)=1+ 

wy 


Then, by virtue of (22) and (25) 


dw’ Imgi1(w’) 


’ ’ be 
w (w —w—1€) 


1 Imfi1(w) 1 
Imgi1(w) = — — 


(1—6°)k. (28) 
w | fi1(w) |? w 


Then : - 
£11(w) = 1—w(1—8?) I (w) -—71 (1-8?) R/w, 


1 ie dey’ k’ 
af oe 
1 uw w’?(w'—w) 


(Ww Ww 


(29) 
where 
I (w) 


so that 


1 
w—w(1— 6) (w)-i(1- Bk 
and we can check that 
(1—82)k fi 2 


Imfi1(w) 


We can check (22) by noting 


and 


(34) 


1 B 
m= ( ) Im7T},. 
— — 3 


By virtue of (10), (11), and (32) we see that (22) is 
indeed satisfied. Similarly one can verify that the 
amplitudes fiz, fo1, and fo: with the ansatz satisfy the 
above conditions, 
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We proceed to diagonalize the S matrix by means of 
a pseudo-unitary matrix; we find for the diagonalized 


matrix 
1 0 
s'= ( ), 
0 14+27(11—-B kf 


Direct computation, using (31) shows that 5S’ is 
unitary. There are two eigenstates of S’, one with 
positive norm and one with negative norm. We choose 
the physical state as the one with positive norm for 
8?<1. Then this state has scattering for all energies.! 


(35) 


We wish to emphasize that the solution to this model 
can be obtained by analytic continuation in & from 
positive values for 8° for the case with two physical 
V particles to negative values of 8, which then yields 
the solution to our model. 

When there are two physical V particles, the S matrix 
is unitary, and there are two observables, the relative 
phase between S,; and So» and the “inelasticity.” If 
one diagonalizes S, then the two variables are the 
phase of the state with scattering in S’ and the ‘“‘angle 
of rotation” of S to S’, i.e., a mixing parameter. The 
eigenbeam is defined by the appropriate mixture of V# 
and V’@ states, with transitions between V@ and V’@ 
measured by this mixing parameter. However when V’ 
is a ghost, there is only one observable state, the state 
with positive definite norm, a pseudo-unitary trans- 
formation diagonalizes S. The mixing parameter is no 
longer an observable. The only observable in the V8, 
V’6 sector is the eigenbeam of V@ and V’6 states, which 
one can call the two-particle state V#. 

The particularly simple results we: have here are 
possible because, in the one-meson approximation, the 
denominator function g(w) is independent of the state 
considered. The results we have can be considered to 
be the exact solution for the scattering of two mesons 
of equal mass 6 and @’ and no crossing (with 6’ a ghost) 
from an V. That is, for a model similar to that above 
in the 6, 6’N sector with a single V(V — @N or @’N), 
our solution is exact if the sign of the Born terms are 
reversed. These lead us to consider a Hamiltonian 
model for this situation, which we will describe in the 
next section. 


3. MODEL WITH MESON GHOST FIELDS 


We will the 


H=H,+H;: 


define our model by Hamiltonian 


H\=m feowre vv (p + [ok w(k)a‘ (k)a(k) 


— [ae w’(k)bt(k)b(k), (36) 


AND 
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m= { fep Pk py (p+k)yy(p) 


f(w) fo’) 
| ——a(k)+-g)’ (| 
iw)! ‘e))4 


Zw (2w")? 


+f fepaxw oy (p+k) 


f(o) T(o’) 
X] go a‘ (k)+-g0’ 
(Qu)! 


2w) (2w") 


sl) | (37) 


where f(w) is a form factor. We have set the mass of 
the N particle to be zero for convenience (which we 
may do since this is a static model). 

w(k)= (k?+ us? 

w’ (Rk) = (R?+-p,)! 
where y; is the mass of the @ and uw» is the mass of the @’. 
[a(k), at (k’) ]= [yw (k), pnt (k’) ] 

= [Wv (k), pvt (k’) 
[b(k), bt (k’) |= —i(k—k’). 


é(k—k’), (38) 


All other commutators vanish. There are two conserved 
quantum numbers, 


B= f @p{dw'(pWw() +Yvt (pyr (p) J, 


O= f wea’ kath ty; i(k vi (k) — b'(k)d(k) (40 


The sector {B=0, Q=0} is the vacuum, {B=1, Q=0} 
the 1-baryon state, and {B=0,Q=1} the 1-meson or 
1-ghost state. The first nontrivial sector with inter- 
action is {B=1,Q=1} which we will solve by well- 
known methods.® We denote the wave function for the 
B=1, Q=1 sector by 


rf 


d k)). 
¢'(k) 
Applying the Hamiltonian 
(E—H)|¥ 


y)= 


= Hy, Y), 


which gives 


f(w) 
(E—my)c= for 20 o(k 
(Qu)! 


(E—w)o(k) = gocf(w)/(2w)!, 
(E—w’)p’ (k) = — go'cf(w’)/ (2w’)!. 


* W. Heisenberg, Nuclear Phys. 4, 532 (1957 
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Since the interaction takes place only in S waves we 
can put 


9 (w) ¢ ‘@’) 


o(k)= : 
"- (4m)! 


i (44) 
k(4n)¥ 

For a bound state (E—w) and (E—a’) 
hence, 


have no zeros; 


cgof (w) cgo f (w’) 


(Qe )ME af) 


-; '(k)= se 


2—w) 


(k)= (45) 
(2w)3(F 


and 


0° fw), 
| (E—m)— f Se 
(2w) (E—w) 


dk’ 
ww’ ) 


(46) 


which is the eigenvalue equation for the bound states. 
For the scattering states, we have 


cgof(w)k (4m)? 

(2w \(E—wtie) 
cgo f(w’)k(4r)! 
fae 


2(w) =ad(E—w) + 


y (w’)=a0'6(E—w’) 


We substitute in (43), obtaining 


(E—my)¢ 

Ef(e£) 
+a’ (4ar) gE 

(2E)} (2E)! 


7 &kf?(w) 
tec . 
(2w) (E—w+ie) 
d®k f° (w’) 
Sa 
)\(E-w bie)’ 
ml le —mo)+ fox 
go f?(w) | 
(2) (E—w+ie) I 
Boi f* *(w) 1 
(2) (¢—vw) : 


f(E) 
A = [agota’go’ |(4r) “ee —E, 
(2E)! 


f(£) 


a(4ar) go 


(4a)? [ago +a’ g’ 0 re 


osu! 
x a 
(2w’)(E—w’ +e) 
Define 


ho , 
v “T-(w ) 


h(s)= (s—my)+ fo esa 
“ (2w’)(z a 


a W ) 


and 


1 4r 


SYSTE 
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The continuous wave channels have amplitudes 
( ¢\w) ) 
¢’ (w’) 
( Sof (w)k. 1 


aa(e—w) 


ab (H—w)+ 
(2w)! ih (E+ie) VCE meres 


go uC \RA 
(2w’)h(E+ie) (E—w I ie) 


By standard methods we find 


4r*i f?(E) ( gurho 
h(E+7e) — gogo’ (Roko’) 
From (11) we have 


Qa f?(E) 


~ W(E Fie) 
gorko 
x( 
— gogo (Roko )' 


Since Imh(E+i€) = — 29? (gc?ko— go'*ko') f?(E) 
to verify Eq. (22). If we diagonalize Eq. | 
find only one state with scattering: 


; : g 
T' = eX sina(#)( ), 
QO OO. 


f2( Fk) 


gogo (Roko )} 


— go "ko! 


, it is easy 


(55), we again 


(56) 
where 


e8@ sind(E) = [goko—go'%ho’}. (57) 


| MEV 


The single scattering state of 7’ has positive or negative 
square depending on whether g*ko>go'ko’ or go*ko 
<go"ko’. We note that  (go*/go’?)(Ro/ko') — go?/go” 
monotonically for high energies, we must have 
gv >go” if there is to be physical scattering for all 
energies. 

We that Hamiltonian contains 
bare coupling constants go and go’, and the bare V 
mass, mo. We will sketch the renormalization of these 
quantities for the a cutoff, below the critical 
coupling. From Eq. (46), we have 


My — mM — ait f 


so 


note the original 


case of 


PR f2(w) 
(2w) (my—w) 


ak f2 (a! ) 
tas" f - ——=0, 
(2w’) (my —w’) 


as in implicit equation for the 


(58) 


physical V mass my. 
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For convenience, we define 


dk f*(w) 
Jo(z) =a f PD ore walled 
(2es)eo—s 


then 


Ph f*(w') 


— a" f 


Mo— my = J (my). 


(2eo") (cx’— 2)’ 


We also note that 
h(z)=2—mot+Jo(z), 
thus the “propagator” 
h(E+ie)=E—my+([Jo(E+ie)—Jo(my)]. (62) 


For the case with no cutoff, Jo(my) diverges linearly; 
however, the bracketed term in (62) only diverges 
logarithmically. Now from (55) we have 
T(E) 2x f?(E) ge? 
Ro 
T(E) 
ko #o™v (E—my)[1+J0' (my) ] 


i (63) 


2x? f? (my) g0° 


(64) 


Thus it is natural to define the renormalized coupling 
constant by the relation; 


g=grf?(my)/[1+J 0 (my) ] (65) 


Similarly, we define 


g’?= go? f?(my)/[1+J0' (mv) ], (66) 


thus, we note that g’/g”= g,?/ go", so that our condition 
which specifies the physical states is not altered if 
formulated in terms of the renormalized coupling 
constants. 

We can generalize this model to include the heavy- 
particle recoils. The advantage of this is that the 
self-mass only diverges logarithmically, with no cutoff, 
when the recoil is included. 


4. MODEL WITH RECOIL 


The model is defined by 
A= f Peta (oa(k)E, 


+5! k b kh Fa+c' k c(k)w,;—d* (k)d(k)ws} 


1 ff Mm a 
— d*p on( ) 
(4)! FE, (p+k)£E.(p) 


| goc'(k) —go'd*(k) 
xX / a(p+k vin + ene, 
| [2w1(k)]}? [2co(k)]! 
(67) 


with the commutation rules 


[a(k), a’ k’ Cb(k), b'(k’ J=[e k), i(k’) 
=([d'(k), d(k’) ]=6(k—k’), (68) 
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and all other commutators zero. 
EY —M?= E2— m= wf —pe=w2— p?= k’. 


Again there are two constants of motion: 


B= f #ALa' (k)a(k) +0"(k)o(k) |, 
(69) 


Q= f Cat ake) +c" (k)c(k) —a" (dk) | 


with non-negative integral values. As before, a pair of 
their eigenvalues defines a sector. We again use an 
indefinite metric to define the states. As for our previous 
models, the first nontrivial sector is for B=1, O=1. 
If 
( 
o(k) 
¢’ (k) 


=| 
is the wave function, then applying the total 
Hamiltonian Hy = Ey gives us a coupled set of equations 
which we may solve, as before. We will work in the 


center-of-mass system, with p+k=0. Then 


£0 my 1 
(E—m)c=— fer o(k) 
(4)! _E2(k) (2w;)! 


go m 7 
1 


4 ¢’ (k), 


duro)? 


£0 | m 7? I 


(70) 


(E—w,— E2)o(k) - , 
= io Ea(k) | (2)! 


, 3 
| (Quo)! 


The method of solution is identical to that of 
previous section, so we will not repeat the details. The 
solution may be written as 
eB) sind(E) 
| 
f°— f.* 


ike fife 
T= 
—fife —fs 


e28(E) = h(E —16)/h(E+ie). 


= so -C 
(4)! 
— go ~ mM 

(E—w2— E2)¢'(k) =- { 
(4)! LE2(k) 


the 


where 


fhi=goLE*— (m?—p? )2 
fo= go LE'— (m?— 2)? ] 
h(z)=M-—z+m Sarl go?a (1,2 )—g 2a (u2,2 


x 


a(u,z)= f dx 


utm 


[(xt+u+m)(x—p+m) (x+y—m)(x—p+m) |? 


x"? (x— Zz) 
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The discussion of the previous section may be repeated 
here. Although the S matrix is only pseudo-unitary, 
there is only one state with scattering with positive or 
negative norm depending on /°>/,? or fr<f. We 
project out the negative-norm states and have a two- 
particle system with only one channel and an energy- 
dependent phase shift. 

Again the model is defined in terms of unrenormalized 
coupling constants and mass M. The renormalization 
may be carried out exactly. As we remarked, the 
renormalizations (without cutoff) are only logarithmic- 
ally divergent except for the Special case go?=g,?. In 
this case the integral in (72) converges, and all re- 
normalizations are finite. This occurs because of the 
cancellation of the high energy components in 
[a(u1,2)—a(uo,z)]. For the case g&=go?, fr> fr? 
implies : 


(m?—p 22> (m?— 1.7)? 


The “‘success” of these models was made possible 
by the fact that the ‘reduced’ matrix elements 
(corresponding to diagrams with external lines 
amputated) is the same irrespective of the external 
lines. In each of these models there are questions which 
arise in relation to asymptotic conditions, two-particle 
states, and the measuring process. This will be discussed 
in the following section. 


5. ASYMPTOTIC CONDITION AND 
PARTICLE VARIABLES 


In the last section it was mentioned that while on 
the one hand the amplitudes are analytic functions of 
the coupling constants and the amplitudes for a theory 
with indefinite metric can be obtained by analytic 
continuation from a theory with a definite metric, the 
number of observables changes discontinuously, and 
simultaneously the operator structure changes discon- 
tinuously. This decrease in the number of ‘‘observables” 
is an essential element of our theory; while the inter- 
pretive postulate’ restricting physical states to the 
subspace spanned by positive-norm eigenstates of the 
scattering matrix is a self-consistent postulate, the 
physical interpretation of such a _ theory presents 
certain new features; therefore it is worthwhile to 
discuss this question in some detail. 

For the consistency of the interpretation of the 
positive-norm scattering state in the B=1, Q=1 sector 
as a physical two-particle state of a system with 
physical one-particle states in the B=1, Q=0 and 
B=0, O=1 sectors with suitable masses, it is necessary 
and sufficient to show that these states can be made to 
correspond to the scattering states of a two-particle 
system (with positive-definite metric) with the same 
energy-dependent phase-shift and scalar products. 
This we proceed to do by employing the “wave matrix” 
of M@ller.t To avoid unessential complications we deal 
with the S-wave amplitudes alone. (Equivalently, 
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they may be thought of as describing a one-dimensional 
two-particle system.) The “wavefunctions” of the 
physical V-particle state |V), and the two-particle 
scattering states |I; £), |I1; Z) corresponding to only 
“incident waves” of N@, and N62, respectively, are 
given by 


[a’(M)]}! 
1 F\(w) 


$= 


[a’(M)]}! E-w 
1 F2(w) 
| po" (w) = : : 
[e’(M)]}! E-w 
F\(-) 
$0! (£) = — : 
at (Ek) 
F\(E) 
at (EL) E—wt+te 
F\(E) F2(w) 
at(E) E—wtie 


F(w) 


\I; E)— $11 (E; w)=6(E—w)+ , (74) 
| 


¢:1(E; w)= 


oo! (E)= ni 
at (EF) 


F.(E) 
o(E; w)=- aaa ‘ 
at(E) E—w+te 


F\(w) 
II; k)—- 


Ms (EE) ¥o(w) 


| 
‘aide w)=5(E—w)+ 


at(F) E—wtie 


where the ¢ are the three components of the indicated 
wave functions and where 


F 2 (w)—F2(w) 
a(@)=2—m— f : * 
Z—Wxele 


f(w) 
F\(w) = 0(w— 1) £1 


(2w)? 


(76) 


with 


f'(e) 
F3(w) = 6(w— 2) g2- —, 
(2w)! 


We have normalized the wave functions to be on the 
energy scale. We now assert that these wave functions 
are the elements of the Mgller wave matrix. For this 
purpose it is necessary and sufficient to show that 
these wave functions are orthonormal and complete.‘ 
The demonstration of this result is straightforward 
and is omitted. Let us now construct the “physical” 
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and “unphysical” scattering states: 
F\(E) 1; £)+F.(2£)\0; EF 
A;E)= =. 
[F2(E)—F?(E) }} - 
(78) 
F,(E) 1; E)+F,(-) 11; FE 
B; E)= 
[FeR(E)—FL(E 


which diagonalize the phase shift matrix of these states 
corresponding to the phase shifts 


1 a@(é) 
64(£)=— In E> 
21 attlk 
(79) 
67(E)=0. 


For constructing the physical particle variables, we 
now construct a ‘comparison theory” consisting of 
only positive-norm states and having one bound state 
states EE) with E>yp 
which corresponds to the scattering of a meson of 


and one set of scattering 


mass yw; and which has the same phase shifts; the 
“wave functions” two-component entities 
which may be interpreted as the bare one-particle and 
two-particle amplitudes. These wave functions have 
the components: 


are now 


1 
| 
[a’(M 
»)- 4 (80) 
—1 I Ww 
| X,°(w) = 
L [a’(M)}! E-w 
F(F 
x,! k)=- 
ar I 
E)— (81) 
F(E)  F(w) 
XJ (E; w)=6(E—w)+ 
at(E) E—w+te 
where a*(z) is the same expression as before and 


F(w)=[F 2(w)—F2(w) }}. It is easily verified that these 
wave functions do predict exactly the same phase shift 
as given by 64(E) in Eq. (79). One observes that the 
physical states _V), A; EE) of the original theory 
involving physical and unphysical states are in one-to- 
oné correspondence with the states |v), |£) of the 
comparison theory and this correspondence preserves 
scalar products (and phase shifts). Hence dynamical 
variables defined by linear operations on these wave 
functions of the two systems can be put in one-to-one 
correspondence with each other. 

We may now employ this correspondence to define 
the relative momentum and position variables’ for the 


7 Compare T. 
Phys. 21, 400 
Math. Phys 


D. Newton and E. P. Wigner, Revs. Modern 
1949); R. Acharya and E. C. G. Sudarshan, J 
to be published 
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original system; and it is then easily seen that the 
configuration wave function for the “physical” scattering 
state is given by the Fourier transform of X'(E;) 
(rather than of @'(E;w) or of [Fi(E)di'(E;) 
+F;(E)o:"'(E; w) |/ LF PY (E)—F2(E£) }'). Hence it is ap- 
parent that the system involving two kinds of mesons 
and an indefinite metric is equivalent, in this sector, to 
an alternative theory involving only one kind of meson 
with an appropriate form factor and no _ indefinite 
metric.! 

The essential restriction imposed on the construction 
of a particle interpretation is that all ‘‘physical” 
dynamical variables operating on any physical state 
generate a combination of p/rysical states only; in the 
terminology of Foldy and Wouthuysen,* all physical 
variables should be “even operators.’”’ All intuitive 
objections to our interpretive postulate regarding 
physical states are based on gedanken experiments 
which violate the characterization of 
measurable dynamical variables. 

The use of the indefinite metric thus leads to the 
construction of models which are equivalent to models 
with a definite metric but an effective form factor. 
They are thus trivial in nonrelativistic theories except 
perhaps to introduce “simple” form factors; but they 
are far from trivial for relativistic 


physically 


far theories where 
nonlocal theories are normally beset with conceptual 
and consistency difficulties.* The advantages of gener- 
ating effective form factors is seen quite transparently 
in the model involving the heavy-particle recoil in the 
previous section. 

For completeness we should perhaps mention that 
in the above demonstration had assumed that 
F?(E)—F2(E)>0 for all £. If this is not so, we must 
that at critical energy E, the quantity 
F?*(E)—F#(E) changes sign and vanishes at E=E 
the role of the physical and unphysical states are 
interchanged for E>E,.. One has the scattering phase 


shift for the physical state 
)e E.—E), 


1 a (Ek 
In 

); at (Ff 

and at(E,) is real. These circumstances do 


anything essentially new to the interpretation. 
The analysis of measurements presented above shows 


we 


note some 


6(£)= 


add 


not 


that one has to be very careful in dealing with the 
“asymptotic conditions” in any realistic theory with 
interaction, since if the are the 
theory may involve an indefinite metric; on the other 


interactions local 
hand, if the theory involves only a positive-definite 
metric then the effective interactions are nonlocal and 
appeal to covariance may be In any 
case the physical characterization of asymptotic fields 


unwarranted. 


§ L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 
* See, for example, Proceedings of the International Conference 
of Theoretical Physics, Kyoto and Tokyo, 1953 (Science Council of 
Japan, Tokyo, 1954). 
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in manifestly covariant quantum theories of interacting 
fields may not be as simple as the characterizations in 
current use.” 


6. DISCUSSION 


In this paper we have dealt in detail with several 
simple model theories which are solvable and at the 
same time exhibit scattering. There are three major 
points demonstrated by this study: 


(1) The nature of the “physical” solutions of a 
quantum-mechanical system with an indefinite metric ; 
and the equivalence of the Hamiltonian and dispersion- 
theoretic treatments of the problem. 

(2) The analytic structure of the amplitudes in such 
models; the upper half-plane analyticity (‘causality’) 
of the amplitude continues to be true provided time- 
reversal invariance holds. Further the exact solutions 
are analytic functions of the coupling strength parame- 
ters and (while the operator structure and physical 
interpretation changes discontinuously when one of the 
coupling strength parameters changes sign) the solu- 
tions can be obtained by analytic continuation from 
a “normal” case.” 

(3) The interpretive postulate of the present theory 
and its realization in terms of physical particle variables 
illustrates the new physical principles involved and 
shows that notions relating to asymptotic conditions 


10 See, for example, A. S. Wightman, Proceedings of the Conference 
on Mathematical Problems of Quantum Field Theory, Lille, 1957 
(unpublished). 

1 Contrast this with the discussion by F. J. Dyson, Phys. Rev. 
85, 631 (1952). 
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have to be handled very carefully. In particular, if 
one wants to interpret every singularity of a scattering 
amplitude in terms of many-particle states” at least 
some of these states may be unphysical; a particularly 
interesting case in point is the analysis of the Mller 
(electron-electron) scattering amplitude in terms of a 
“complete set of intermediate” states, where if one 
wants to get the Coulomb potential unphysical states 
have to be included.” 


Admittedly all the systems discussed in the present 
paper are highly idealized models chosen only by 
virtue of the fact that they could be solved exactly. 
The success of the new physical principles involved 
for a quantitative discussion of physical phenomena 
can only be tested by the study of more elaborate and 
realistic systems. But the relevance of the general 
questions discussed here is already apparent from the 
solutions to the model and may have to be considered 
in any fundamental theory. 
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Cross Relaxation in Dilute Paramagnetic Systems, 
A. Kiet [Phys. Rev. 120, 137 (1960) ]. The coeffi- 
cient of the sums }-’ C,;‘ in the last two terms of 
Eq. (8) should have, respectively, the additional 
terms 

Trace 46(S,35,c0lg + Se 4elal,), 
and 


Trace 46(8,5,5,fo+S,{llel)- 


The concentration-independent part of #(Aw*).s, 
becomes 


\ N 
—3{5(S+1) +111 4+1)-HE Cet/E C2. 
g g 


For S= I=} this term vanishes. Equation (13) is 
therefore incorrect. | am indebted to Dr. Motokazu 
Hirono for pointing out this error. 


Isotope Shifts in Palladium, R. H. HUGHES AND 
F. A. SHarpton [Phys. Rev. 121, 1702 (1961) ]. 
The note added to footnote 2 implying that Kuhn 
and Warner apparently made an error in quoting 
the isotope shift for neutron pair 60-58 is com- 
pletely untrue. They made no such error, and the 
authors offer their most humble apologies and wish 
to thank Dr. Kuhn for pointing out this unjustified 
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statement which should be deleted. Actually a very 
good argument can be presented that it would have 
been better for us to use the possibly more accurate 
Cd ratios used by Kuhn and Warner in their 
similar comparison between isotope shift ratios in 


Pd and Cd. 


Ferromagnetic Resonance Linewidth in Cobalt-Sub- 
stituted Ferrites, C. WARREN HAAS AND HERBERT 
B. CALLEN [Phys. Rev. 122, 59 (1961) ]. A con- 
fusion in galley proof corrections has resulted in 
(S)av? being replaced by (.S*),, in several equations 
in the Appendix. The first (.S*),, in Eqs. (A.20) and 
(A.21), those appearing in the denominators of 
Eqs. (A.22) and (A.23), and those in Eqs. (A.24), 
(A.26), (A.29), and (A.30) should ail be (S),,?, or 
(S)?. The mean-square-spin deviation ((AS)?),, de- 
fined immediately following (A.24) is (.S*)4-—(S) ay. 


Ferroelectricity in Bi,Ti,;O,. and Its Solid Solutions, 
E. C. Supparao [Phys. Rev. 122, 804 (1961) ]. 
During the course of our work, we received informa- 
tion about the investigation of Fang and Robbins! 
regarding the possible ferroelectricity in Bi,TisOy. 
with a Curie temperature of 680°C. Regrettably, 
we failed to refer to this communication in our 
paper. 


1P. H. Fang and C. Robbins (private communication, 
August, 1960). See also P. H. Fang, C. Robbins, and | 
Forrat, Compt. rend. 252, 683 (1961 
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